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GENERAL PREFACE

Dov Gabbay, Paul Thagard, and John Woods

Whenever science operates at the cutting edge of what is known, it invariably
runs into philosophical issues about the nature of knowledge and reality. Scientific
controversies raise such questions as the relation of theory and experiment, the
nature of explanation, and the extent to which science can approximate to the
truth. Within particular sciences, special concerns arise about what exists and
how it can be known, for example in physics about the nature of space and time,
and in psychology about the nature of consciousness. Hence the philosophy of
science is an essential part of the scientific investigation of the world.

In recent decades, philosophy of science has become an increasingly central
part of philosophy in general. Although there are still philosophers who think
that theories of knowledge and reality can be developed by pure reflection, much
current philosophical work finds it necessary and valuable to take into account
relevant scientific findings. For example, the philosophy of mind is now closely
tied to empirical psychology, and political theory often intersects with economics.
Thus philosophy of science provides a valuable bridge between philosophical and
scientific inquiry.

More and more, the philosophy of science concerns itself not just with general
issues about the nature and validity of science, but especially with particular issues
that arise in specific sciences. Accordingly, we have organized this Handbook into
many volumes reflecting the full range of current research in the philosophy of
science. We invited volume editors who are fully involved in the specific sciences,
and are delighted that they have solicited contributions by scientifically-informed
philosophers and (in a few cases) philosophically-informed scientists. The result
is the most comprehensive review ever provided of the philosophy of science.

Here are the volumes in the Handbook:

Philosophy of Science: Focal Issues, edited by Theo Kuipers.

Philosophy of Physics, edited by Jeremy Butterfield and John Earman.

Philosophy of Biology, edited by Mohan Matthen and Christopher Stephens.

Philosophy of Mathematics, edited by Andrew Irvine.

Philosophy of Logic, edited by Dale Jacquette.

Philosophy of Chemistry and Pharmacology, edited by Andrea Woody and
Robin Hendry.
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Philosophy of Statistics, edited by Prasanta S. Bandyopadhyay and Malcolm
Forster.

Philosophy of Information, edited by Pieter Adriaans and Johan van Ben-
them.

Philosophy of Technological Sciences, edited by Anthonie Meijers.

Philosophy of Complex Systems, edited by Cliff Hooker and John Collier.

Philosophy of Earth Systems Science, edited by Bryson Brown and Kent
Peacock.

Philosophy of Psychology and Cognitive Science, edited by Paul Thagard.

Philosophy of Economics, edited by Uskali

Philosophy of Linguistics, edited by Martin Stokhof and Jeroen Groenendijk.

Mark Risjord.

Philosophy of Medicine, edited by Fred Gifford.

Details about the contents and publishing schedule of the volumes can be found
at http://www.johnwoods.ca/HPS/.

As general editors, we are extremely grateful to the volume editors for arranging
such a distinguished array of contributors and for managing their contributions.
Production of these volumes has been a huge enterprise, and our warmest thanks
go to Jane Spurr and Carol Woods for putting them together. Thanks also to
Andy Deelen and Arjen Sevenster at Elsevier for their support and direction.

äM ki.

Philosophy of Anthropology and Sociology, edited by Stephen Turner and
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INTRODUCTION

Jeremy Butterfield and John Earman

1 THE PHILOSOPHY OF PHYSICS TODAY

In the last forty years, philosophy of physics has become a large and vigorous
branch of philosophy, and so has amply won its place in a series of Handbooks in
the philosophy of science. The reasons for its vigour are not far to seek. As we
see matters, there are two main reasons; the first relates to the formative years of
analytic philosophy of science, and the second to the last forty years.

First, physics had an enormous influence on the early phase of the analytic
movement in philosophy. This influence does not just reflect the fact that for the
logical positivists and logical empiricists, and for others such as Russell, physics
represented a paradigm of empirical knowledge. There are also much more specific
influences. Each of the three main pillars of modern physics — thermal physics,
quantum theory and relativity — contributed specific ideas and arguments to
philosophical debate. Among the more obvious influences are the following.

Thermal physics and the scientific controversy about the existence of atoms
bore upon the philosophical debate between realism and instrumentalism; and the
rise of statistical mechanics fuelled the philosophy of probability. As to quantum
theory, its most pervasive influence in philosophy has undoubtedly been to make
philosophers accept that a fundamental physical theory could be indeterministic.
But this influence is questionable since, as every philosopher of science knows
(or should know!), indeterminism only enters at the most controversial point of
quantum theory: viz., the alleged “collapse of the wave packet”. In any case, the
obscurity of the interpretation of quantum theory threw not only philosophers, but
also the giants of physics, such as Einstein and Bohr, into vigorous debate: and
not only about determinism, but also about other philosophical fundamentals, such
as the nature of objectivity. Finally, relativity theory, both special and general,
revolutionized the philosophy of space and time, in particular by threatening neo-
Kantian doctrines about the nature of geometry.

These influences meant that when the analytic movement became dominant in
anglophone philosophy, the interpretation of modern physics was established as
a prominent theme in its sub-discipline, philosophy of science. Accordingly, as
philosophy has grown, so has the philosophy of physics.

But from the 1960s onwards, philosophy of physics has also grown for a reason
external to philosophy. Namely, within physics itself there has been considerable

c
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interest in foundational issues, with results that have many suggestive repercus-
sions for philosophy. Again, there have been various developments within physics,
and thereby various influences on philosophy. The result, we believe, is that nowa-
days foundational issues in the fundamental physical theories provide the most
interesting and important problems in the philosophy of physics. We have chosen
the topics for this volume in accord with this conviction. In the next Subsection,
we will articulate some of these foundational issues, and thereby introduce the
Chapters of the volume.

2 CURRENT FOUNDATIONAL ISSUES IN PHYSICS

We will first discuss these issues under five headings. The first three correspond to
the three pillars of modern physics mentioned in Section 2.1; i.e. thermal physics,
quantum theory and relativity theory. The fourth and fifth concern combinations
of these pillars; and lead to speculations about the future of physics. These five
headings will provide a way of introducing most of this volume’s Chapters, albeit
not in the order in which they occur. Then, after these five headings, we will
introduce the volume’s remaining two Chapters.

2.1 Thermal physics

Controversies about the foundations of thermal physics, especially the characteri-
zation of the approach to equilibrium, have continued unabated since the days of
the field’s founding fathers, such as Maxwell and Boltzmann. Some aspects of the
original controversies can be seen again in modern discussions. But the contro-
versies have also been transformed by the development of several scientific fields;
especially the following three, which have grown enormously since the 1960s:

(i) classical mechanics, and its offspring such as ergodic theory and chaos theory;

(ii) quantum thermal physics; and

(iii) cosmology, which nowadays provides a very detailed and so fruitful context
for developing and evaluating Boltzmann’s bold idea that the ultimate origin
of the “arrow of time” is cosmological.

In this volume, the foundations of thermal physics is represented by the Chap-
ters by Uffink and by Emch, who cover classical and quantum aspects, respectively.
Among the topics Uffink discusses, two receive special attention: the evolution
of Boltzmann’s views, and the mathematical framework of stochastic dynamics.
Emch adopts the formalism of algebraic quantum statistical mechanics, and re-
views many results about that formalism’s notion of equilibrium, i.e. KMS states.
Two other Chapters also provide a little stage-setting for Uffink and Emch, though
without pursuing the relation to thermal physics: viz. the Chapters by Butterfield
on classical mechanics, and by Ellis on cosmology.
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2.2 Quantum theory

Since the 1960s, the physics community has witnessed a revival of the debates
about the interpretation of quantum theory that raged among the theory’s found-
ing fathers. In the general physics community, the single most influential author
has no doubt been John Bell, not only through his non-locality theorem and the
many experiments it engendered, but also through his critique of the “Copenhagen
orthodoxy” and his sympathy towards the pilot-wave and dynamical collapse het-
erodoxies. But in more specialist communities, there have been other crucial
factors that have animated the debate. Mathematical physicists have developed
a deep understanding of the various relations between quantum and classical the-
ories. Since the 1970s, there has been progress in understanding decoherence, so
that nowadays, almost all would accept that it plays a crucial role in the emergence
of the classical world from quantum theory. And since the 1990s, the burgeoning
fields of quantum information and computation have grown out of the interpreta-
tive debates, especially the analysis of quantum non-locality.

In this volume, these topics are taken up by Dickson, Landsman and Bub.
Dickson surveys the formalism of non-relativistic quantum theory, and some of
the main interpretative issues, including empirical content, quantum uncertainty,
the measurement problem, and non-locality. For the most part, Landsman reviews
from the perspective of mathematical physics the relations between quantum and
classical theories. In particular, he discusses various approaches to quantization
and the rigorous treatments of the classical limits h̄→ 0 and N →∞. But Lands-
man also includes discussions of the Copenhagen interpretation and decoherence.
Finally, Bub presents some central ideas and results about quantum information
and quantum computation. As a backdrop to this, he also briefly reviews classical
information and computation; and he ends by proposing some provocative morals
about the interpretation of quantum theory.

2.3 Relativity theory

The decades since the 1960s have seen spectacular developments, for both theory
and experiment, in general relativity and cosmology. But this Renaissance has
also been very fruitful as regards foundational and philosophical issues. Mathe-
matical relativists have continued to deepen our understanding of the foundations
of general relativity: foundations which, as mentioned in Section 1, were recog-
nized already in the 1920s as crucial for the philosophy of space and time. And
the recent transformation of cosmology from a largely speculative enterprise into
a genuine science has both brought various philosophical questions closer to sci-
entific resolution, and made other philosophical questions, e.g. about method and
explanation in cosmology, much more pressing.

In this volume, these topics are represented by the Chapters by Malament, Be-
lot and Ellis. Malament first expounds classical relativity. Then he discusses three
special topics: the definition of simultaneity in special relativity, the geometriza-
tion of Newtonian gravity, and the extent to which causal structure determines
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spacetime geometry. Belot’s main aim is to give a clear statement of the “problem
of time” as it occurs in classical general relativity; and to do that, he first reviews
the way time is represented in simpler classical theories, including mechanics. (Be-
lot’s Chapter thereby complements Butterfield’s: both expound aspects of classical
Hamiltonian theories, and stress how some of these aspects reappear in quantum
theories.) Ellis first reviews the present state of relativistic cosmological theory and
its observational basis; and then investigates nine philosophical themes, including
the anthropic principle and the possible existence of multiverses.

So much by way of introducing some foundational issues, and this volume’s cor-
responding Chapters, arising within one of the three pillars: thermal physics,
quantum theory and relativity. We turn to issues arising from combining the pil-
lars — or rather, parts of them! We have already adumbrated the combination of
the first and second: viz., in quantum thermal physics, reviewed here by Emch. It
is the combination of the second and third — quantum theory and relativity —
which we must now address. We shall do so under two headings, corresponding
to the distinction between special and general relativity. The first corresponds,
of course, to quantum field theory, which forms such a deep and well-established
framework for particle physics. The second corresponds to the quantum theory of
gravity — which unfortunately still remains only a hope and a goal.1

2.4 Quantum field theory

Although there are relativistic quantum mechanical theories of a fixed number of
particles, by far the most important framework combining quantum theory and
special relativity is quantum field theory. Broadly speaking, the foundational
issues raised by quantum field theory differ from quantum theory’s traditional
interpretative issues, about measurement and non-locality (cf. Quantum theory,
§2.2 above). There are two points here.

(i) Although quantum field theory of course illustrates the latter issues just
as much as elementary quantum theory does, it apparently cannot offer a
resolution of them. The measurement problem and the puzzles about non-
locality arise so directly from the unitarity and tensor-product features of
quantum theories, as to be unaffected by the extra mathematical structures

1Our image of three pillars prompts the question: what about the combination of thermal
physics and relativity? When Einstein’s special theory of relativity won acceptance, the rush
was on to revise the various branches of classical physics to make them properly relativistic. In
the case of thermodynamics, this program produced disputes about the Lorentz transformation
properties of the thermodynamic quantities of heat, temperature and entropy that persisted well
into the 1970s; (see [Liu, 1994] for an overview of this debate). As for classical general relativity
theory, there does not currently exist a statistical mechanics that incorporates the “gravitational
entropy of the universe”, and it seems unlikely that there can be such a theory. But for all anyone
knows, the ideas of thermal physics may play a crucial role in the hoped-for quantum theory of
gravity. There are hints to that effect from, for example, black hole thermodynamics, the Unruh
effect, and Hawking radiation. These topics are discussed briefly in Rovelli’s chapter.
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and physical ideas supplied by quantum field theory.2 And accordingly, it
has seemed to most workers to be wisest to pursue the traditional interpreta-
tive issues within non-relativistic quantum theory: if you identify a problem
in a simple context, but are confident that it is not an artefact of the con-
text’s simplicity, it is surely wisest to attack it there. (And as shown in this
volume by Dickson’s and Landsman’s Chapters, that context is by no means
“really simple”: non-relativistic quantum theory, and its relation to classical
theories, provides an abundance of intricate structure to investigate.)

(ii) On the other hand, there are several foundational issues that are distinctive
of quantum field theory. Perhaps the most obvious ones are: the nature of
particles (including the topic of localization), the interpretation of renormal-
ization, the interpretation of gauge structure, and the existence of unitarily
equivalent representations of the canonical commutation relations.

In this volume, these topics are taken up by ’t Hooft and by Halvorson and Müger.
First, ’t Hooft provides an authoritative survey of quantum field theory, from
the perspective of particle physics. Among the main topics he expounds are:
the quantization of scalar and spinor fields, Feynman path integrals, the ideas of
gauge fields and the Higgs mechanism, renormalization, asymptotic freedom and
confinement.

Halvorson and Müger discuss a smaller and distinctively foundational set of
issues, using the apparatus of algebraic quantum field theory. (So their use of
the algebraic approach complements the uses made by Emch and Landsman.)
They discuss the nature of particles and localization, non-locality, the assignment
of values to quantities (i.e. the measurement problem) and the definability of
quantum fields at individual spacetime points. But they devote most of their
effort to the Doplicher-Haag-Roberts theory of superselection. This theory yields
deep insights into crucial structures of quantum field theory: in particular, the
set of representations, the relation between the field and observable algebras, and
gauge groups.

2.5 Quantum gravity

Finally, we turn to the combination of quantum theory with general relativity: i.e.,
the search for a quantum theory of gravity. Here there is of course no established
theory, nor even a consensus about the best approach for constructing one. Rather
there are various research programmes that often differ in their technical aims, as
well as their motivations and conceptual frameworks. In this situation, various

2In some respects relativistic QFT makes the measurement problem worse. In non-relativistic
quantum mechanics, the collapse of the state vector is supposed to happen instantaneously;
so in the relativistic setting, one would have to develop some appropriate analogue. On the
other hand, the modal interpretation of ordinary QM — which arguably provides the best hope
for a no-collapse account of quantum measurement — faces formidable obstacles in relativistic
quantum field theory; (see [Clifton, 2000] and Halvorson and Müger, this volume, Section 5).
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foundational issues about the “ingredient” theories are cast in a new light. For
example, might quantum gravity revoke orthodox quantum theory’s unitarity, and
thereby en passant solve the measurement problem? And does the general covari-
ance (diffeomorphism invariance) of general relativity represent an important clue
about the ultimate quantum nature of space and time?

In this volume, these and related questions are taken up by Rovelli. He also
presents details about other topics: for example, the subject’s history, the two
main current programmes (string theory and loop quantum gravity), and quantum
cosmology. Ellis’ Chapter also discusses quantum cosmology. In this way, and
indeed by addressing other fundamental questions about the idea of an “ultimate”
physical theory, Ellis’s Chapter provides a natural complement to Rovelli’s.

So much by way of introducing Chapters that correspond to our initial three
pillars of modern physics, or to combinations of them. We turn to introducing
the volume’s remaining two Chapters. Here our intention has been to provide
Chapters whose discussions bridge the divisions between physical theories, and
even those between our three pillars. In this connection, it seemed to us that
of the various possible themes for such a cross-cutting discussion, the two most
appropriate ones were determinism and symmetry.3

Accordingly, Earman discusses how determinism fares in a wide class of the-
ories: his examples range from classical mechanics to proposals for quantum
gravity. He also addresses the relations between determinism and other issues:
in particular, predictability, the nature of spacetime, and symmetry. Symme-
try in classical physics is given a wide-ranging survey by Brading and Castellani.
Among other topics, they discuss: Curie’s principle, the advent of group theory
into physics, canonical transformation theory, general covariance in general rela-
tivity, and Noether’s theorems. Various aspects of symmetry and invariance in
quantum physics are discussed in the Chapters by Dickson, Emch, Halvorson, and
Landsman. But a synoptic overview of this complex topic remains to be written
— which we hope will be taken as a challenge by some of our readers.

Let us sum up this introduction to the Chapters that follow, with two comments
that are intended to give the prospective reader — perhaps daunted by the many
pages ahead! — some courage.

First, it is obvious that by our lights, there is no sharp line between philosophy
of physics and physics itself. So it is no surprise that some of the best work in
philosophy of physics is being done by physicists (as witnessed by several contri-
butions to this volume). No surprise: but certainly, to be welcomed. Conversely,
to the traditionally trained philosopher, work by philosophers of physics is liable
to look more like physics than philosophy. But for us, this blurring of disciplinary
boundaries is no cause for concern. On the contrary, it represents an opportunity
for philosophy to enrich itself. And in the other direction, philosophers can hope

3Other good candidates include the “direction of time”, or irreversibility, and the constitution
of matter. But adding chapters on these or other cross-cutting themes would have made the
volume altogether too long.
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that the foundations, and even philosophy, of physics can be a source of heuristic
ideas for physics. Or at least, physicists’ interest in foundational questions now
offers philosophers of physics the opportunity of fruitful discussion with physicists.

But agreed: this enrichment of philosophy does not come for free. And the need
to master technical material which is often difficult can be a barrier to entering
the philosophy of physics. In designing this volume, our response to this problem
has of course been, not to try to lower the barrier, at the cost of scholarship and
of fostering illusory hopes: rather our strategy has been to commission Chapters
that cover their chosen topics as expertly and completely as possible. So to the
reader, our message is simple: take heart! Once you are over the barrier, new
vistas open for the philosophy of science.

3 OUTLOOK: HALFWAY THROUGH THE WOODS

Finally, we would like to set the stage for this volume, by making two connected
comments about the present state of fundamental physics. Though it may seem
naive or hubristic for philosophers to make such comments, we believe it is worth
the risk. For we think that at the present juncture fundamental physics is unusually
open to contributions from philosophical reflection; and it will be clear from our
comments that together they represent an invitation to the reader to make such
contributions! The first comment concerns the amazing successes of present-day
physics; the second, the fact that so much remains to be understood.

3.1 Successes

First, we want to celebrate the extraordinary achievements of modern physics;
specifically of quantum theory and relativity theory. We propose to do this by
emphasising how contingent, indeed surprising, it is that the basic postulates of
relativity and quantum theory have proved to be so successful in domains of ap-
plication far beyond their originally intended ones.

Examples are legion. We pick out two examples, almost at random. Why should
the new chronogeometry introduced by Einstein’s special relativity in 1905 for
electromagnetism, be extendible to mechanics, thermodynamics and other fields
of physics? And why should the quantum theory, devised for systems of atomic
dimensions (10−8 cm) be good both for scales much smaller (cf. the nuclear
radius of ca. 10−12 cm) and vastly larger (cf. superconductivity and superfluidity,
involving scales up to 10−1 cm)? Indeed, much of the history of twentieth century
physics is the story of the consolidation of the relativity and quantum revolutions:
the story of their basic postulates being successfully applied ever more widely.

The point applies equally well when we look beyond terrestrial physics. We
have in mind, first, general relativity. It makes a wonderful story: the theory
was created principally by one person, motivated by conceptual, in part genuinely
philosophical, considerations — yet it has proved experimentally accurate in all
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kinds of astronomical situations. They range from weak gravitational fields such
as occur in the solar system — here it famously explains the minuscule portion
of the precession of the perihelion of Mercury (43” of arc per century) that was
unaccounted for by Newtonian theory; to fields 10,000 times stronger in a distant
binary pulsar — which in the last twenty years has given us compelling (albeit
indirect) evidence for a phenomenon (gravitational radiation) that was predicted
by general relativity and long searched for; and to exotic objects such as black
holes. But general relativity is not the only case. Quantum theory has also been
extraordinarily successful in application to astronomy: the obvious example is
the use of nuclear physics to develop a very accurate and detailed theories of
nucleosynthesis in the very early universe, and of stellar structure and evolution.

Indeed, there is a more general point here, going beyond the successes of rela-
tivity and quantum theory. Namely, we tend to get used to the various unities in
nature that science reveals — and thereby to forget how contingent and surprising
they are. Of course, this is not just a tendency of our own era. For example,
nineteenth century physics confirmed Newton’s law of gravitation to apply out-
side the solar system, and discovered terrestrial elements to exist in the stars (by
spectroscopy): discoveries that were briefly surprising, but soon taken for granted,
incorporated into the educated person’s ‘common sense’. Similarly nowadays: the
many and varied successes of physics in the last few decades, in modelling very ac-
curately phenomena that are (i) vastly distant in space and time, and-or (ii) very
different from our usual laboratory scales (in their characteristic values of such
quantities as energy, temperature, or pressure etc.), reveal an amazing unity in
nature. General theoretical examples of such unity, examples that span some 200
years, are: the ubiquitous fruitfulness of the field concept; and more specifically, of
least action principles. For a modern, specific (and literally spectacular) example,
consider the precision and detail of our models of supernovae; as confirmed by the
wonderful capacity of modern telescope technology to see and analyse individual
supernovae, even in other galaxies.

3.2 Clouds on the horizon

And yet: complacency, let alone triumphalism, is not in order! Current physics is
full of unfinished business — that is always true in human enquiry. But more to
the point, there are clouds on the horizon that may prove as great a threat to the
continued success of twentieth century physics, as were the anomalies confronting
classical physics at the end of the nineteenth century.

Of course, people differ about what problems they find worrisome; and among
the worrisome ones, about which problems are now ripe for being solved, or at least
worth addressing. As philosophers, we are generalists: so we naturally find all the
various foundational issues mentioned above worrisome. But being generalists, we
will of course duck out of trying to say which are the closest to solution, or which
are most likely to repay being addressed! In any case, such judgments are hard
to adjudicate, since intellectual temperament, and the happenstance of what one
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knows about or is interested in, play a large part in forming them.
But we would like to end by returning to one of Section 2’s “clouds”: a cloud

which clearly invites philosophical reflection, and perhaps contributions. Namely,
the problem of quantum gravity; in other words, the fact that general relativity
and quantum theory are yet to be reconciled. As mentioned in Section 2.5, Rovelli
(this volume) discusses how the contrasting conceptual structures of the “ingre-
dient” theories and the ongoing controversies about interpreting them, make for
conflicting basic approaches to quantum gravity.

But we want here to emphasise another reason why we still lack a successful
theory, despite great effort and ingenuity. In short, it is that the successes of
relativity and quantum theory, celebrated in Comment 3.1 above, conspire to
deprive us of the relevant experimental data.

Thus there are general reasons to expect data characteristic of quantum gravity
to arise only in a regime of energies so high (correspondingly, distances and times
so short) as to be completely inaccessible to us. To put the point in terms of
length: the value of the Planck length which we expect to be characteristic of
quantum gravity is around 10−33 cm. This is truly minuscule: the diameters of an
atom, nucleus, proton and quark are, respectively, about 10−8, 10−12, 10−13, and
10−16 cm. So the Planck length is as many orders of magnitude from the (upper
limit for) the diameter of a quark, as that diameter is from our familiar scale of a
centimetre!

We can now see how quantum gravity research is in a sense the victim of the
successes of relativity and quantum theory. For those successes suggest that we will
not see any “new physics” intimating quantum gravity even at the highest energies
accessible to us. The obvious example is quasars: these are typically a few light-
days in diameter, and yet have a luminosity 1000 times that of our galaxy (itself
100,000 light-years across, containing a hundred billion stars). They are the most
energetic, distant (and hence past!) celestial objects that we observe: they are now
believed to be fuelled by massive black holes in their cores. Yet suggestions, current
thirty years ago, that their stupendous energies and other properties that we can
observe, could only be explained by fundamentally new physics, have nowadays
given way to acceptance that “conventional physics” describing events outside the
black hole’s event-horizon can do so. (Agreed, we expect the physics deep inside
the black hole, in the vicinity of its singularity, to exhibit quantum gravity effects:
but if ever a region deserved the name “inaccessible”, this is surely one!) So the
situation is ironic, and even frustrating: quantum gravity research is a victim of
its ingredient theories’ success.

In any case, the search for quantum gravity is wide open. In closing, we would
like to endorse an analogy of Rovelli’s [1997]. He suggests that our present search
is like that of the mechanical philosophers such as Galileo and Kepler of the early
seventeenth century. Just as they struggled with the clues given by Copernicus and
Brahe, en route to the synthesis given by Newton, so also we are “halfway through
the woods”. Of course we should be wary of too grossly simplifying and periodiz-
ing the scientific revolution, and a fortiori of facile analogies between different
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historical situations. Nevertheless, it is striking what a “mixed bag” the doctrines
of figures such as Galileo and Kepler turn out to have been, from the perspec-
tive of the later synthesis. For all their genius, they appear to us (endowed with
the anachronistic benefits of hindsight), to have been “transitional figures”. One
cannot help speculating that to some future reader of twentieth century physics,
enlightened by some future synthesis of general relativity and quantum theory,
our current and recent efforts in quantum gravity will seem strange: worthy and
sensible from the authors’ perspective (one hopes), but a hodge-podge of insight
and error from the reader’s!
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COMPENDIUM OF THE FOUNDATIONS OF
CLASSICAL STATISTICAL PHYSICS

Jos Uffink

1 INTRODUCTION

It has been said that an advantage of having a mature, formalized version of a
theory is that one may forget its preceding history. This saying is certainly true
for the purpose of studying the conceptual structure of a physical theory. In a
discussion of the foundations of classical mechanics, for example, one need not
consider the work of the Parisian scholastics. In the foundations of quantum me-
chanics, one may start from the von Neumann axioms, and disregard the preceding
“old” quantum theory. Statistical physics, however, has not yet developed a set
of generally accepted formal axioms, and consequently we have no choice but to
dwell on its history.

This is not because attempts to chart the foundations of statistical physics have
been absent, or scarce [Ehrenfest and Ehrenfest-Afanassjewa, 1912; ter Haar, 1955;
Penrose, 1979; Sklar, 1993; Emch and Liu, 2001]e.g.. Rather, the picture that
emerges from such studies is that statistical physics has developed into a number
of different schools, each with its own programme and technical apparatus. Unlike
quantum theory or relativity, this field lacks a common set of assumptions that is
accepted by most of the participants; although there is, of course, overlap. But
one common denominator seems to be that nearly all schools claim the founding
fathers, Maxwell, Boltzmann and Gibbs as their champions.

Broadly understood, statistical physics may be characterized as a branch of
physics intended to describe the thermal behaviour and properties of matter in
bulk, i.e. of macroscopic dimensions in relation to its microscopic corpuscular con-
stituents and their dynamics.1 In this review, we shall only deal with approaches
that assume a finite number of microscopic constituents, governed by classical dy-
namics. (See [Emch, 2006] for a discussion of quantum statistical physics that also
addresses infinite systems.)

The above description is deliberately vague; it does not yet specify what thermal
behaviour is, and being a characterization in terms of intentions, leaves open by
what methods the goals may be achieved. Let us expand a bit. There are two basic

1The terms “in bulk” and the distinction “micro/macroscopic” should be understood in a
relative sense. Thus, statistical physics may apply to a galaxy or nebula, in which the constituent
stars are considered as ’microscopic constituents’.

c

Handbook of the Philosophy of Science. Philosophy of Physics
Volume editors: Jeremy Butterfield and John Earman
General editors: Dov M. Gabbay,
© 2007 Elsevier B.V. All rights reserved.

Paul Thagard and John Woods



924 Jos Uffink

ingredients in statistical physics. The first is a mechanical model of a macroscopic
material system. For example, a gas may be modeled as a system of point particles,
or as hard spheres, or as composite objects, etc. Similarly, one may employ lattice
models for solids, and so forth. In general, the particulars of the mechanical model,
and its dynamics, will depend on the system of interest.

The second ingredient of the theory on which all approaches agree is the in-
troduction of probability and statistical considerations. Sometimes, textbooks
explain the need for this ingredient by pointing to the fact that an exact solution
of the equations of motion for mechanical models with a large number of degrees of
freedom is unfeasible. But this motivation from deficiency surely underestimates
the constructive and explanatory role that probability plays in statistical physics.
A slightly better motivation, also found in many textbooks, is that even if the
dynamical equations could be solved in detail, most of these details would turn
out to be irrelevant for the purpose of characterizing the thermal behaviour. There
is some truth in this observation, yet it can hardly be satisfactory as it stands.
Certainly, not all details about the microdynamics are irrelevant, e.g. in phase
transitions, and one naturally wishes for more concrete information about exactly
which details are irrelevant and which are not.

One of the foremost foundational problems in statistical physics is thus to spec-
ify and to clarify the status of probabilistic assumptions in the theory. As we
shall see, this task already leads to a rough distinction between approaches in
which probability arises as a notion explicitly defined in mechanical terms (ki-
netic theory), and approaches in which it is a conceptually independent ingredient
(statistical mechanics).

Next, there are ingredients on which much less consensus can be found. Here is
a (partial) list:

- Assumptions about the overwhelmingly large number of microscopic consti-
tuents (typically of the order of 1023 or more).

- An assumption about the erratic nature of the dynamics (e.g. ergodicity).

- The choice of special initial conditions.

- The role of external influences on the system, i.e., assumptions about whether
the system is open to the exchange of energy/momentum with its environ-
ment, in combination with an assumed sensitivity of the dynamics under
such external disturbances.

- Symmetry of macroscopic quantities under permutation of the microscopic
constituents.

- Limits in the resolution or experimental accuracy of macroscopic observers.

- Appeal to a time-asymmetric principle of causality.
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The role of each of these ingredients in the recipe of statistical physics is contro-
versial. What many “chefs” regard as absolutely essential and indispensable, is
argued to be insufficient or superfluous by many others. A major goal in the foun-
dations of statistical physics should therefore lie in an attempt to sort out which
subset of the above ideas can be formulated in a precise and coherent manner
to obtain a unified and sufficiently general framework for a theory of statistical
physics.

Another issue in which the preceding discussion has been vague is what is meant
by the thermal behaviour and properties of macroscopic matter. There are two
sources on which one may draw in order to delineate this topic. The first is by
comparison to other (older) traditions in theoretical physics that have the same
goal as statistical physics but do not rely on the two main ingredients above viz.
a mechanical model and probabilistic arguments. There are two main examples:
thermodynamics and hydrodynamics. The other source, of course, is observation.
This provides a rich supply of phenomena, some of which have thus far withstood
full theoretical explanation (e.g. turbulence).

Obviously, a measure of success for statistical physics can be found in the ques-
tion to what extent this approach succeeds in reproducing the results of earlier,
non-statistical theories, where they are empirically adequate, and in improving
upon them where they are not. Thus, the foundations of statistical physics also
provides a testing ground for philosophical ideas about inter-theory relations, like
reduction (cf. [Brush, 1977; Sklar, 1993; Batterman, 2002]). However I will not
go into this issue. The remainder of this introduction will be devoted to a rough
sketch of the four theories mentioned, i.e. thermodynamics, hydrodynamics, ki-
netic theory and statistical physics.

1.1 Thermodynamics.

Orthodox thermodynamics is an approach associated with the names of Clausius,
Kelvin, and Planck. Here, one aims to describe the thermal properties of macro-
scopic bodies while deliberately avoiding commitment to any hypothesis about
the microscopic entities that might constitute the bodies in question. Instead,
the approach aims to derive certain general laws, valid for all such bodies, from a
restricted set of empirical principles.

In this approach the macroscopic body (or thermodynamic system) is conceived
of as a sort of black box, which may interact with its environment by means of
work and heat exchange. The most basic empirical principle is that macroscopic
bodies when left to themselves, i.e. when isolated from an environment, eventu-
ally settle down in an equilibrium state in which no further observable changes
occur. Moreover, for simple, homogeneous bodies, this equilibrium state is fully
characterized by the values of a small number of macroscopic variables.

Other empirical principles state which types of processes are regarded as im-
possible. By ingenious arguments one can then derive from these principles the
existence of certain quantities (in particular: absolute temperature, energy and
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entropy) as ‘state functions’, i.e. functions defined on a space of thermodynamical
equilibrium states for all such systems.

While the theory focuses on processes, the description it can afford of such
processes is extremely limited. In general, a process will take a system through
a sequence of non-equilibrium states, for which the thermodynamic state func-
tions are not defined, and thus cannot be characterized in detail with the tools
afforded by the theory. Therefore one limits oneself to the consideration of special
types of processes, namely those that begin and end in an equilibrium state. Even
more special are those processes that proceed so delicately and slowly that up
to an arbitrarily small error one may assume that the system remains in equilib-
rium throughout the entire process. The latter processes are called quasistatic, or
sometimes reversible.2

Of course, since equilibrium states are by definition assumed to remain in equi-
librium if unperturbed, all such processes are triggered by an external intervention
such as pushing a piston or removing a partition. For the first type of process,
orthodox thermodynamics can only relate the initial and final state. The second
type of process can be (approximately) represented as a curve in the equilibrium
state space.

The advantage of the approach is its generality. Though developed originally
for the study of gases and liquids, by the late nineteenth century, it could be ex-
tended to the behaviour of magnets and other systems. Indeed, the independence
of hypotheses about its micro-constituents means that the methods of orthodox
thermodynamics can also be –and have been– applied to essentially quantum-
mechanical systems (like photon gases) or to more exotic objects like black holes
(see [Rovelli, 2006]).

With regard to the foundations of statistical physics, two aspects of thermody-
namics are of outstanding importance. First, the challenge is to provide a coun-
terpart for the very concept of equilibrium states and to provide a counterpart for
the thermodynamic law that all isolated systems not in equilibrium evolve towards
an equilibrium state. Secondly, statistical physics should give an account of the
Second Law of thermodynamics, i.e. the statement that entropy cannot decrease in
an adiabatically isolated system. Obviously, such counterparts will be statistical;
i.e. they will hold on average or with high probability, but will not coincide with
the unexceptionally general statements of thermodynamics.

1.2 Hydrodynamics

It would be a mistake to believe that the goals of statistical physics are exhausted
by reproducing the laws of thermodynamics. There are many other traditions
in theoretical physics that provide a much more detailed, yet less general, char-
acterization of thermal behaviour. A concrete example is hydrodynamics or fluid
dynamics. In contrast to thermodynamics, hydrodynamics does rely on an assump-

2The reader may be warned, however, that there are many different meanings to the term
‘reversible’ in thermodynamics. See [Uffink, 2001] for a discussion.
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tion about microscopic constitution. It models a fluid as a continuous medium or
plenum. It is, in modern parlance, a field theory. Moreover it aims to describe
the evolution of certain macroscopic quantities in the course of time, i.e. during
non-equilibrium processes. As such it is an example of a theory which is much
more informative and detailed than thermodynamics, at the price, of course, that
its empirical scope is restricted to fluids.

Without going in detail (for a more comprehensive account, see e.g. [Landau
and Lifshitz, 1987; de Groot and Mazur, 1961]), hydrodynamics assumes there
are three fundamental fields: the mass density ρ(�x, t), a velocity field �v(�x, t) and
a temperature field T (�x, t). There are also three fundamental field equations,
which express, in a differential form, the conservation of mass, momentum and
energy. Unfortunately, these equations introduce further quantities: the pressure
P (�x, t), the stress tensor π(�x, t), the energy density u(�x, t), the shear and bulk
viscosities η and ζ and thermal conductivity κ, each of which has to be related to
the fundamental fields by means of various constitutive relations and equations of
state (dependent on the fluid concerned), in order to close the field equations, i.e.
to make them susceptible to solution.

The resulting equations are explicitly asymmetric under time reversal. Yet
another remarkable feature of hydrodynamics is the fact that the equations can be
closed at all. That is: the specification of only a handful of macroscopic quantities
is needed to predict the evolution of those quantities. Their behaviour is in other
words autonomous. This same autonomy also holds for other theories or equations
used to describe processes in systems out of equilibrium: for example the theories
of diffusion, electrical conduction in metals, the Fourier heat equation etc. In
spite of a huge number of microscopic degrees of freedom, the evolution of a few
macroscopic quantities generally seems to depend only on the instantaneous values
of these macroscopic quantities. Apart from accounting for the asymmetry under
time reversal displayed by such theories, statistical physics should also ideally
explain this remarkable autonomy of their evolution equations.

1.3 Kinetic theory

I turn to the second group of theories we need to consider: those that do rely on
hypotheses or modeling assumptions about the internal microscopic constitution
or dynamics of the systems considered. As mentioned, they can be divided into
two rough subgroups: kinetic theory and statistical mechanics.

Kinetic theory, also called the kinetic theory of gases, the dynamical theory of
gases, the molecular-kinetic theory of heat etc., takes as its main starting point the
assumption that systems (gases in particular) consist of molecules. The thermal
properties and behaviour are then related in particular to the motion of these
molecules.

The earliest modern version of a kinetic theory is Daniel Bernoulli’s (1731).
Bernoulli’s work was not followed by further developments along the same line
for almost a century. But it regained new interest in the mid-nineteenth century.
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The theory developed into a more general and elaborate framework in the hands
of Clausius, Maxwell and Boltzmann. Clausius extended Bernoulli’s model by
taking into account the collisions between the particles, in order to show that the
formidable molecular speeds (in the order of 103 m/s) were compatible with rela-
tively slow rates of diffusion. However, he did not develop a systematic treatment
of collisions and their effects. It was Maxwell who was the first to realize that
collisions would tend to produce particles moving at a variety of speeds, rather
than a single common speed, and proceeded to ask how probable the various values
of the velocity would be in a state of equilibrium. Maxwell thus introduced the
concept of probability and statistical considerations into kinetic theory.

From 1868 onwards, Boltzmann took Maxwell’s investigations further. In his
famous memoir of 1872 he obtained an equation for the evolution of the distri-
bution function, the Boltzmann equation, and claimed that every non-stationary
distribution function for an isolated gas would evolve towards the Maxwellian
form, i.e. towards the equilibrium state. However, along the way, Boltzmann had
made various assumptions and idealizations, e.g. neglecting the effect of multi-
particle collisions, which restrict his derivations’ validity to dilute gases, as well
as the Stoßzahlansatz, developed by Maxwell in 1867, (or ‘hypothesis of molecular
disorder’ as he later called it).

The Boltzmann equation, or variations of this equation, is the physicists’ work-
horse in gas theory. The hydrodynamical equations can be derived from it, as
well as other transport equations. However, it is well known that it is only an
approximation, and commonly regarded as a first step in a hierarchy of more
detailed equations. But the foremost conceptual problem is its time-asymmetric
nature, which highlights the fact that the Boltzmann equation itself could not
be derived from mechanics alone. During Boltzmann’s lifetime, this led to two
famous objections, the reversibility objection (Umkehreinwand) by Loschmidt and
the recurrence objection (Wiederkehreinwand) by Zermelo. A third important
challenge, only put forward much more recently by [Lanford, 1975], concerns the
consistency of the Boltzmann equation with the assumption that the gas system
is a mechanical system governed by Hamiltonian dynamics.

1.4 Statistical mechanics

There is only a vague borderline between kinetic theory and statistical mechanics.
The main distinctive criterion, as drawn by the Ehrenfests (1912) is this. Kinetic
theory is what the Ehrenfests call “the older formulation of statistico-mechanical
investigations” or “kineto-statistics of the molecule”. Here, molecular states, in
particular their velocities, are regarded as stochastic variables, and probabilities
are attached to such molecular states of motion. These probabilities themselves
are determined by the state of the total gas system. They are conceived of either as
the relative number of molecules with a particular state, or the relative time during
which a molecule has that state. (Maxwell employed the first option, Boltzmann
wavered between the two.) It is important to stress that in both options the
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“probabilities” in question are determined by the mechanical properties of the
gas. Hence there is really no clear separation between mechanical and statistical
concepts in this approach.

Gradually, a transition was made to what the Ehrenfests called a “modern for-
mulation of statistico-mechanical investigations” or “kineto-statistics of the gas
model”, or what is nowadays known as statistical mechanics. In this latter ap-
proach, probabilities are not attached to the state of a molecule but to the state
of the entire gas system. Thus, the state of the gas, instead of determining the
probability distribution, now itself becomes a stochastic variable.

A merit of this latter approach is that interactions between molecules can be
taken into account. Indeed, the approach is not necessarily restricted to gases,
but might in principle also be applied to liquids or solids. (This is why the name
‘gas theory’ is abandoned.) The price to be paid however, is that the proba-
bilities themselves become more abstract. Since probabilities are attributed to
the mechanical states of the total system, they are no longer determined by such
mechanical states. Instead, in statistical mechanics, the probabilities are usually
conceived of as being determined by means of an ‘ensemble’, i.e. a fictitious col-
lection of replicas of the system in question. But whatever role one may wish to
assign to this construction, the main point is that probability is now an indepen-
dent concept, no longer reducible to mechanical properties of the system.

It is not easy to pinpoint this transition in the course of the history, except to say
that Maxwell’s work in the 1860s definitely belong to the first category, and Gibbs’
book of 1902 to the second. Boltzmann’s own works fall somewhere in the middle
ground. His earlier contributions clearly belong to the kinetic theory of gases
(although his 1868 paper already applies probability to an entire gas system); while
his work after 1877 is usually seen as elements in the theory of statistical mechanics.
However, Boltzmann himself never indicated a clear distinction between these two
different theories, and any attempt to draw a demarcation at an exact location in
his work seems somewhat arbitrary.

From a conceptual point of view, the transition from kinetic gas theory to sta-
tistical mechanics poses two main foundational questions. First: on what grounds
do we choose a particular ensemble, or the probability distribution characterizing
the ensemble? Gibbs did not enter into a systematic discussion of this problem,
but only discussed special cases of equilibrium ensembles (i.e. canonical, micro-
canonical etc.) for which the probability distribution was stipulated by some spe-
cial simple form. A second problem is to relate the ensemble-based probabilities
to the probabilities obtained in the earlier kinetic approach for a single gas model.

The Ehrenfests [1912] paper was the first to recognize these questions, and to
provide a partial answer. Namely: Assuming a certain hypothesis of Boltzmann’s,
which they dubbed the ergodic hypothesis, they pointed out that for an isolated
system the micro-canonical distribution is the unique stationary probability dis-
tribution. Hence, if one demands that an ensemble of isolated systems describing
thermal equilibrium must be represented by a stationary distribution, the only
choice for this purpose is the micro-canonical one. Similarly, they pointed out
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that under the ergodic hypothesis, infinite time averages and ensemble averages
were identical. This, then, would provide a desired link between the probabili-
ties of the older kinetic gas theory and those of statistical mechanics, at least in
equilibrium and in the infinite time limit. Yet the Ehrenfests simultaneously ex-
pressed strong doubts about the validity of the ergodic hypothesis. These doubts
were soon substantiated when in 1913 Rosenthal and Plancherel proved that the
hypothesis was untenable for realistic gas models.

The Ehrenfests’ reconstruction of Boltzmann’s work thus gave a prominent role
to the ergodic hypothesis, suggesting that it played a fundamental and lasting
role in his thinking. Although this view indeed produces a more coherent view of
his multi-faceted work, it is certainly not historically correct. Boltzmann himself
also had grave doubts about this hypothesis, and expressly avoided it whenever he
could, in particular in his two great papers of 1872 and 1877b. Since the Ehren-
fests, many authors have presented accounts of Boltzmann’s work. Particularly
important are Klein [1973] and Brush [1976].

Nevertheless, the analysis of the Ehrenfests did thus lead to a somewhat clearly
delineated programme for or view about the foundations of statistical physics, in
which ergodicity was a crucial feature. The demise of the original ergodic hypoth-
esis did not halt the programme; the hypothesis was replaced by an alternative
(weaker) hypothesis, i.e. that the system is ‘metrically transitive’ (nowadays, the
name ‘ergodic’ is often used as synonym). What is more, certain mathematical re-
sults of Birkhoff and von Neumann (the ergodic theorem) showed that for ergodic
systems in this new sense, the desired results could indeed be proven, modulo a
few mathematical provisos that at first did not attract much attention.

Thus there arose the ergodic or “standard” view on the foundations of statisti-
cal mechanics; (see, e.g. [Khinchin, 1949, p. 44]). On that view, the formalism of
statistical mechanics emerges as follows: A concrete system, say a container with
gas, is represented as a mechanical system with a very large number of degrees of
freedom. All physical quantities are functions of the dynamical variables of the
system, or, what amounts to the same thing, are functions on its phase space.
However, experiments or observation of such physical quantities do not record the
instantaneous values of these physical quantities. Instead, every observation must
last a duration which may be extremely short by human standards, but will be
extremely long on the microscopic level, i.e. one in which the microstate has ex-
perienced many changes, e.g. because of the incessant molecular collisions. Hence,
all we can register are time averages of the physical quantities over a very long
periods of time. These averages are thus empirically meaningful. Unfortunately
they are theoretically and analytically obstreperous. Time averages depend on the
trajectory and can only be computed by integration of the equations of motion.
The expectation value of the phase function over a given ensemble, the phase av-
erage has the opposite qualities, i.e. it is easy to compute, but not immediately
empirically relevant. However, ergodicity ensures that the two averages are equal
(almost everywhere). Thus, one can combine the best of both worlds, and identify
the theoretically convenient with the empirically meaningful.
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While statistical mechanics is clearly a more powerful theory than kinetic theory,
it is, like thermodynamics, particularly successful in explaining and modeling gases
and other systems in equilibrium. Non-equilibrium statistical mechanics remains
a field where extra problems appear.

1.5 Prospectus

The structure of this chapter is as follows. In Section 2, I will provide a brief
exposition of orthodox thermodynamics, and in subsection 2.2 an even briefer
review of some less-than-orthodox approaches to thermodynamics. Section 3 looks
at the kinetic theory of gases, focusing in particular on Maxwell’s ground-breaking
papers of 1860 and 1867, and investigates the meaning and status of Maxwell’s
probabilistic arguments.

Section 4 is devoted to (a selection of) Boltzmann’s works, which, as men-
tioned above, may be characterized as in between kinetic theory and statistical
mechanics. The focus will be on his 1868 paper and his most celebrated papers
of 1872 and 1877. Also, the objections from Loschmidt [1877] and Zermelo [1897]
are discussed, together with Boltzmann’s responses. Our discussion emphasizes
the variety of assumptions and methods used by Boltzmann over the years, and
the open-endedness of his results: the ergodic hypothesis, the Stoßzahlansatz, the
combinatorial argument of 1877, and a statistical reading of the H-theorem that
he advocated in the 1890s.

Next, Section 5 presents an account of Gibbs’ [1902] version of statistical me-
chanics and emphasizes the essential differences between his and Boltzmann’s ap-
proach. Sections 6 and 7 give an overview of some more recent developments
in statistical mechanics, In particular, we review some results in modern ergodic
theory, as well as approaches that aim to develop a more systematic account of
non-equilibrium theory, such as the BBGKY approach (named after Bogolyubov,
Born, Green, Kirkwood and Yvon) and the approach of Lanford. Section 7 ex-
tends this discussion for a combination of approaches, here united under the name
stochastic dynamics that includes those known as ‘coarse-graining’ and ‘interven-
tionism’ or ‘open systems’. In all cases we shall look at the question whether or
how such approaches succeed in a satisfactory treatment of non-equilibrium.

As this prospectus makes clear, the choice of topics is highly selective. There are
many important topics and developments in the foundations of statistical physics
that I will not touch. I list the most conspicuous of those here together with some
references for readers that wish to learn more about them.

- Maxwell’s demon and Landauer’s principle: [Klein, 1970; Earman and Nor-
ton, 1998; 1999; Leff and Rex, 2003; Bennett, 2003; Norton, 2005; Maroney,
2005; Ladyman et al., 2006].

- Boltzmann’s work in the 1880s (e.g. on monocyclic systems) [Klein, 1972;
1974; Bierhalter, 1992; Gallavotti, 1999; Uffink, 2005].
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- Gibbs’ paradox [van Kampen, 1984; Jaynes, 1992; Huggett, 1999; Saunders,
2006].

- Branch systems [Schrödinger, 1950; Reichenbach, 1956; Kroes, 1985; Wins-
berg, 2004].

- Subjective interpretation of probability in statistical mechanics [Tolman,
1938; Jaynes, 1983; von Plato, 1991; van Lith, 2001a; Balian, 2005].

- Prigogine and the Brussels-Austin school [Obcemea and Brändas, 1983;
Batterman, 1991; Karakostas, 1996; Edens, 2001; Bishop, 2004].

2 ORTHODOX THERMODYNAMICS

2.1 The Clausius-Kelvin-Planck approach

Thermodynamics is a theory that aims to characterize macroscopic physical bodies
in terms of macroscopically observable quantities (typically: temperature, pres-
sure, volume, etc.,) and to describe their changes under certain types of interac-
tions (typically exchange of heat or work with an environment).

The classical version of the theory, which evolved around 1850, adopted as a
methodological starting point that the fundamental laws of the theory should be
independent of any particular hypothesis about the microscopic constitution of
the bodies concerned. Rather, they should be based on empirical principles, i.e.
boldly generalized statements of experimental facts, not on hypothetical and hence
untestable assumptions such as the atomic hypothesis.

The reasons for this methodology were twofold. First, the dominant view on
the goal of science was the positivist-empirical philosophy which greatly valued
directly testable empirical statements above speculative hypotheses. But the sway
of the positivist view was never so complete that physicists avoided speculation
altogether. In fact many of the main founders of thermodynamics eagerly in-
dulged in embracing particular hypotheses of their own about the microphysical
constitution of matter.

The second reason is more pragmatic. The multitude of microphysical hypothe-
ses and conjectures was already so great in the mid-nineteenth century, and the
prospect of deciding between them so dim, that it was a clear advantage to obtain
and present results that did not depend on such assumptions. Thus, when Clau-
sius stated in 1857 that he firmly believed in the molecular-kinetic view on the
nature of gases, he also mentioned that he had not previously revealed this opin-
ion in order not to mix this conviction with his work on thermodynamics proper
[Clausius, 1857, p. 353].3

3The wisdom of this choice becomes clear if we compare his fame to that of Rankine. Rankine
actually predated Clausius in finding the entropy function (which he called ‘thermodynamic
potential’). However, this result was largely ignored due to the fact that it was imbedded in
Rankine’s rather complicated theory of atomic vortices.
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Proceeding somewhat ahistorically,4 one might say that the first central concept
in thermodynamics is that of equilibrium. It is taken as a fact of experience
that macroscopic bodies in a finite volume, when left to themselves, i.e. isolated
from an environment eventually settle down in a stationary state in which no
further observable changes occur (the ‘Minus First Law’, cf. page 939). This
stationary state is called a (thermal) equilibrium state. Moreover, for simple,
homogeneous bodies, this state is fully characterized by the values of a small
number of macroscopic variables. In particular, for fluids (i.e. gases or liquids),
two independent variables suffice to determine the equilibrium state.

For fluids, the three variables pressure p, temperature θ and volume V , are
thus related by a so-called equation of state, where, following Euler, it has become
customary to express pressure as a function of the two remaining variables:

(1) p = p(θ, V )

The form of this function differs for different fluids; for n moles of an ideal gas it
is given by:

(2) p(θ, V ) = nRθ/V

where R is the gas constant and θ is measured on the gas thermometer scale.
The content of thermodynamics developed out of three ingredients. The first is

the science of calorimetry, which was already developed to theoretical perfection
in the eighteenth century, in particular by Joseph Black [Fox, 1971; Truesdell,
1980; Chang, 2003; 2004]. It involved the study of the thermal changes in a body
under the addition of or withdrawal of heat to the system. Of course, the (silent)
presupposition here is that this process of heat exchange proceeds so delicately and
slowly that the system may always be regarded as remaining in equilibrium. In
modern terms, it proceeds ‘quasi-statically’. Thus, the equation of state remains
valid during the process.

The tools of calorimetry are those of differential calculus. For an infinitesimal
increment dQ of heat added to a fluid, one puts

(3) dQ = cV dθ + ΛθdV,

where cV is called the heat capacity at constant volume and Λθ the latent heat at
constant temperature. Both cV and Λθ are assumed to be functions of θ and V .
The notation d is used to indicate that the heat increment dQ is not necessarily
an exact differential, i.e. Q is not assumed to be a function of state.

The total heat Q added to a fluid during a process can thus be expressed as a
line integral along a path P in the (θ, V ) plane

(4) Q(P) =
∫
P

dQ =
∫
P

(cV dθ + ΛθdV )

4I refer to [Uffink, 2001] for more details.
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A treatment similar to the above can be given for the quasistatic heat exchange
of more general thermal bodies than fluids. Indeed, calorimetry was sufficiently
general to describe phase transitions, say from water to ice, by assuming a discon-
tinuity in Λθ.

All this is independent of the question whether heat itself is a substance or
not. Indeed, Black himself wished to remain neutral on this issue. Even so,
much of the terminology of calorimetry somehow invites the supposition that heat
is a substance, usually called caloric, and many eighteenth and early nineteenth
century authors adopted this view [Fox, 1971]. In such a view it makes sense
to speak of the amount of heat contained in a body, and this would entail that
dQ must be an exact differential (or in other words: Q(P) must be the same
for all paths P with the same initial and final points). But this turned out to
be empirically false, when the effects of the performance of work were taken into
account.

Investigations in the 1840s (by Joule and Mayer among others) led to the con-
viction that heat and work are “equivalent”; or somewhat more precisely, that in
every cyclic process C, the amount of heat Q(C) absorbed by the system is pro-
portional to the amount of work performed by the system. Or, taking W (C) as
positive when performed on the system :

(5) JQ(C) + W (C) = 0

where J ≈ 4.2Nm/Cal is Joule’s constant, which modern convention takes equal
to 1. This is the so-called First Law of thermodynamics.

For quasistatic processes this can again be expressed as a line integral in a state
space Ωeq of thermodynamic equilibrium states

(6)
∮
C

(dQ + dW ) = 0

where

(7) dW = −pdV.

Assuming the validity of (6) for all cyclic paths in the equilibrium state space
implies the existence of a function U on Ωeq such that

(8) dU = dQ + dW.

The third ingredient of thermodynamics evolved from the study of the relations
between heat and work, in particular the efficiency of heat engines. In 1824, Carnot
obtained the following theorem.

Carnot’s Theorem: Consider any system that performs a cyclic
process C during which (a) an amount of heat Q+(C) is absorbed from
a heat reservoir at temperature θ+, (b) an amount of heat Q−(C) is
given off to a reservoir at a temperature θ−, with θ− < θ+, (c) there
is no heat exchange at other stages of the cycles, and (d) some work
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W (C) is done on a third body. Let η(C) := W (C)
Q+(C) be the efficiency of

the cycle. Then:

(1) All quasistatic cycles have the same efficiency. This effi-
ciency is a universal function of the two temperatures, i.e.,

(9) η(C) = η(θ+, θ−).

(2) All other cycles have a efficiency which is less or equal to
that of the quasi-static cycle.

Carnot arrived at this result by assuming that heat was a conserved substance
(and thus: Q+(C) = Q−(C) for all C), as well as a principle that excluded the
construction of a perpetuum mobile (of the first kind).

In actual fact, Carnot did not use the quasistatic/non-quasistatic dichotomy to
characterize the two parts of his theorem. 5

In fact, he used two different characterizations of the cycles that would produce
maximum efficiency. (a): In his proof that Carnot cycles belong to class (1), the
crucial assumption is that they “might have been performed in an inverse direction
and order”[Carnot, 1824, p. 11]. But a little later (p. 13), he proposed a necessary
and sufficient condition for a cycle to produce maximum efficiency, namely (b):
In all stages which involve heat exchange, only bodies of equal temperature are
put in thermal contact, or rather: their temperatures differ by a vanishingly small
amount.

Carnot’s theorem is remarkable since it did not need any assumption about the
nature of the thermal system on which the cycle was carried out. Thus, when
his work first became known to the physics community (Thomson, later known as
Lord Kelvin, 1848) it was recognized as an important clue towards a general theory
dealing with both heat and work exchange, for which Kelvin coined the name
‘thermodynamics’. Indeed, Kelvin already showed in his first paper (1848) on the
subject that Carnot’s universal function η could be used to devise an absolute
scale for temperature, i.e. one that did not depend on properties of a particular
substance.

Unfortunately, around the very same period it became clear that Carnot’s as-
sumption of the conservation of heat violated the First Law. In a series of papers
Clausius and Kelvin re-established Carnot’s theorem on a different footing (i.e.
on the first law (5) or, in this case Q+(C) = Q−(C) + W (C), and a principle that
excluded perpetual motion of the second kind) and transformed his results into
general propositions that characterize general thermodynamical systems and their
changes under the influence of heat and work. For the most part, these investi-
gations were concerned with the first part of Carnot’s theorem only. They led to
what is nowadays called the first part of the Second Law; as follows.

First, Kelvin reformulated his 1848 absolute temperature scale into a new one,
T (θ), in which the universal efficiency could be expressed explicitly as:

5Indeed, [Truesdell, 1980] argues that this characterization of his theorem is incorrect. See
[Uffink, 2001] for further discussions.
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(10) η(T+, T−) = 1− T−
T+

,

where Ti = T (θi). Since the efficiency η is also expressed by W/Q+ = 1−(Q−/Q+),
this is equivalent to

(11)
Q−
T−

=
Q+

T+
.

Next, changing the sign convention to one in which Q is positive if absorbed and
negative if given off by the system, and generalizing for cycles in which an arbitrary
number of heat reservoirs are involved, one gets:

(12)
∑
i

Qi

Ti
= 0.

In the case where the system is taken through a quasistatic cycle in which the
heat reservoirs have a continuously varying temperature during this cycle, this
generalizes to

(13)
∮
C

dQ

T
= 0.

Here, T still refers to the temperature of the heat reservoirs with which the
system interacts, not to its own temperature. Yet Carnot’s necessary and sufficient
criterion of reversibility itself requires that during all stages of the process that
involve heat exchange, the temperatures of the heat reservoir and system should
be equal. Hence, in this case one may equate T with the temperature of the system
itself.

The virtue of this result is that the integral (13) can now be entirely expressed in
terms of quantities of the system. By a well-known theorem, applied by Clausius
in 1865, it follows that there exists a function, called entropy S, defined on the
equilibrium states of the system such that

(14) S(s1)− S(s2) =
∫ s2

s1

dQ

T

or, as it more usually known:

(15)
dQ

T
= dS.

This result is frequently expressed as follows: dQ has an integrating divisor (namely
T ): division by T turns the inexact (incomplete, non-integrable) differential dQ
into an exact (complete, integrable) differential. For one mole of ideal gas (i.e. a
fluid for which cV is constant, Λθ vanishes and the ideal gas law (2) applies), one
finds, for example:

(16) S(T, V ) = cV lnT + R lnV + const.
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The existence of this entropy function also allows for a convenient reformulation
of the First Law for quasistatic processes (8) as

(17) dU = TdS − pdV,

now too expressed in terms of properties of the system of interest.
However important this first part of the Second Law is by itself, it never led to

much dispute or controversy. By contrast, the extension of the above results to
cover the second part of Carnot’s theorem gave rise to considerably more thought,
and depends also intimately on what is understood by ‘(ir)reversible processes’.

The second part of Carnot’s theorem was at first treated in a much more step-
motherly fashion. Clausius’ [1854] only devoted a single paragraph to it, obtaining
the result that for “irreversible” cycles

(18)
∮

dQ

T
≤ 0.

But this result is much less easy to apply, since the temperature T here refers to
that of the heat reservoir with which the system is in contact, not (necessarily)
that of the system itself.

Clausius put the irreversible processes in a more prominent role in his 1865
paper. If an irreversible cyclic process consists of a general, i.e. possibly non-
quasistatic stage, from si to sf , and a quasistatic stage, from sf back to si, one
may write (18) as

(19)
∫ sf

si non−qs

dQ

T
+
∫ si

sf qs

dQ

T
≤ 0.

Applying (14) to the second term in the left hand side, one obtains

(20)
∫ sf

si non−qs

dQ

T
≤ S(sf )− S(si)

If we assume moreover that the generally non-quasistatic process is adiabatic, i.e.
dQ = 0, the result is

(21) S(si) ≤ S(sf ).

In other words, in any adiabatic process the entropy of the final state cannot be
less than that of the initial state.

Remarks: 1. The notation
∮

for cyclic integrals, and d for inexact differentials
is modern. Clausius, and Boltzmann after him, would simply write

∫
dQ
T for the

left-hand side of (13) and (18).
2. An important point to note is that Clausius’ formulation of the Second

Law, strictly speaking, does not require a general monotonic increase of entropy
for any adiabatically isolated system in the course of time. Indeed, in orthodox
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thermodynamics, entropy is defined only for equilibrium states. Therefore it is
meaningless within this theory to ask how the entropy of a system changes during
a non-quasistatic process. All one can say in general is that when a system starts
out in an equilibrium state, and ends, after an adiabatic process, again in an
equilibrium state, the entropy of the latter state is not less than that of the former.

Still, the Second Law has often been understood as demanding continuous mono-
tonic increase of entropy in the course of time, and often expressed, for adiabati-
cally isolated systems, in a more stringent form

(22)
dS

dt
≥ 0.

There is, however, no basis for this demand in orthodox thermodynamics.
3. Another common misunderstanding of the Second Law is that it would

only require the non-decrease of entropy for processes in isolated systems. It
should be noted that this is only part of the result Clausius derived: the Second
Law holds more generally for adiabatic processes, i.e., processes during which
the system remains adiabatically insulated. In other words, the system may be
subject to arbitrary interactions with the environment, except those that involve
heat exchange. (For example: stirring a liquid in a thermos flask, as in Joule’s
‘paddle wheel’ experiment.)

4. Another point to be noted is that Clausius’ result that the entropy in an
adiabatically isolated system can never decrease is derived from the assumption
that one can find a quasistatic process that connects the final to the initial state,
in order to complete a cycle. Indeed, if such a process did not exist, the entropy
difference of these two states would not be defined. The existence of such qua-
sistatic processes is not problematic in many intended applications (e.g. if sf and
si are equilibrium states of a fluid); but it may be far from obvious in more general
settings (for instance if one considers processes far from equilibrium in a complex
system, such as a living cell). This warning that the increase of entropy is thus
conditional on the existence of quasistatic transitions has been pointed out already
by [Kirchhoff, 1894, p. 69].

5. Apart from the well-known First and Second Laws of thermodynamics, later
authors have identified some more basic assumptions or empirical principles in the
theory that are often assumed silently in traditional presentations — or sometimes
explicitly but unnamed — which may claim a similar fundamental status.

The most familiar of these is the so-called Zeroth Law, a term coined by [Fowler
and Guggenheim, 1939]. To introduce this, consider the relation of thermal equi-
librium. This is the relationship holding between the equilibrium states of two
systems, whenever it is the case that the composite system, consisting of these
two systems, would be found in an equilibrium state if the two systems are placed
in direct thermal contact — i.e., an interaction by which they are only allowed to
exchange heat. The zeroth law is now that the assumption that this is a transitive
relationship, i.e. if it holds for the states of two bodies A and B, and also for the
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states of bodies B and C, it likewise holds for bodies A and C.6

2.2 Less orthodox versions of thermodynamics

Even within the framework of orthodox thermodynamics, there are approaches
that differ from the Clausius-Kelvin-Planck approach. The foremost of those is
undoubtedly the approach developed by Gibbs in 1873–1878 [Gibbs, 1906]. Gibbs’
approach differs much in spirit from his European colleagues. No effort is devoted
to relate the existence or uniqueness of the thermodynamic state variables U T or
S to empirical principles. There existence is simply assumed. Also, Gibbs focused
on the description of equilibrium states, rather than processes.

Previous authors usually regarded the choice of variables in order to represent a
thermodynamic quantity as a matter of convention, like the choice of a coordinate
system on the thermodynamic (equilibrium) state space. For a fluid, one could
equally well choose the variables (p, V ), (V, T ), etc., as long as they are independent
and characterize a unique thermodynamic equilibrium state.7 Hence one could
equally well express the quantities U , S, etc. in terms of any such set of variables.
However, Gibbs had the deep insight that some choices are ‘better’ than others,
in the sense that if, e.g., the entropy is presented as a function of energy and
volume, S(U, V ), (or energy as a function of entropy and volume, U(S, V )) all other
thermodynamic quantities could be determined from it, while this is generally not
true for other choices. For example, if one knows only that for one mole of gas
S(T, V ) is given by (2), one cannot deduce the equations of state p = RT/V and
U = cV T . In contrast, if the function S(U, V ) = cV lnU + R lnV + const.’ is
given, one obtains these equations from its partial derivatives: p

T = ( ∂S∂V )U and
1
T = ( ∂S∂U )V .

For this reason, Gibbs called

(23) dU = TdS − pdV or dS =
1
T

dU +
p

T
dV

the fundamental equation.8 Of course this does not mean that other choices of
variables are inferior. Instead, one can find equivalent fundamental equations for

6Actually, transitivity alone is not enough. The assumption actually needed is that thermal
equilibrium is an equivalence relation, i.e., it is transitive, reflective and symmetric (cf. [Boyling,
1972, p. 45]). The idea of elevating this to a fundamental ‘Law’, is that this assumption, which
underlies the concept of temperature, can only be motivated on empirical grounds.

Another such assumption, again often stated but rarely named, is that any system contained
in a finite volume, if left to itself, tends to evolve towards an equilibrium state. This has also
sometimes been called a ‘zeroth law’ (cf. [Uhlenbeck and Ford, 1963, p.5; Lebowitz, 1994, p. 135])
in unfortunate competition with Fowler & Guggenheim’s nomenclature. The name Minus First
Law has therefore been proposed by [Brown and Uffink, 2001]. Note that this assumption already
introduces an explicitly time-asymmetric element, which is deeper than — and does not follow
from — the Second Law. However, most nineteenth (and many twentieth) century authors did
not appreciate this distinction, and as we shall see below, this Minus First Law is often subsumed
under the Second Law.

7The latter condition may well fail: A fluid like water can exist at different equilibrium states
with the same p, V , but different T [Thomsen and Hartka, 1962]

8Note how Gibbs’ outlook differs here from the Clausius-Kelvin-Planck view: These authors
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such pairs of variables too, in terms of the Legendre transforms of U . (Namely:
the Helmholtz free energy F = U − TS for the pair (T, V ); the enthalpy U + pV
for (p, S), and the Gibbs free energy U + pV − TS for (p, T ).) Further, Gibbs
extended these considerations from homogeneous fluids to heterogeneous bodies,
consisting of several chemical components and physical phases.

Another major novelty is that Gibbs proposed a variational principle to dis-
tinguish stable from neutral and unstable equilibria. (Roughly, this principle en-
tails that for stable equilibrium the function S(U, V ) should be concave.) This
criterium serves to be of great value in characterizing phase transitions in ther-
modynamic systems, e.g. the Van der Waals gas (Maxwell used it to obtain his
famous “Maxwell construction” or equal area rule [Klein, 1978]). Gibbs work also
proved important in the development of chemical thermodynamics, and physical
chemistry.

Another group of approaches in orthodox thermodynamics is concerned par-
ticularly with creating a more rigorous formal framework for the theory. This is
often called axiomatic thermodynamics. Of course, choosing to pursue a physi-
cal theory in an axiomatic framework does not by itself imply any preference for
a choice in its physical assumptions or philosophical outlook. Yet the Clausius-
Kelvin-Planck approach relies on empirical principles and intuitive concepts that
may seem clear enough in their relation to experience — but are often surprisingly
hard to define. Hence, axiomatic approaches tend to replace these empirical prin-
ciples by statements that are conceptually more precise, but also more abstract,
and thus arguably further removed from experience. The first example of this
work is Carathéodory 1909. Later axiomatic approaches were pursued, among
others, by [Giles, 1964]; [Boyling, 1972]; Jauch [1972; 1975], and by [Lieb and Yn-
gvason, 1999]. All these approaches differ in their choice of primitive concepts, in
the formulation of their axioms, and hence also in the results obtained and goals
achieved. However, in a rough sense, one might say they all focus particularly on
demonstrating under what conditions one might guarantee the mathematical ex-
istence and uniqueness of entropy and other state functions within an appropriate
structure.

Since the 1940s a great deal of work has been done on what is known as “non-
equilibrium thermodynamics” or “thermodynamics of irreversible processes” (see
e.g. [de Groot, 1951; Prigogine, 1955; de Groot and Mazur, 1961, Yourgrau, 1966;
Truesdell, 1969; Müller, 2003]). This type of work aims to extend orthodox thermo-
dynamics into the direction of a description of systems in non-equilibrium states.
Typically, one postulates that thermodynamic quantities are represented as con-
tinuously variable fields in space and time, with equilibrium conditions holding
approximately within each infinitesimal region within the thermodynamic system.

would look upon (23) as a statement of the first law of thermodynamics, interpreting the dif-
ferentials as infinitesimal increments during a quasistatic process, cf. (17). For Gibbs, on the
other hand, (23) does not represent a process but a differential equation on the thermodynamic
state space whose solution U(S, V ) or S(V, U) contains all information about the equilibrium
properties of the system, including the equations of state, the specific and latent heat, the com-
pressibility, etc. — much more than just First Law.
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Again, it may be noted that workers in the field seem to be divided into different
schools (using names such as “extended thermodynamics”,“generalized thermo-
dynamics”, “rational thermodynamics”, etc.) that do not at all agree with each
other (see [Hutter and Wang, 2003]).

This type of work has produced many successful applications. But it seems fair
to say that until now almost all attention has gone to towards practical application.
For example, questions of the type that axiomatic thermodynamics attempts to
answer, (e.g.: Under what conditions can we show the existence and uniqueness
of the non-equilibrium quantities used in the formalism?) are largely unanswered,
and indeed have given rise to some scepticism (cf. [Meixner, 1969; Meixner, 1970]).
Another inherent restriction of this theory is that by relying on the assumption
that non-equilibrium states can, at least in an infinitesimal local region, be well
approximated by an equilibrium state, the approach is incapable of encompassing
systems that are very far from equilibrium, such as in turbulence or living cells.)

The final type of approach that ought to be mentioned is that of statistical
thermodynamics. The basic idea here is that while still refraining from intro-
ducing hypotheses about the microscopic constituents of thermodynamic systems,
one rejects a key assumption of orthodox thermodynamics, namely, that a state
of equilibrium is one in which all quantities attain constant values, in order to
accommodate fluctuation phenomena such as Brownian motion or thermal noise.
Thus the idea becomes to represent at least some of the thermodynamic quantities
as random quantities, that in the course of time attain various values with various
probabilities. Work in this direction has been done by Szilard [1925], Mandelbrot
[1956; 1962; 1964], and Tisza and Quay [1963].

Of course the crucial question is then how to choose the appropriate probabil-
ity distributions. One approach, elaborated in particular by [Tisza, 1966], taking
its inspiration from Einstein [1910], relies on a inversion of Boltzmann’s principle:
whereas Boltzmann argued (within statistical mechanics) that the thermodynamic
notion of entropy could be identified with the logarithm of a probability; Einstein
argued that in thermodynamics, where the concept of entropy is already given,
one may define the relative probability of two equilibrium states by the exponent
of their entropy difference. Other approaches have borrowed more sophisticated
results from mathematical statistics. For example, Mandelbrot used the Pitman-
Koopman-Darmois theorem, which states that sufficient estimators exist only for
the “exponential family” of probability distributions to derive the canonical prob-
ability distribution from the postulate that energy be a sufficient estimator of the
system’s temperature (see also [Uffink and van Lith, 1999]).

3 KINETIC THEORY FROM BERNOULLI TO MAXWELL

3.1 Probability in the mid-nineteenth century

Probability theory has a history dating back at least two centuries before the
appearance of statistical physics. Usually, one places the birth of this theory in
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the correspondence of Pascal and Fermat around 1650. It was refined into a mature
mathematical discipline in the work of Jacob Bernoulli [1713], Abraham de Moivre
[1738] and Pierre-Simon de Laplace [1813] (cf. [Hacking, 1975]).

In this tradition, often called ‘classical probability’, the notion of probability is
conceived of as a measure of the degree of certainty of our beliefs. Two points are
important to note here. First, in this particular view, probability resides in the
mind. There is nothing like uncertainty or chance in Nature. In fact, all authors
in the classical tradition emphasize their adherence to strict determinism, either
by appeal to divine omniscience (Bernoulli, de Moivre) or by appeal to the laws of
mechanics and the initial conditions (Laplace). A probability hence represents a
judgment about some state of affairs, and not an intrinsic property of this state of
affairs. Hence, the classical authors never conceived that probability has any role
to play in a description of nature or physical processes as such.9 Secondly, although
Bernoulli himself used the term “subjective” to emphasize the fact that probability
refers to us, and the knowledge we possess, the classical interpretation does not
go so far as modern adherents to a subjective interpretation of probability who
conceive of probability as the degrees of belief of an arbitrary (although coherent)
person, who may base his beliefs on personal whims, prejudice and private opinion.

This classical conception of probability would, of course, remain a view without
any bite, if it were not accompanied by some rule for assigning values to proba-
bilities in specific cases. The only such available rule is the so-called ‘principle of
insufficient reason’: whenever we have no reason to believe that one case rather
than another is realized, we should assign them equal probabilities (cf. [Uffink,
1995]). A closely related version is the rule that two or more variables should be
independent whenever we have no reason to believe that they influence each other.

While the classical view was the dominant, indeed the only existent, view on
probability for the whole period from 1650 to 1813, it began to erode around
1830. There are several reasons for this, but perhaps the most important is,
paradoxically, the huge success with which the theory was being applied to the
most varied subjects. In the wake of Laplace’s influential Essai philosophique sûr
les Probabilités, scientists found applications of probability theory in jurisdiction,
demography, social science, hereditary research, etc. In fact, one may say: almost
everywhere except physics (cf. [Hacking, 1990]). The striking regularity found
in the frequencies of mass phenomena, and observations that (say) the number of
raindrops per second on a tile follows the same pattern as the number of soldiers in
the Prussian army killed each year by a kick from their horse, led to the alternative
view that probability was not so much a representation of subjective (un)certainty,
but rather the expression of a particular regularity in nature (Poisson, Quetelet).
From these days onward we find mention of the idea of laws of probability, i.e.
the idea that theorems of probability theory reflect lawlike behaviour to which

9Daniel Bernoulli might serve as an example. He was well acquainted with the work on prob-
ability of his uncle Jacob and, indeed, himself one of the foremost probabilists of the eighteenth
century. Yet, in his work on kinetic gas theory (to be discussed in section 3.2), he did not find
any occasion to draw a connection between these two fields of his own expertise.
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Nature adheres. In this alternative, frequentist view of probability, there is no
obvious place for the principle of insufficient reason. Instead, the obvious way to
determine the values of probabilities is to collect empirical data on the frequencies
on occurrences of events. However, a well-articulated alternative to the classical
concept of probability did not emerge before the end of the century, and (arguably)
not before 1919 — and then within in a few years there were no less than three
alternatives: a logical interpretation by Keynes, a frequentist interpretation by
von Mises and a subjective interpretation by Ramsey and De Finetti. See [Fine,
1973], [Galavotti, 2004] or [Emch, 2005] for a more detailed exposition.

Summing up roughly, one may say that around 1850 the field of probability was
in a state of flux and confusion. Two competing viewpoints, the classical and the
frequency interpretation, were available, and often mixed together in a confusing
hodgepodge. The result was well-characterized in a famous remark of [Poincaré,
1896] that all mathematicians seem to believe that the laws of probability refer to
statements learned from experience, while all natural scientists seem to think they
are theorems derived by pure mathematics.

The work of Maxwell and Boltzmann in the 1860s emerged just in the middle
of this confusing era. It is only natural that their work should reflect the ambi-
guity that the probability concept had acquired in the first half of the nineteenth
century. Nevertheless, it seems that they mainly thought of probability in terms
of frequencies, as an objective quantity, which characterizes a many-particle sys-
tem, and that could be explicitly defined in terms of its mechanical state. This,
however, is less clear for Maxwell than for Boltzmann.

Gradually, probability was emancipated from this mechanical background. Some
isolated papers of Boltzmann [1871b] and Maxwell [1879] already pursued the idea
that probabilities characterize an ensemble of many many-particle systems rather
than a single system. Gibbs’s 1902 book adopted this as a uniform coherent
viewpoint. However, this ensemble interpretation is still sufficiently vague to be
susceptible to different readings. A subjective view of ensembles, closely related
to the classical interpretation of Bernoulli and Laplace, has emerged in the 1950s
in the work of Jaynes. This paper, will omit a further discussion of this approach.
I refer to [Jaynes, 1983; Uffink, 1995; 1996; Balian, 2005] for more details.

3.2 From Bernoulli to Maxwell (1860)

The kinetic theory of gases (sometimes called: dynamical theory of gases) is com-
monly traced back to a passage in Daniel Bernoulli’s Hydrodynamica of 1738.
Previous authors were, of course, quite familiar with the view that gases are com-
posed of a large but finite number of microscopic particles. Yet they usually
explained the phenomenon of gas pressure by a static model, assuming repulsive
forces between these particles.

Bernoulli’s discussion is the first to explain pressure as being due to their motion.
He considered a gas as consisting of a great number of particles, moving hither and
thither through empty space, and exerting pressure by their incessant collisions
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on the walls. With this model, Bernoulli was able to obtain the ideal gas law
pV = const. at constant temperature, predicted corrections to this law at high
densities, and argued that the temperature could be taken as proportional to the
square of the velocity of the particles. Despite this initial success, no further results
were obtained in kinetic gas theory during the next century. By contrast, the view
that modeled a gas as a continuum proved much more fertile, since it allowed the
use of powerful tools of calculus. Indeed, the few works in the kinetic theory in
the early nineteenth century e.g. by Waterston and Herapath were almost entirely
ignored by their contemporaries (cf. [Brush, 1976]).

Nevertheless, the kinetic view was revived in the 1850s, in works by Kronig
and Clausius. The main stimulus for this revival was the Joule-Mayer principle of
the equivalence of heat and work, which led to the First Law of thermodynamics,
and made it seem more plausible that heat itself was just a form of motion of gas
particles. (A point well-captured in the title of Clausius’ 1857 paper: “The kind
of motion we call heat”, subsequently adopted by Stephen Brush 1976 for his work
on the history of this period.)

Clausius also recognized the importance of mutual collisions between the parti-
cles of the gas, in order to explain the relative slowness of diffusion when compared
with the enormous speed of the particles (estimated at values of 400 m/s or more
at ordinary room temperature). Indeed, he argued that in spite of their great
speed, the mean free path, i.e. the distance a particle typically travels between
two collision, could be quite small (of the order of micrometers) so that the mean
displacement per second of particles is accordingly much smaller.

However, Clausius did not pay much attention to the consideration that such
collisions would also change the magnitude of the velocities. Indeed, although his
work sometimes mentions phrases like “mean speed” or “laws of probability” he
does not specify a precise averaging procedure or probability assumption, and his
calculations often proceed by crude simplifications (e.g. assuming that all but one
of the particles are at rest).

Maxwell (1860)

It was Maxwell’s paper of 1860 that really marks the re-birth of kinetic theory.
Maxwell realized that if a gas consists of a great number N of moving particles,
their velocities will suffer incessant change due to mutual collisions, and that a
gas in a stationary state should therefore consist of a mixture of slower and faster
particles. More importantly, for Maxwell this was not just an annoying complica-
tion to be replaced by simplifying assumptions, but the very feature that deserved
further study.

He thus posed the question

Prop. IV. To find the average number of particles whose velocities lie
between given limits, after a great number of collisions among a great
number of equal particles. [Maxwell, 1860, p. 380].
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Denoting this desired average number as Nf(�v)d3�v, he found a solution to this
problem by imposing two assumptions: the distribution function f(�v) should (i)
factorize into functions of the orthogonal components of velocity, i.e. there exists
some function g such that:

(24) f(�v) = g(vx)g(vy)g(vz),

and (ii) be spherically symmetric, i.e.,

(25) f(�v) depends only on v = ‖�v‖.
He observed that these functional equations can only be satisfied if

(26) f(�v) = Ae−v
2/B ,

where the constant A is determined by normalization: A = (Bπ)−3/2; and constant
B is determined by relating the mean squared velocity to the absolute temperature
— i.e., adopting modern notation: 3

2kT = m
2 〈v2〉 — to obtain:

(27) f(�v) =
( m

2πkT

)3/2

e−mv
2/2kT .

Maxwell’s result led to some novel and unexpected predictions, the most striking
being that the viscosity of a gas should be independent of its density, which was,
nevertheless, subsequently experimentally verified. Another famous prediction of
Maxwell was that in this model the ratio of the specific heats γ = cV

cp
must take

the value of 4
3 . This did not agree with the experimentally obtained value of

γ = 1.408.10

Maxwell’s paper is the first to characterize the state of a gas by a distribution
function f . It is also the first to call f(�v)d3�v a probability. Clearly, Maxwell
adopted a frequency interpretation of probability. The probability for the velocity
to lie within a certain range d3�v is nothing but the relative number of particles in
the gas with a velocity in that range. It refers to an objective, mechanical property
of the gas system, and not to our opinions.

Now an obvious problem with this view is that if the gas contains a finite number
of particles, the distribution of velocities must necessarily be discrete, i.e., in Dirac
delta notation:

(28) f(�v) =
1
N

N∑
i=1

δ(�v − �vi),

10More generally, cV /cp = (f +2)/f where f is the number of degrees of freedom of a molecule.
This so-called cV /cp anomaly haunted gas theory for another half century. The experimental
value around 1.4 is partly due to the circumstance that most ordinary gases have diatomic
molecules for which, classically, f = 6. Quantum theory is needed to explain that one of these
degrees is “frozen” at room temperature. Experimental agreement with Maxwell’s prediction
was first obtained by Kundt and Warburg in 1875 for mercury vapour. (For more details, see
[Brush, 1976, p. 353–356]).
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and if the energy of the gas is finite and fixed, the distribution should have a
bounded support. The function (26) has neither of these properties.

It is not clear how Maxwell would have responded to such problems. It seems
plausible that he would have seen the function (26) as representing only a good
enough approximation,11 in some sense, to the actual state of the gas but not to be
taken too literally, just like actual frequencies in a chance experiment never match
completely with their expected values. This is suggested by Maxwell’s own illus-
tration of the continuous distribution function as a discrete cloud of points, each
of which representing the endpoint of a velocity vector (cf. Fig. 1 from [Maxwell,
1875]). This suggests he thought of an actual distribution more along the lines
of (28) than (26). But this leaves the question open in what sense the Maxwell
distribution approximates the actual distribution of velocities.

One option here would be to put more emphasis on the phrase “average” in
the above quote from Maxwell. That is, maybe f is not intended to represent
an actual distribution of velocities but an averaged one. But then, what kind of
average? Since an average over the particles has already been performed, the only
reasonable options could be an average over time or averaging over an ensemble
of similar gas systems. But I can find no evidence that Maxwell conceived of
such procedures in this paper. Perhaps one might argue that the distribution (26)
is intended as an expectation, i.e. that it represents a reasonable mind’s guess
about the number of particles with a certain velocity. But in that case, Maxwell’s
interpretation of probability ultimately becomes classical.

However this may be, it is remarkable that the kinetic theory was thus able
to make progress beyond Bernoulli’s work by importing mathematical methods
(functional equations) involving the representation of a state by continuous func-
tions; though at the price of making this state concept more abstractly connected
to physical reality.

A more pressing problem is that the assumptions (24, 25) Maxwell used to
derive the form of his distribution do not sit well with its intended frequency
interpretation. They seem to reflect a priori desiderata of symmetry, and are
perhaps motivated by an appeal to some form of the principle of insufficient reason,
in the sense that if there is, in our knowledge, no reason to expect a dependence
between the various orthogonal components of velocity, we are entitled to assume
they are independent.

This reading of Maxwell’s motivations is suggested by the fact that in 1867 he
described his 1860 assumption (24) as “the assumption that the probability of
a molecule having a velocity resolved parallel to x lying between given limits is
not in any way affected by the knowledge that the molecule has a given velocity
resolved parallel to y” [Maxwell, 1867, emphasis added].

It has been pointed out (see e.g. [Brush, 1976, Vol. II, pp. 183–188]) that Max-
well’s 1860 argument seems to have been heavily inspired by [Herschel, 1850] review

11This view was also expressed by [Boltzmann, 1896b]. He wrote, for example: “For a finite
number of molecules the Maxwell distribution can never be realized exactly, but only as a good
approximation” [Boltzmann, 1909, III, p. 569].
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Figure 1. An illustration of the Maxwell distribution from [Maxwell, 1875]. Every
dot represents the end-point of a velocity vector.



948 Jos Uffink

of Quetelet’s work on probability. This review essay contained a strikingly similar
argument, applied to a marksman shooting at a target, in order to determine the
probability that a bullet will land at some distance from the target. What is more,
Herschel’s essay is firmly committed to the classical interpretation of probability
and gives the principle of insufficient reason a central role. Indeed, he explains the
(analogue of) condition (25) as “nothing more than the expression of our state of
complete ignorance of the causes of the errors [i.e. the deviation from the target]
and their mode of action” [Herschel, 1850, p. 398, emphasis in the original]. If
Maxwell indeed borrowed so much from Herschel, it seems likely that he would
also have approved of, or at least be inspired by, this motivation of condition
(25).12

Whatever may have been Maxwell’s original motivation for these assumptions,
their dubious nature is also clear from the fact that, in spite of his formulation of
the problem (i.e. to determine the form of the function f “after a great number of
collisions”), they do not refer to collisions at all. Indeed, it would seem that any
motivation for their validity would just as well apply to a gas model consisting
of non-colliding (e.g. perfectly transparent) particles as well. As Maxwell himself
later remarked about certain derivations in the works of others, one might say that
the condition “after a great number of collisions” is intended “rather for the sake
of enabling the reader to form a mental image of the material system than as a
condition for the demonstration” ([Garber et al., 1995, p. 359]. [Maxwell, 1879]).

3.3 Maxwell (1867)

Whatever the merits and problems of his first paper, Maxwell’s next paper on gas
theory of 1867 rejected his previous attempt to derive the distribution function
from the assumptions (24, 25) as “precarious” and proposed a completely different
argument. This time, he considered a model of point particles with equal masses
interacting by means of a repulsive central force, proportional to the fifth power of
their mutual distance. What is more important, this time the collisions are used
in the argument.

Maxwell considers an elastic collision between a pair of particles such that the
initial velocities are �v1, �v2 and final velocities �v1

′, �v2
′).13 These quantities are

related by the conservation laws of momentum and energy, yielding four equations,
and two parameters depending on the geometrical factors of the collision process.

It is convenient to consider a coordinate frame such that particle 1 is at rest in
the origin, and the relative velocity �v2−�v1 is directed along the negative z axis, and

12It is interesting to note that Herschel’s review prompted an early and biting criticism of the
principle of insufficient reason as applied to frequencies of events by Leslie Ellis, containing the
famous observation: “Mere ignorance is no ground for any inference whatsoever. Ex nihilo nihil.
It cannot be that because we are ignorant of the matter, we know something about it” [Ellis,
1850]. It is not certain, however, whether Maxwell knew of this critique.

13In view of the infinite range of the interaction, ‘initial’ and ‘final’ are to be understood in an
asymptotic sense, i.e. in the limits t −→ ±∞. An alternative followed in the text is to replace
Maxwell’s (1867) model with the hard spheres he had considered in 1860.
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to use cylindrical coordinates. If (b, φ, z) denote the coordinates of the trajectory of
the centre of particle 2, we then have b = const., φ = const, z(t) = z0−‖�v2−�v1‖t
before the collision. In the case where the particles are elastic hard spheres, a
collision will take place only if the impact parameter b is less than the diameter d
of the spheres. The velocities after the collision are then determined by ‖�v1−�v2‖, b
and φ. Transformed back to the laboratory frame, the final velocities �v1

′, �v2
′ can

then be expressed as functions of �v1, �v2, b and φ.
Maxwell now assumes what the Ehrenfests later called the Stoßzahlansatz : the

number of collisions during a time dt, say N(�v1, �v2), in which the initial velocities
�v1, �v2 within an element d3�v1d

3�v2 are changed into final velocities �v1
′, �v2

′ in an ele-
ment d3�v1

′d3�v2
′ within a spatial volume element dV = bdbdφdz = ‖�v1−�v2‖ bdbdφdt

is proportional to the product of the number of particles with velocity �v1 within
d3�v1 (i.e. Nf(�v1)d�v1), and those with velocity �v2 within d3�v2 (i.e. Nf(�v2)d3�v2),
and that spatial volume element. Thus:

(29) N(�v1, �v2) = N2f(�v1)f(�v2)‖�v2 − �v1‖d3�v1d
3�v2bdbdφdt.

Due to the time reversal invariance of the collision laws, a similar consideration
applies to the so-called inverse collisions, in which initial velocities �v1

′, �v2
′ and final

velocities �v1 and �v2 are interchanged. Their number is proportional to

(30) N(�v1
′, �v2

′) = N2f(�v1
′)f(�v1

′)‖�v2
′ − �v1

′‖d3�v1
′d�v2

′bdbdφdt

Maxwell argues that the distribution of velocities will remain stationary, i.e.
unaltered in the course of time, if the number of collisions of these two kinds are
equal, i.e. if

(31) N(�v1
′, �v2

′) = N(�v1, �v2).

Moreover, the collision laws entail that ‖�v2
′ − �v1

′‖ = ‖�v2 − �v1‖ and d3�v1
′d3�v2

′ =
d3�v1d

3�v2. Hence, the condition (31) may be simplified to

(32) f(�v1)f(�v2) = f(�v1
′)f(�v2

′), for all �v1, �v2.

This is the case for the Maxwellian distribution (26). Therefore, Maxwell says,
the distribution (26) is a “possible” form.

He goes on to claim that it is also the only possible form for a stationary
distribution.This claim, i.e. that stationarity of the distribution f can only arise
under (32) is nowadays also called the principle of detailed balancing (cf. [Tolman,
1938, p. 165]).14 Although his argument is rather brief, the idea seems to be that
for a distribution violating (32), there must (because of the Stoßzahlansatz ) be two
velocity pairs15 �v1, �v2 and �u1, �u2, satisfying �v1+�v2 = �u1+�u2 and v2

1 +v2
2 = u2

1+u2
2,

such that the collisions would predominantly transform (�v1, �v2) −→ (�u1, �u2) rather

14The reader might be warned, however, that the name ‘detailed balancing’ is also used to
cover somewhat different ideas than expressed here [Tolman, 1938, p. 521].

15Actually, Maxwell, discusses only velocities of a single molecule. For clarity, I have transposed
his argument to a discussion of pairs.
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than (�u1, �u2) −→ (�v1, �v2). But then, since the distribution is stationary, there must
be a third pair of velocities, (�w1, �w2), satisfying similar relations, for which the
collisions predominantly produce transitions (�u1, �u2) −→ (�w1, �w2), etc. Now, the
distribution can only remain stationary if any such sequence closes into a cycle.
Hence there would be cycles of velocity pairs (�v1, �v2) −→ (�u1, �u2) −→ . . . −→
(�v1, �v2) which the colliding particles go through, eventually returning to their
original velocities.

Maxwell then argues: “Now it is impossible to assign a reason why the successive
velocities of a molecule should be arranged in this cycle rather than in the reverse
order” [Maxwell, 1867, p.45]. Therefore, he argues, these two cycles should be
equally probable, and, hence, a collision cycle of the type (�v1, �v2) −→ (�v1

′, �v2
′) is

already equally probable as a collision cycle of the type (�v1
′, �v2

′) −→ (�v1, �v2), i.e.
condition (32) holds.

Comments. First, a clear advantage of Maxwell’s 1867 derivation of the distri-
bution function (26) is that the collisions play a crucial role. The argument would
not apply if there were no collisions between molecules. A second point to note is
that the distribution (26) is singled out because of its stationarity, instead of its
spherical symmetry and factorization properties. This is also a major improvement
upon his previous paper, since stationarity is essential to thermal equilibrium.

A crucial element in the argument is still an assumption about independence.
But now, in the Stoßzahlansatz, the initial velocities of colliding particles are as-
sumed independent, instead of the orthogonal velocity components of a single par-
ticle. Maxwell does not expand on why we should assume this ansatz ; he clearly
regarded it as obvious. Yet it seems plausible to argue that he must have had in
the back of his mind some version of the principle of insufficient reason, i.e., that
we are entitled to treat the initial velocities of two colliding particles as indepen-
dent because we have no reason to assume otherwise. Although still an argument
from insufficient reason, this is at least a much more plausible application than in
the 1860 paper.

A main defect of the paper is his sketchy claim that the Maxwell distribution
(26) would be the unique stationary distribution. This claim may be broken in
two parts: (a) the cycle argument just discussed, leading Maxwell to argue for
detailed balancing; and (b) the claim that the Maxwell distribution is uniquely
compatible with this condition.

A demonstration for part (b) was not provided by Maxwell at all; but this gap
was soon bridged by Boltzmann (1868) — and Maxwell gave Boltzmann due credit
for this proof. But part (a) is more interesting. We have seen that Maxwell here
explicitly relied on reasoning from insufficient reason. He was criticized on this
point by [Boltzmann, 1872] and also by [Guthrie, 1874].

Boltzmann argued that Maxwell was guilty of begging the question. If we
suppose that the two cycles did not occur equally often, then this supposition by
itself would provide a reason for assigning unequal probabilities to the two types
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of collisions.16 This argument by Boltzmann indicates, at least in my opinion that
he was much less prepared than Maxwell to argue in terms of insufficient reason.
Indeed, as we shall see in Section 4, his view on probability seems much more
thoroughly frequentist than Maxwell.

In fact Boltzmann later repeatedly mentioned the counterexample of a gas in
which all particles are lined up so that they only collide centrally, and move per-
pendicularly between parallel walls [Boltzmann, 1872 (Boltzmann, 1909, I p. 358);
Boltzmann, 1878 (Boltzmann, 1909, II p. 285)]. In this case, the velocity distri-
bution

(33)
1
2

(δ(v − v0) + δ(v + v0))

is stationary too.
Some final remarks on Maxwell’s work: As we have seen, it is not easy to

pinpoint Maxwell’s interpretation of probability. In his (1860), he identifies the
probability of a particular molecular state with the relative number of particles
that possess this state.17 Yet, we have also seen that he relates probability to a
state of knowledge. Thus, his position may be characterized as somewhere between
the classical and the frequentist view.

Note that Maxwell never made any attempt to reproduce the second law. Rather
he seems to have been content with the statistical description of thermal equilib-
rium in gases.18 All his writings after 1867 indicate that he was convinced that
a derivation of the Second Law from mechanical principles was impossible. In-
deed, his remarks on the Second Law generally point to the view that the Second
Law “has only statistical certainty” (letter to Tait, undated; [Garber et al., 1995,
p. 180]), and that statistical considerations were foreign to the principles of me-
chanics. Indeed, Maxwell was quite amused to see Boltzmann and Clausius engage
in a dispute about who had been the first to reduce the Second Law of thermody-
namics to mechanics:

It is rare sport to see those learned Germans contending the priority of
the discovery that the 2nd law of θΔcs is the ‘Hamiltonsche Prinzip’,

16More precisely, Boltzmann argued as follows: “In order to prove the impossibility [of the hy-
pothesis] that the velocity of [a pair of] molecule[s] changes more often from [(�v1, �v2) to (�v1

′, �v2
′)]

than the converse, Maxwell says that there should then exist a closed series of velocities that
would be traversed rather in one order than the other. This, however, could not be, he claims,
because one could not indicate a reason, why molecules would rather traverse the cycle in one or-
der than the other. But it appears to me that this last claim already presupposes as proven what
is to be proved. Indeed, if we assume as already proven that the velocities change as often from
(�v1, �v2) to (�v1

′, �v2
′) as conversely, then of course there is no reason why the cycle should rather

be run through in one order than the other. But if we assume that the statement to be proven
is not yet proved, then the very fact that the velocities of the molecules prefer to change rather
from (�v1, �v2) to (�u1, �u2) than conversely, rather from (�u1, �u2) to (�w1, �w2) than conversely, etc.
would provide the reason why the cycle is traversed rather one way than the other” [Boltzmann,
1909, I, p. 319].

17Curiously, this terminology is completely absent in his 1867 paper.
18Apart from a rather lame argument in [Maxwell, 1860] analyzed by [Brush, 1976, p.344].
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[. . . ] The Hamiltonsche Prinzip, the while, soars along in a region un-
vexed by statistical considerations, while the German Icari flap their
waxen wings in nephelococcygia19 amid those cloudy forms which the
ignorance and finitude of human science have invested with the incom-
munable attributes of the invisible Queen of Heaven (letter to Tait,
1873; [Garber et al., 1995, p. 225])

Clearly, Maxwell saw a derivation of the Second Law from pure mechanics, “un-
vexed by statistical considerations”, as an illusion. This point appears even more
vividly in his thought experiment of the “Maxwell demon”, by which he showed
how the laws of mechanics could be exploited to produce a violation of the Sec-
ond Law. For an entry in the extensive literature on Maxwell’s demon, I refer
to [Earman and Norton, 1998; 1999; Leff and Rex, 2003; Bennett, 2003; Norton,
2005].

But neither did Maxwell make any effort to reproduce the Second Law on a
unified statistical/mechanical basis. Indeed, the scanty comments he made on
the topic (e.g. in [Maxwell, 1873; Maxwell, 1878b]) rather seem to point in an-
other direction. He distinguishes between what he calls the ‘statistical method’
and the ‘historical’ or ‘dynamical’ (or sometimes ‘kinetic’) method. These are two
modes of description for the same system. But rather than unifying them, Max-
well suggests they are competing, or even incompatible — one is tempted to say
“complementary”– methods, and that it depends on our own knowledge, abilities,
and interests which of the two is appropriate. For example:

In dealing with masses of matter, while we do not perceive the individ-
ual molecules, we are compelled to adopt what I have described as the
statistical method, and to abandon the strict dynamical method, in
which we follow every motion by the calculus [Maxwell, 1872, p. 309,
emphasis added].

In this respect, his position stands in sharp contrast to that of Boltzmann, who
made the project of finding this unified basis his lifework.

4 BOLTZMANN20

4.1 Early work: Stoßzahlansatz and ergodic hypothesis

Boltzmann had already been considering the problem of finding a mechanical
derivation of the Second Law in a paper of 1866. At that time, he did not know
of Maxwell’s work. But in 1868, he had read both Maxwell’s papers of 1860 and
1867. Like Maxwell, he focuses on the study of gases in thermal equilibrium, in-
stead of the Second Law. He also adopts Maxwell’s idea of characterizing thermal
equilibrium by a probability distribution, and the Stoßzahlansatz as the central

19‘Cloudcuckooland”, an illusory place in Aristophanes’ The Birds.
20Parts of this section were also published in [Uffink, 2004].
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dynamical assumption. But along the way in this extensive paper, Boltzmann
comes to introduce an entirely different alternative approach, relying on what we
now call the ergodic hypothesis.

As we saw in section 3.3, Maxwell had derived his equilibrium distribution for
two special gas models (i.e. a hard sphere gas in 1860 and a model of point particles
with a central r5 repulsive force acting between them in 1867). He had noticed
that the distribution, once attained, will remain stationary in time (when the gas
remains isolated), and also argued (but not very convincingly) that it was the only
such stationary distribution.

In the first section of his 1868a, Boltzmann aims to reproduce and improve
these results for a system of an infinite number of hard discs moving in a plane.
He regards it as obvious that the equilibrium distribution should be independent
of the position of the discs, and that every direction of their velocities is equally
probable. It is therefore sufficient to consider the probability distribution over
the various values of the velocity v = ‖�v‖. However, Boltzmann started out with
a somewhat different interpretation of probability in mind than Maxwell. He
introduced the probability distribution as follows:

Let φ(v)dv be the sum of all the instants of time during which the
velocity of a disc in the course of a very long time lies between v and
v + dv, and let N be the number of discs which on average are located
in a unit surface area, then

(34) Nφ(v)dv

is the number of discs per unit surface whose velocities lie between v
and v + dv [Boltzmann, 1909, I, p. 50].21

Thus, φ(v)dv is introduced as the relative time during which a (given) disc has
a particular velocity. But, in the same breath, this is identified with the relative
number of discs with this velocity.

This remarkable quote shows how he identified two different meanings for the
same function. We shall see that this equivocation returned in different guises
again and again in Boltzmann’s writings.22 Indeed, it is, I believe, the very heart of
the ergodic problem, put forward so prominently by the Ehrenfests (cf. paragraph
6.1). Either way, of course, whether we average over time or particles, probabilities
are defined here in strictly mechanical terms, and are therefore objective properties
of the gas.

21Here and below, “Abh.” refers to the three volumes of Boltzmann’s collected scientific papers
[Boltzmann, 1909].

22This is not to say that he always conflated these two interpretations of probability. Some
papers employ a clear and consistent choice for one interpretation only. But then that choice dif-
fers between papers, or even in different sections of a single paper. In fact, in [Boltzmann, 1871c]

he even multiplied probabilities with different interpretations into one equation to obtain a joint
probability. But then in 1872 he conflates them again. Even in his last paper [Boltzmann and
Nabl, 1904], Boltzmann identifies two meanings of probability with a simple-minded argument.
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Next he goes into a detailed mechanical description of a two-disc collision pro-
cess. If the variables which specify the initial velocities of two discs before the
collision lie within a given infinitesimal range, Boltzmann determines how the
collision will transform the initial values of these variables (�vi, �vj) into the final
values (�v′

i, �v
′
j) in another range. At this point a two-dimensional analogy of the

Stoßzahlansatz is introduced to obtain the number of collisions per unit of time.
As in Maxwell’s treatment, this amounts to assuming that the number of such
collisions is proportional to the product φ(v1)φ(v2). In fact:

(35) N(�v1, �v2) ∝ N2 φ(v1)
v1

φ(v2)
v2
‖�v2 − �v1‖dv1dv2dt

where the proportionality constant depends on the geometry of the collision.
He observes that if, for all velocities vi, vj and all pairs of discs i, j, the collisions

that transform the values of the velocities (vi, vj) from a first range dvidvj into
values v′

i, v
′
j within the range dv′

idv′
j occur equally often as conversely (i.e., equally

often as those collisions that transform initial velocities v′
i, v

′
j within dv′

idv′
j into fi-

nal values vi, vj within dvidvj), the distribution φ will remain stationary. He states
“This distribution is therefore the desired one” [Boltzmann, 1909, I p. 55]. Actu-
ally, this is the first occasion in the paper at which the desideratum of stationarity
of the probability distribution is mentioned.

Using the two-dimensional version of the Stoßzahlansatz this desideratum leads
to

(36)
φ(vi)

vi

φ(vj)
vj

=
φ(v′

i)
v′
i

φ(v′
j)

v′
j

He shows [Boltzmann, 1909, p. 57] that the only function obeying condition (36) for
all choices of v1, v2, v

′
1v

′
2, compatible with the energy equation v2

1 +v2
2 = v′2

1 +v′2
2 ,

is of the form

(37) φ(v) = 2hve−hv
2
,

for some constant h. Putting f(v) := vφ(v) we thus obtain the two-dimensional
version of the Maxwell distribution (26). Boltzmann does not address the issue of
whether the condition (36) is necessary for the stationarity of φ.

In the next subsections of 1868a, Boltzmann repeats the derivation, each time
in slightly different settings. First, he goes over to the three-dimensional version
of the problem, assuming a system of hard spheres, and supposes that one special
sphere is accelerated by an external potential V (�x). He shows that if the velocities
of all other spheres are distributed according to the Maxwellian distribution (26),
the probability distribution of finding the special sphere at place �x and velocity �v is
f(�v, �x) ∝ e−h( 1

2mv
2+V (�x)) [Boltzmann, 1909, I, p.63]. In a subsequent subsection,

he replaces the spheres by material points with a short-range interaction potential
and reaches a similar result.

At this point, (the end of Section I of the [1868a] paper), the argument sud-
denly switches course. Instead of continuing in this fashion, Boltzmann announces
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[Boltzmann, 1909, p. 80] that all the cases treated, and others yet untreated, follow
from a much more general theorem. This theorem, which, as we shall see relies on
the ergodic hypothesis, is the subject of the second and third Section of the paper.
I will limit the discussion to the third section and rely partly on Maxwell’s (1879)
exposition, which is somewhat simpler and clearer than Boltzmann’s own.

The ergodic hypothesis

Consider a general mechanical system of N material points, each with mass m,
subject to an arbitrary time-independent potential.23 In modern notation, let
x = (�q1, �p1; . . . ; �qN , �pN ) denote the canonical position coordinates and momenta
of the system. Its Hamiltonian is then24

(38) H(x) =
1

2m

N∑
i

�p2
i + U(�q1, . . . , �qN ).

The state x may be represented as a phase point in the mechanical phase space
Γ. Under the Hamiltonian equations of motion, this phase point evolves in time,
and thus describes a trajectory xt (t ∈ R). This trajectory is constrained to lie
on a given energy hypersurface ΓE = {x ∈ Γ : H(x) = E}. Boltzmann asks for
the probability (i.e. the fraction of time during a very long period) that the phase
point lies in a region dx = d3�q1 · · · d3�pN , which we may write as:

(39) ρ(x)dx = χ(x)δ(H(x)− E)dx.

for some function χ. Boltzmann seems to assume implicitly that this distribution is
stationary. This property would of course be guaranteed if the “very long period”
were understood as an infinite time. He argues, by Liouville’s theorem, that χ is
a constant for all points on the energy hypersurface that are “possible”, i.e. that
are actually traversed by the trajectory. For all other points χ vanishes. If we
neglect those latter points, the function χ must be constant over the entire energy
hypersurface, and the probability density ρ takes the form

(40) ρmc(x) =
1

ω(E)
δ(H(x)− E),

the micro-canonical distribution, where

(41) ω(E) =
∫

δH(x) = Edx

is the so-called structure function.
In particular, one can now form the marginal probability density for the posi-

tions �q1, . . . , �qN by integrating over the momenta:
23Although Boltzmann does not mention it at this stage, his previous section added the stip-

ulation that the particles are enclosed in a finite space, surrounded by perfectly elastic walls.
24Actually Boltzmann allows the N masses to be different but restricts the potential as being

due to external and mutual two-particle forces only, i.e. H(x) =
P
i
�p2i

2mi
+

P
i≤j Uij(‖�qi−�qj‖)+P

i Ui(�qi).
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(42) ρmc(�q1, . . . , �qN ) :=
∫

ρmc(x) d3�p1 · · · d3�pN =

2m

ω(E)

∫
δ
(∑

�p2
i − 2m(E − U(q))

)
d�p1 · · · d�pN .

The integral over the momenta can be evaluated explicitly (it is 2R−1 times the
surface area of a hypersphere with radius R =

√
2m(E − U) in n = 3N dimen-

sions), to obtain

(43) ρmc(�q1, . . . , �qN ) =
2m(π)n/2

ω(E)Γ(n2 )
(2m(E − U(q))(n−2)/2,

where Γ denotes Euler’s gamma function: Γ(x) :=
∫∞
0

tx−1e−tdt.
Similarly, the marginal probability density for finding the first particle with a

given momentum component p1x as well as finding the positions of all particles at
�q1, . . . , �qN is

ρmc(p1x, �q1 . . . , �qN ) =
∫

ρmc(x) dp1ydp1zd
3�p2 · · · d3�pN

=
2mπ(n−1)/2

ω(E)Γ(n−1
2 )

(
2m(E − U(q))− p2

1x

)(n−3)/2
.(44)

These two results can be conveniently presented in the form of the conditional
probability that the x-component of momentum of the first particle has a value
between p and p+dp, given that the positions have the values �q1 . . . , �qN , by taking
the ratio of (44) and (43):

(45) ρmc(p | �q1, . . . , �qN )dp =
1√
2mπ

Γ(n2 )
Γ(n−1

2 )

(E − U − p2

2m
)(n−2)/2

(E − U)(n−3)/2
dp.

This, in essence, is the general theorem Boltzmann had announced. Further, he
shows that in the limit where n −→ ∞, and the kinetic energy per degree of
freedom κ := (E − U)/n remains constant, the expression (45) approaches

(46)
1√

4πmκ
exp

(
− p2

4mκ

)
dp.

This probability thus takes the same form as the Maxwell distribution (26), if one
equates κ = 1

2kT . Presumably, it is this result that Boltzmann had in mind when
he claimed that all the special cases he has discussed in section 1 of his paper,
would follow from the general theorem. One ought to note however, that since
U , and therefore κ, depends on the coordinates, the condition κ = constant is
different for different values of (�q1, . . . , �qn).

Some comments on this result.
1. The difference between this approach and that relying on the Stoßzahlansatz

is rather striking. Instead of concentrating on a gas model in which particles
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are assumed to move freely except for their occasional collisions, Boltzmann here
assumes a much more general Hamiltonian model with an arbitrary interaction
potential U(�q1, . . . �qN ). Moreover, the probability density ρ is defined over phase
space, instead of the space of molecular velocities. This is the first occasion where
probability considerations are applied to the state of the mechanical system as
whole, instead of its individual particles. If the transition between kinetic gas
theory and statistical mechanics may be identified with this caesura, (as argued
by the Ehrenfests 1912 and by Klein 1973) it would seem that the transition has
already been made right here.

But of course, for Boltzmann the transition did not involve a major conceptual
move, thanks to his conception of probability as a relative time. Thus, the prob-
ability of a particular state of the total system is still identified with the fraction
of time in which that state is occupied by the system. In other words, he had no
need for ensembles or non-mechanical probabilistic assumptions.

However, one should note that the equivocation between relative time and rel-
ative number of particles, which was comparatively harmless in the first section of
the 1868 paper, is now no longer possible in the interpretation of ρ. Consequently,
the conditional probability ρ(p|�q1, . . . �qN ) gives us the relative time that the total
system is in a state for which particle 1 has a momentum with x-component be-
tween p and p + dp, for given values of all the positions. There is no immediate
route to conclude that this has anything to do with the relative number of particles
with the momentum p. In fact, there is no guarantee that the probability (45) for
particle 1 will be the same for other particles too, unless we use the assumption
that U is invariant under permutation of the particles. Thus, in spite of their
identical form, the distribution (46) has a very different meaning than (26).

2. The transition from (45) to (46), by letting the number of particles become
infinite, also seems to be the first instance of a thermodynamical limit. Since the
Maxwell distribution is thus recovered only in this limit, Boltzmann’s procedure
resolves some questions raised above concerning Maxwell’s distribution. For a
finite number of particles, the distribution (45) always has a finite support, i.e.
ρmc = 0 for those values of p2

i ≥ 2m(E − U). Thus, we do not run into trouble
with the finite amount of energy in the gas.

3. Most importantly, the results (45,46) open up a perspective of great gener-
ality. It suggests that the probability of the molecular velocities for an isolated
system in a stationary state will always assume the Maxwellian form if the num-
ber of particles tends to infinity. Notably, this proof seems to completely dispense
with any particular assumption about collisions, or other details of the mechanical
model involved, apart from the assumption that it is Hamiltonian. Indeed it need
not even represent a gas.

4. The main weakness of the present result is its assumption that the trajectory
actually visits all points on the energy hypersurface. This is nowadays called the
ergodic hypothesis.25

25The literature contains some surprising confusion about how the hypothesis got its name. The
Ehrenfests borrowed the name from Boltzmann’s concept of an “Ergode”, which he introduced



958 Jos Uffink

Boltzmann returned to this issue on the final page of the paper [Boltzmann,
1909, p. 96]. He notes there that there might be exceptions to his theorem, for
example, when the trajectory is periodic. However, Boltzmann observed, such
cases would be sensitive to the slightest disturbance from outside. They would
be destroyed, e.g. by the interaction of a single free atom that happened to be
passing by. He argued that these exceptions would thus only provide cases of
unstable equilibrium.

Still, Boltzmann must have felt unsatisfied with his own argument. According to
an editorial footnote in his collected works [Boltzmann, 1909, I p.96], Boltzmann’s
personal copy of the paper contains a hand-written remark in the margin stating
that the point was still dubious and that it had not been proven that, even in the
presence of interaction with a single external atom, the system would traverse all
possible values compatible with the energy equation.

Doubts about the ergodic hypothesis

Boltzmann’s next paper 1868b was devoted to checking the validity of the ergodic
hypothesis in a relatively simple solvable mechanical model. This paper also gives
a nice metaphoric formulation of the ergodic hypothesis: if the phase point were
a light source, and its motion exceedingly swift, the entire energy surface would
appear to us as homogeneously illuminated [Boltzmann, 1909, I, p. 103]. However,
his doubts were still not laid to rest. His next paper on gas theory 1871a returns
to the study of a detailed mechanical gas model, this time consisting of polyatomic

in [Boltzmann, 1884] and also discussed in his Lectures on Gas Theory [Boltzmann, 1898]. But
what did Boltzmann actually understood by an Ergode? Brush points out in his translation
of [Boltzmann, 1898, p. 297], and similarly in [Brush, 1976, p. 364], that Boltzmann used the
name to denote a stationary ensemble, characterized by the microcanonical distribution in phase
space. In other words, in in the context of Boltzmann’s 1898 an Ergode is just an microcanonical
ensemble, and seems to have nothing to do to do with the so-called ergodic hypothesis. Brush
criticized the Ehrenfests for causing confusion by their terminology.

However, in his original 1884 introduction of the phrase, the name Ergode is used for a station-
ary ensemble with only a single integral of motion , i.e. its total energy. As a consequence, the
ensemble is indeed micro-canonical, but, what is more, every member of the ensemble satisfies the
hypothesis of traversing every phase point with the given total energy. Indeed, in this context,
being an element of an Ergode implies satisfaction of this hypothesis. Thus, the Ehrenfests were
actually justified in baptizing the hypothesis “ergodic”.

Another dispute has emerged concerning the etymology of the term. The common opinion,
going back at least to the Ehrenfests has been that the word derived from ergos (work) and
hodos (path). [Gallavotti, 1994] has argued however that “undoubtedly” it derives from ergos
and eidos (similar). Now one must grant Gallavotti that it ought to expected that the etymology
of the suffix “-ode” of ergode is identical to that of other words Boltzmann coined in this paper,
like Holode, Monode, Orthode and Planode; and that a reference to path would be somewhat
unnatural in these last four cases. However, I don’t believe a reference to “eidos” would be more
natural. Moreover, it seems to me that if Boltzmann intended this etymology, he would have
written ”Ergoide” in analogy to planetoid, ellipsoid etc. That he was familiar with this common
usage is substantiated by him coining the term “Momentoide” for momentum-like degrees of
freedom (i.e. those that contribute a quadratic term to the Hamiltonian) in [Boltzmann, 1892].
The argument mentioned by [Cercignani, 1998, p. 141] (that Gallavotti’s father is a classicist)
fails to convince me in this matter.
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molecules, and avoids any reliance on the ergodic hypothesis. And when he did
return to the ergodic hypothesis in 1871b, it was with much more caution. Indeed,
it is here that he actually first described the worrying assumption as an hypothesis,
formulated as follows:

The great irregularity of the thermal motion and the multitude of forces
that act on a body make it probable that its atoms, due to the motion
we call heat, traverse all positions and velocities which are compati-
ble with the principle of [conservation of] energy [Boltzmann, 1909, I
p. 284].26

Note that Boltzmann formulates this hypothesis for an arbitrary body, i.e. it is
not restricted to gases. He also remarks, at the end of the paper, that “the proof
that this hypothesis is fulfilled for thermal bodies, or even is fullfillable, has not
been provided” [Boltzmann, I p. 287].

There is a major confusion among modern commentators about the role and
status of the ergodic hypothesis in Boltzmann’s thinking. Indeed, the question
has often been raised how Boltzmann could ever have believed that a trajectory
traverses all points on the energy hypersurface, since, as the Ehrenfests conjectured
in 1911, and was shown almost immediately in 1913 by Plancherel and Rosenthal,
this is mathematically impossible when the energy hypersurface has a dimension
larger than 1 (cf. paragraph 6.1).

It is a fact that both his (1868a, Abh. I, p.96) and (1871b, Abh. I, p.284) mention
external disturbances as an ingredient in the motivation for the ergodic hypothe-
sis. This might be taken as evidence for ‘interventionism’, i.e. the viewpoint that
such external influences are crucial in the explanation of thermal phenomena (cf:
[Blatt, 1959; Ridderbos and Redhead, 1998]). Yet even though Boltzmann clearly
expressed the thought that these disturbances might help to motivate the ergodic
hypothesis, he never took the idea very seriously. The marginal note in the (1868a)
paper mentioned above indicated that, even if the system is disturbed, there is still
no easy proof of the ergodic hypothesis, and all his further investigations concern-
ing this hypothesis assume a system that is either completely isolated from its
environment, or at most acted upon by a static external force. Thus, intervention-
ism did not play a significant role in his thinking.27

It has also been suggested, in view of Boltzmann’s later habit of discretizing
continuous variables, that he somehow thought of the energy hypersurface as a
discrete manifold containing only finitely many discrete cells [Gallavotti, 1994].
On this reading, obviously, the mathematical no-go theorems of Rosenthal and
Plancherel no longer apply. Now it is definitely true that Boltzmann developed
a preference towards discretizing continuous variables, and would later apply this

26An equivalent formulation of the ergodic hypothesis is that the Hamiltonian is the only
independent integral of the Hamiltonian equations of motion. This version is given in the same
paper [Boltzmann, 1909, p. 281-2]

27Indeed, on the rare occasions on which he later mentioned external disturbances, it was only
to say that they are “not necessary” [Boltzmann, 1895b]. See also [Boltzmann, 1896, §91].
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procedure more and more (although usually adding that this was fictitious and
purely for purposes of illustration and more easy understanding, cf. paragraph 4.2).
However, there is no evidence in the (1868) and (1871b) papers that Boltzmann
implicitly assumed a discrete structure of the mechanical phase space or the energy
hypersurface.

Instead, the context of his 1871b makes clear enough how he intended the hy-
pothesis, as has already been argued by [Brush, 1976]. Immediately preceding
the section in which the hypothesis is introduced, Boltzmann discusses trajecto-
ries for a simple example: a two-dimensional harmonic oscillator with potential
U(x, y) = ax2 +by2. For this system, the configuration point (x, y) moves through
the surface of a rectangle. (Cf. Fig. 2. See also [Cercignani, 1998, p. 148].) He
then notes that if a/b is rational, (actually: if

√
a/b is rational) this motion is

periodic. However, if this value is irrational, the trajectory will, in the course
of time, traverse “almählich die ganze Fläche” [Boltzmann, 1909, p. 271] of the
rectangle. He says that in this case x and y are independent, since for each val-
ues of x an infinity of values for y in any interval in its range are possible. The
very fact that Boltzmann considers intervals for the values of x and y of arbitrary
small sizes, and stressed the distinction between rational and irrational values of
the ratio a/b, indicates that he did not silently presuppose that phase space was
essentially discrete, where those distinctions would make no sense.

Now clearly, in modern language, one should say that if
√

a/b is irrational the
trajectory is dense in the rectangle, but not that it traverses all points. Boltzmann
did not possess this language. In fact, he could not have been aware of Cantor’s
insight that the continuum contains more than a countable infinity of points. Thus,
the correct statement that, in the case that

√
a/b is irrational, the trajectory will

traverse, for each value of x, an infinity of values of y within any interval however
small, could easily have led him to believe (incorrectly) that all values of x and y
are traversed in the course of time.

It thus seems eminently plausible, in view of the fact that this discussion imme-
diately precedes the formulation of the ergodic hypothesis, that Boltzmann’s un-
derstanding of the ergodic hypothesis is really what Ehrenfests dubbed the quasi-
ergodic hypothesis: the assumption that the trajectory is dense (i.e. passes arbitrar-
ily close to every point) on the energy hypersurface.28 The quasi-ergodic hypothe-
sis is not mathematically impossible in higher-dimensional phase spaces. However,
the quasi-ergodic hypothesis does not entail the desired conclusion that the only
stationary probability distribution over the energy surface is micro-canonical.

Nevertheless, Boltzmann remained sceptical about the validity of his hypothesis,
and attempted to explore different routes to his goal of characterizing thermal
equilibrium in mechanics. Indeed, both the preceding 1871a and his next paper
1871c present alternative arguments, with the explicit recommendation that they
avoid hypotheses. In fact, he did not return to the ergodic hypothesis at all until

28Or some hypothesis compatible with the quasi-ergodic hypothesis. As it happens, Boltz-
mann’s example is also compatible with the measure-theoretical hypothesis of ‘metric transitivity’
(cf. paragraph 6.1).
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Figure 2. Trajectories in configuration space for a two-dimensional harmonic os-
cillator with potential U(x, y) = ax2 + by2. Illustrating the distinction between
(i) the case where

√
a/b is rational (here 4/7) and (ii) irrational (1/e). Only a

fragment of the latter trajectory has been drawn.

the 1880s (stimulated by Maxwell’s 1879 review of the last section of Boltzmann’s
1868 paper). At that time, perhaps feeling fortified by Maxwell’s authority, he
was to express much more confidence in the ergodic hypothesis. However, after
1885, this confidence disappears again, and although he mentions the hypothesis
occasionally in later papers, he never assumes its validity. Most notably, the
ergodic hypothesis is not even mentioned in his Lectures on Gas Theory 1896, 1898.

To sum up, what role did the ergodic hypothesis play for Boltzmann? It seems
that Boltzmann regarded the ergodic hypothesis as a special dynamical assumption
that may or may not be true, depending on the nature of the system, and perhaps
also on its initial state and the disturbances from its environment. Its role was
simply to help derive a result of great generality: for any system for which the
hypothesis is true, its equilibrium state is characterized by (45), from which an
analogy to the Maxwell distribution may be recovered in the limit N −→ ∞,
regardless of any details of the inter-particle interactions, or indeed whether the
system represented is a gas, fluid, solid or any other thermal body.

As we discussed in paragraph 1.4, the Ehrenfests 1912 have suggested that the
ergodic hypothesis played a much more fundamental role. In particular, if the



962 Jos Uffink

hypothesis is true, averaging over an (infinitely) long time would be identical to
phase averaging with the microcanonical distribution. Thus, they suggested that
Boltzmann relied on the ergodic hypothesis in order to equate time averages and
phase averages, or in other words, to equate two meanings of probability (relative
time and relative volume in phase space.) There is however no evidence that
Boltzmann ever followed this line of reasoning neither in the 1870s, nor later. He
simply never gave any justification for equivocating time and particle averages, or
phase averages, at all. Presumably, he thought nothing much depended on this
issue and that it was a matter of taste.

4.2 The Boltzmann equation and H-theorem (1872)

In 1872 Boltzmann published one of his most important papers. It contained two
celebrated results nowadays known as the Boltzmann equation and the H-theorem.
The latter result was the basis of Boltzmann’s renewed claim to have obtained a
general theorem corresponding to the Second Law. This paper has been studied
and commented upon by numerous authors, and an entire translation of the text
has been provided by [Brush, 1966]. Thus, for the present purposes, a succinct
summary of the main points might have been sufficient. However, there is still
dispute among modern commentators about its actual content.

The issue at stake in this dispute is the question whether the results obtained
in this paper are presented as necessary consequences of the mechanical equations
of motion, or whether Boltzmann explicitly acknowledged that they would allow
for exceptions. Klein has written:

I can find no indication in his 1872 memoir that Boltzmann conceived
of possible exceptions to the H-theorem, as he later called it [Klein,
1973, p. 73].

Klein argues that Boltzmann only came to acknowledge the existence of such ex-
ceptions thanks to Loschmidt’s critique in 1877. An opposite opinion is expressed
by [von Plato, 1994]. Calling Klein’s view a “popular image”, he argues that,
already in 1872, Boltzmann was well aware that his H-theorem had exceptions,
and thus “already had a full hand against his future critics”. Indeed, von Plato
states that

Contrary to a widely held opinion, Boltzmann is not in 1872 claiming
that the Second Law and the Maxwellian distribution are necessary
consequences of kinetic theory [von Plato, 1994, p. 81].

So it might be of some interest to try and settle this dispute.
Boltzmann (1872) starts with an appraisal of the role of probability theory in

the context of gas theory. The number of particles in a gas is so enormous, and
their movements are so swift that we can observe nothing but average values.
The determination of averages is the province of probability calculus. Therefore,
“the problems of the mechanical theory of heat are really problems in probability
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calculus” [Boltzmann, 1909, I, p. 317]. But, Boltzmann says, it would be a mistake
to believe that the theory of heat would therefore contain uncertainties.

He emphasizes that one should not confuse incompletely proven assertions with
rigorously derived theorems of probability theory. The latter are necessary conse-
quences of their premisses, just like in any other theory. They will be confirmed by
experience as soon as one has observed a sufficiently large number of cases. This
last condition, however, should be no significant problem in the theory of heat
because of the enormous number of molecules in macroscopic bodies. Yet, in this
context, one has to make doubly sure that we proceed with the utmost rigour.

Thus, the message expressed in the opening pages of this paper seems clear
enough: the results Boltzmann is about to derive are advertised as doubly checked
and utterly rigorous. Still, they are theoretical. Their relationship with experience
might be less secure, since any probability statement is only reproduced in obser-
vations by sufficiently large numbers of independent data. Thus, Boltzmann would
have allowed for exceptions in the relationship between theory and observation,
but not in the relation between premisses and conclusion.

He continues by saying what he means by probability, and repeats its equivo-
cation as a fraction of time and the relative number of particles that we have seen
earlier in 1868:

If one wants [. . . ] to build up an exact theory [. . . ] it is before all
necessary to determine the probabilities of the various states that one
and the same molecule assumes in the course of a very long time, and
that occur simultaneously for different molecules. That is, one must
calculate how the number of those molecules whose states lie between
certain limits relates to the total number of molecules [Boltzmann,
1909, I p. 317].

However, this equivocation is not vicious. For most of the paper the intended
meaning of probability is always the relative number of molecules with a particular
molecular state. Only at the final stages of his paper [Boltzmann, 1909, I, p. 400]
does the time-average interpretation of probability (suddenly) recur.

Boltzmann says that both Maxwell and he had attempted the determination
of these probabilities for a gas system but without reaching a complete solution.
Yet, on a closer inspection, “it seems not so unlikely that these probabilities can
be derived on the basis of the equations of motion alone...” [Boltzmann, 1909, I,
p. 317]. Indeed, he announces, he has solved this problem for gases whose molecules
consist of an arbitrary number of atoms. His aim is to prove that whatever the
initial distribution of state in such a system of gas molecules, it must inevitably
approach the distribution characterized by the Maxwellian form (ibid. p. 320).

The next section specializes to the simplest case of monatomic gases and also
provides a more complete specification of the problem he aims to solve. The gas
molecules are contained in a fixed vessel with perfectly elastic walls. They interact
with each other only when they approach each other at very small distances. These
interactions can be mimicked as collisions between elastic bodies. Indeed, these
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bodies are modeled as hard spheres [Boltzmann, 1909, I, p. 320]. Boltzmann
represents the state of the gas by a time-dependent distribution function ft(�v),
called the “distribution of state”, which gives us, at each time t, the relative
number of molecules with velocity between �v and �v + d3�v.29

He also states two more special assumptions:

1. Already in the initial state of the gas, each direction of velocity is equally
probable. That is:

(47) f0(�v) = f0(v).

It is assumed as obvious that this will also hold for any later time.

2. The gas is spatially uniform within the container. That is, the relative
number of molecules with their velocities in any given interval, and their
positions in a particular spatial region R does not depend on the location of
R in the available volume.

The next and crucial assumption used by Boltzmann to calculate the change in
the number of particles with a velocity �v1 per unit time, is the Stoßzahlansatz,
(29) and (30).

For modern readers, there are also a few unstated assumptions that go into the
construction of this equation. First, the number of molecules must be large enough
so that the (discrete) distribution of their velocities can be well approximated by
a continuous and differentiable function f . Secondly, f changes under the effect
of binary collisions only. This means that the density of the gas should be low (so
that three-particle collisions can be ignored) but not too low (which would make
collisions too infrequent to change f at all). These two requirements are already
hard enough to put in a mathematically precise form. The modern explicitation is
that of taking the so-called Boltzmann-Grad limit (cf. paragraph 6.4). The final
(unstated) assumption is that all the above assumptions remain valid in the course
of time.

He addresses his aim by constructing a differentio-integral evolution equation
for ft, by taking the difference of (29) and (30) and integrating over all variables
except �v1 and t. The result (in a modern notation) is the Boltzmann equation:

(48)
∂ft(�v1)

∂t
= N

∫ d

0

bdb

∫ 2π

0

dφ

∫
R3

d3�v2 ‖�v2 − �v1‖
(
ft(�v1

′)ft(�v2
′)− ft(�v1)ft(�v2)

)
which describes the change of f in the course of time, when this function at
some initial time is given. (Recall from paragraph 3.3 that the primed velocities
are to be thought of as functions of the unprimed velocities and the geometrical
parameters of the collision: �v′i = �vi

′(�v1, �v2, b, φ), and d denotes the diameter of the
hard spheres.)

29Actually Boltzmann formulated the discussion in terms of a distribution function over kinetic
energy rather than velocity. I have transposed this into the latter, nowadays more common
formulation.
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The H-theorem

Assuming that the Boltzmann equation (48) is valid for all times, one can prove,
after a few well-known manipulations, that the following quantity

(49) H[ft] :=
∫

ft(�v) ln ft(�v)d3�v

decreases monotonically in time, i.e.

(50)
dH[ft]

dt
≤ 0;

as well as its stationarity for the Maxwell distribution, i.e.:

(51)
dH[ft]

dt
= 0 (∀t) iff ft(v) = Ae−Bv

2
.

Boltzmann concludes Section I of the paper as follows:

It has thus been rigorously proved that whatever may have been the
initial distribution of kinetic energy, in the course of time it must neces-
sarily approach the form found by Maxwell. [. . . ] This [proof] actually
gains much in significance because of its applicability to the theory of
multi-atomic gas molecules. There too, one can prove for a certain
quantity [H] that, because of the molecular motion, this quantity can
only decrease or in the limiting case remain constant. Thus, one may
prove that because of the atomic movement in systems consisting of
arbitrarily many material points, there always exists a quantity which,
due to these atomic movements, cannot increase, and this quantity
agrees, up to a constant factor, exactly with the value that I found in
[[Boltzmann, 1871c]] for the well-known integral

∫
dQ/T .

This provides an analytical proof of the Second Law in a way com-
pletely different from those attempted so far. Up till now, one has
attempted to proof that

∫
dQ/T = 0 for a reversible (umkehrbaren)

cyclic30 process, which however does not prove that for an irreversible
cyclic process, which is the only one that occurs in nature, it is always
negative; the reversible process being merely an idealization, which can
be approached more or less but never perfectly. Here, however, we im-
mediately reach the result that

∫
dQ/T is in general negative and zero

only in a limit case... [Boltzmann, 1909, I, p. 345]

Thus, as in his 1866 paper, Boltzmann claims to have a rigorous, analytical and
general proof of the Second Law. From our study of the paper until now, (i.e.
section I) it appears that Klein’s interpretation is more plausible than von Plato’s.
I postpone a further discussion of this dispute to paragraph 4.2, after a brief look
at the other sections of the paper.

30The term “cyclic” is missing in Brush’s translation, although the original text does speak of
“Kreisprozeß”. The special notation

H
for cyclic integrals was not introduced until much later.
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Further sections of Boltzmann (1872)

Section II is entitled “Replacement of integrals by sums” and devoted to a rep-
etition of the earlier arguments, now assuming that the kinetic energies of the
molecules can only take values in a discrete set {0, ε, 2ε, . . . , pε}. Boltzmann shows
that in the limit ε −→ 0, pε −→∞ the same results are recovered.

Many readers have been surprised by this exercise, which seems rather super-
fluous both from a didactic and a logical point of view. (However, some have felt
that it foreshadowed the advent of quantum theory.) Boltzmann offers as motiva-
tion for the detour that the discrete approach is clearer than the previous one. He
argues that integrals only have a symbolic meaning, as a sum of infinitely many
infinitesimal elements, and that a discrete calculation yields more understanding.
He does not argue, however, that it is closer to physical reality. Be that as it may,
the section does eventually take the limit, and recovers the same results as before.

The third section treats the case where the gas is non-uniform, i.e., when con-
dition 2 above is dropped. For this case, Boltzmann introduces a generalized
distribution function ft(�r,�v), such that ftd

3�rd3�v represents the relative number of
particles with a position in a volume element d3�r around �r and a velocity in an
element d3�v around �v.

He obtains a corresponding generalized Boltzmann equation:

∂ft(�r,�v)
∂t

+ �v · ∇xft +
�F

m
· ∇vft =

N

∫
bdbdφd3�v2 ‖�v2 − �v1‖

(
ft(�r,�v′

1))ft(�r,�v
′
2)− ft(�r,�v1))ft(�r,�v2)

)
(52)

where �F denotes an external force field on the gas. The quantity H now takes the
form H[ft] :=

∫
ft(�r,�v)d3�rd3�v; and a generalization of the H-theorem dH/dt ≤ 0

is obtained.
The last three sections are devoted to polyatomic molecules, and aim to obtain

generalized results for this case too. The key ingredient for doing so is, of course,
an appropriately generalized Stoßzahlansatz. The formulation of this assumption
is essentially the same as the one given in his paper on poly-atomic molecules
1871a, which was later shown wrong and corrected by Lorentz. I will not go into
this issue (cf. [Lorentz, 1887; Boltzmann, 1887b; Tolman, 1938]).

An interesting passage occurs at the very end of the paper, where he expands
on the relationship between H and entropy. He considers a monatomic gas in
equilibrium. The stationary distribution of state is given as:

(53) f∗(�r,�v) = V −1

(
3m

4πT

)3/2

exp(
−3mv2

4T
)

where V is the volume of the container. (Note that in comparison with (27),
Boltzmann adopts units for temperature that make k = 2/3.) He shows that

(54) H[f∗] :=
∫

f∗ log f∗dxdv = −N log V

(
4πT

3m

)3/2

− 3
2
N ;
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which agrees (assuming S = −kNH[f∗]) with the thermodynamical expression
for the ideal gas (16) up to an additive constant. A similar result holds for the
polyatomic gas.

Remarks and problems

1. The role of probability. As we have seen, the H-theorem formed the basis
of a renewed claim by Boltzmann to have obtained a theorem corresponding to the
full Second Law (i.e. including both parts) at least for gases. A main difference
from his 1866 claim, is that he now strongly emphasizes the role of probability
calculus in his derivation. It is clear that the conception of probability expounded
here is thoroughly frequentist and that he takes ‘the laws of probability’ as empir-
ical statements. Furthermore, probabilities can be fully expressed in mechanical
terms: the probability distribution f is nothing but the relative number of particles
whose molecular states lie within certain limits. Thus, there is no conflict between
his claims that on the one hand, “the problems of the mechanical theory of heat
are really problems in probability calculus” and that the probabilities themselves
are derived on the basis of the equations of motion alone, on the other hand. In-
deed, it seems to me that Boltzmann’s emphasis on the crucial role of probability
in this paper is only intended to convey that probability theory provides a partic-
ularly useful and appropriate language for discussing mechanical problems in gas
theory. There is no indication in this paper yet that probability theory could play
a role by furnishing assumptions of a non-mechanical nature, i.e., independent of
the equations of motion (cf. [Boltzmann and Nabl, 1904, p. 520]).

2. The role of the Stoßzahlansatz. Note that Boltzmann stresses the gen-
erality, rigour and “analyticity” of his proof. He puts no emphasis on the special
assumptions that go into the argument. Indeed, the Stoßzahlansatz, later iden-
tified as the key assumption that is responsible for the time-asymmetry of the
H-theorem, is announced as follows

The determination [of the number of collisions] can only be obtained
in a truly tedious manner, by consideration of the relative velocities
of both particles. But since this consideration has, apart from its
tediousness, not the slightest difficulty, nor any special interest, and
because the result is so simple that one might almost say it is self-
evident I will only state this result.” [Boltzmann, 1909, I, p. 32].)

It thus seems natural that Boltzmann’s contemporaries must have understood
him as claiming that the H-theorem followed necessarily from the dynamics of the
mechanical gas model.31 I can find no evidence in the paper that he intended this
claim to be read with a pinch of salt, as [von Plato, 1991, p.. 81] has argued.

31Indeed this is exactly how Boltzmann’s claims were understood. For example, the recom-
mendation written in 1888 for his membership of the Prussian Academy of Sciences mentions as
his main feat that Boltzmann had proven that, whatever its initial state, a gas must necessarily
approach the Maxwellian distribution [Kirsten and Körber, 1975, p.109].
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Is there then no evidence at all for von Plato’s reading of the paper? Von
Plato refers to a passage from Section II, where Boltzmann repeats the previous
analysis by assuming that energy can take on only discrete values, and replacing
all integrals by sums. He recovers, of course, the same conclusion, but now adds a
side remark, which touches upon the case of non-uniform gases:

Whatever may have been the initial distribution of states, there is one
and only one distribution which will be approached in the course of
time. [. . . ] This statement has been proved for the case where the
distribution of states was already initially uniform. It must also be
valid when this is not the case, i.e. when the molecules are initially
distributed in such a way that in the course of time they mix among
themselves more and more, so that after a very long time the distribu-
tion of states becomes uniform. This will always be the case, with the
exception of very special cases, e.g. when all molecules were initially
situated along a straight line, and were reflected by the walls onto this
line [Boltzmann, 1909, I, p. 358].

It is this last remark that, apparently, led to the view that after all Boltzmann
did already conceive of exceptions to his claims. However, I should say that this
passage does not convince me. True enough, Boltzmann in the above quote indi-
cates that there are exceptions. But he mentions them only in connection with
an extension of his results to the case when the gas is not initially uniform, i.e.
when condition (2) above is dropped. There can be no doubt that under the as-
sumption of the conditions (1) and (2), Boltzmann claimed the rigorous validity
of the H-theorem. (Curiously, his more systematic treatment of the non-uniform
gas (Section III of 1872) does not mention any exception to the claim that “H can
only decrease” [Boltzmann, 1909, I p. 362].

As a matter of fact, when Loschmidt formulated the objection, it happened
to be by means of an example of a non-uniform gas (although nothing essential
depended on this). Thus, if Boltzmann had in 1872 a “full hand against his future
critics”, as von Plato claims, one would expect his reply to Loschmidt’s objection
to point out that Loschmidt was correct but that he had already anticipated the
objection. Instead, he accused Loschmidt of a fallacy (see paragraph 4.3 below).

But apart from the historical issue of whether Boltzmann did or did not en-
visage exceptions to his H-theorem, it seems more important to ask what kind of
justification Boltzmann might have adduced for the Stoßzahlansatz. An attempt
to answer this question must be somewhat speculative, since, as we have seen,
Boltzmann presented the assumption as “almost self-evident” and “having no spe-
cial interest”, and hence presumably as not in need of further explanation. Still
the following remarks may be made with some confidence.

First, we have seen that Maxwell’s earlier usage of the assumption was never
far away from an argument from insufficient reason. Thus, in his approach, one
could think of the Stoßzahlansatz as expressing that we have no reason to expect
any influence or correlation between any pair of particles that are about to collide.
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The assumption would then appear as a probabilistic assumption, reflecting a
‘reasonable judgment’, independent from mechanics.

In contrast, Boltzmann’s critique of Maxwell’s approach (cf. footnote 16) sug-
gests that he did not buy this argument for insufficient reason. But since the
Stoßzahlansatz clearly cannot be conceived of as an assumption about dynamics
— like the ergodic hypothesis — , this leaves only the option that it must be due
to a special assumption about the mechanical state of the gas. Indeed, in the years
1895-6, when Boltzmann acknowledged the need for the ansatz in the proof of his
H-theorem more explicitly — referring to it as “Assumption A” [Boltzmann, 1895]
or “the hypothesis of molecular disorder” [Boltzmann, 1896] — , he formulated it
as an assumption about the state of the gas.

Yet, even in those years, he would also formulate the hypothesis as expressing
that “haphazard governs freely” [Boltzmann, 1895, Abh. III, p. 546] or “that the
laws of probability are applicable for finding the number of collisions” [Boltzmann,
1895b]. Similarly, he describes states for which the hypothesis fails as contrived “so
as to intentionally violate the laws of probability”[Boltzmann, 1896, §3]. However,
I think these quotations should not be read as claims that the Stoßzahlansatz was
a consequence of probability theory itself. Rather, given Boltzmann’s empirical
understanding of “the laws of probability”, they suggest that Boltzmann thought
that, as a matter of empirical fact, the assumption would ‘almost always’ hold,
even if the gas was initially very far from equilibrium.

3. The H-theorem and the Second Law. Note that Boltzmann miscon-
strues, or perhaps understates, the significance of his results. Both the Boltzmann
equation and the H-theorem refer to a body of gas in a fixed container that evolves
in isolation from its environment. There is no question of heat being exchanged
by the gas during a process, let alone in an irreversible cyclic process. His com-
parison in the quotation on page 965 with Clausius’ integral

∫
dQ/T (i.e.

∮
dQ/T

in equation (18) above) is therefore really completely out of place.
The true import of Boltzmann’s results is rather that they provide (i) a gener-

alization of the entropy concept to non-equilibrium states,32 and (ii)a claim that
this non-equilibrium entropy −kH increases monotonically as the isolated gas
evolves for non-equilibrium towards an equilibrium state. The relationship with
the Second Law is, therefore, somewhat indirect: On the one hand, Boltzmann
proves much more than was required, since the second law does not speak of non-
equilibrium entropy, nor of monotonic increase; on the other hand it proves also
less, since Boltzmann does not consider the increase of entropy in general adiabatic
processes.

32Boltzmann emphasized that his expression for entropy should be seen as an extension of
thermodynamic entropy to non-equilibrium states in [1877b, (Boltzmann, 1909, II, p. 218);
1896, §5] . Of course there is no guarantee that this generalization is the unique candidate for a
non-equilibrium entropy.
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4.3 Boltzmann (1877a): the reversibility objection

According to [Klein, 1973], Boltzmann seemed to have been satisfied with his
treatments of 1871 and 1872 and turned his attention to other matters for a couple
of years. He did come back to gas theory in 1875 to discuss an extension of the
Boltzmann equation to gases subjected to external forces. But this paper does
not present any fundamental changes of thought. (However, it does contain some
further elucidation, for example, it mentions for the first time that the derivation
of the Boltzmann equation requires that the gas is so dilute that collisions between
three or more particles simultaneously can be ignored).

However, the 1875 paper did contain a result which, two years later, led to
a debate with Loschmidt. Boltzmann showed that (52) implied that a gas in
equilibrium in an external force field (such as the earth’s gravity) should have the
same average kinetic energy at all heights and therefore, a uniform temperature;
while its pressure and density would of course vary with height. This conclusion
conflicted with the intuition that when molecules travel upwards, they must do
work against the gravitational field, and pay for this by having a lower kinetic
energy at greater heights.

Now Boltzmann (1875) was not the first to reach the contrary result, and Lo-
schmidt was not the first to challenge it. Maxwell and Guthrie entered into a
debate on the very same topic in 1873. But actually their main point of con-
tention need not concern us very much. The discussion between Loschmidt and
Boltzmann is particularly important for quite another issue, which Loschmidt only
introduced as an side remark. Considering a gas container in a homogeneous grav-
itational field, Loschmidt discussed a situation where initially all atoms except one
lie at rest at the bottom of the container. The single moving atom could then,
by collisions, stir the others and send them into motion until a “stationary state”,
characterized by the Maxwell distribution, is obtained. He continues

By the way, one should be careful about the claim that in a system in
which the so-called stationary state has been achieved, starting from
an arbitrary initial state, this average state can remain intact for all
times. I believe, rather, that one can make this prediction only for a
short while with full confidence.
Indeed, if in the above case, after a time τ which is long enough to
obtain the stationary state, one suddenly assumes that the velocities
of all atoms are reversed, we would obtain an initial state that would
appear to have the same character as the stationary state. For a fairly
long time this would be appropriate, but gradually the stationary state
would deteriorate, and after passage of the time τ we would inevitable
return to our initial state: only one atom has absorbed all kinetic
energy of the system [. . . ], while all other molecules lie still on the
bottom of the container.
Obviously, in every arbitrary system the course of events must be be-
come retrograde when the velocities of all its elements are reversed
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[Loschmidt, 1876, p. 139].

Boltzmann’s response (1877a)

Boltzmann’s response to Loschmidt is somewhat confusing. On the one hand, he
acknowledges that Loschmidt’s objection is “quite ingenious and of great signifi-
cance for the correct understanding of the Second Law.” However, he also brands
the objection as a “fallacy” and a “sophism”.33 But then, two pages later again,
the argument is “of the greatest importance since it shows how intimately con-
nected are the Second Law and probability theory.”

The gist of the response is this. First, Boltzmann captures the essential core of
the problem in an admirably clear fashion:

“Every attempt to prove, from the nature of bodies and the laws of
interaction for the forces they exert among each other, without any
assumption about initial conditions, that

(55)
∫

dQ

T
≤ 0

must be in vain” [Boltzmann, 1909, II. p.119–121].

The point raised here is usually known as the reversibility objection. And since
the H-theorem (which only received this name in the 1890s) was presented in 1872
as a general proof that

∫
dQ
T ≤ 0 (cf. the long quotation on page 965), it would

imply that this theorem was invalid. Boltzmann aims to show, however, that this
objection is a fallacy. His argument might be dissected into 5 central points.

1. Conceding that the proof cannot be given. Boltzmann says that a proof
that every distribution must with absolute necessity evolve towards a uniform dis-
tribution cannot be given, claiming that this fact “is already taught by probability
theory”. Indeed, he argues, even a very non-uniform distribution of state is, al-
though improbable to the highest degree, not impossible. Thus, he admits that
there are initial states for which H increases, just as well as those for which H
decreases. This admission, of course, is hard to rhyme with his professed purpose
of showing that it is fallacious to conclude that some assumption about the initial
state would be needed.

Note that this passage announces a major conceptual shift. Whereas the 1872
paper treated the distribution of state ft as if it defines probability (i.e. of molec-
ular velocities), this time the distribution of states is itself something which can
be to a higher or lesser degree “probable”. That is: probabilities are attributed

33The very fact that Boltzmann called this conclusion — which by all means and standards is
correct — a fallacy shows, in my opinion, that he had not anticipated the objection. In fact, how
much Boltzmann had yet to learn from Loschmidt’s objection is evident when we compare this
judgment to a quotation from his Lectures on Gas Theory [1898, p. 442]: “this one-sidedness [of
the H-theorem] lies uniquely and solely in the initial conditions.”
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to distributions of state, i.e. the distribution of state itself is treated as a random
variable. This shift in viewpoint became more explicit in his (1877b); as we will
discuss in section 4.4 below.

2. Rethinking the meaning of “probability”. Boltzmann argues that every
distribution of state, whether uniform or non-uniform, is equally improbable. But
there are “infinitely many” more uniform distributions of state than non-uniform
distributions. Here we witness another conceptual shift. In (1872), the term
“distribution of state” referred to the function f(�v) or f(�r,�v), representing the
relative numbers of molecules with various molecular states. In that sense, there
would, of course, only be a single uniform distribution of state: the Maxwellian
distribution function (53). But since Boltzmann now claims there are many, he
apparently uses the term “distribution of state” to denote a much more detailed
description, that includes the velocity and position of every individual molecule,
so that permutations of the molecules yield a different distribution of state. That
is, he uses the term in the sense of what we would nowadays call a microstate,
and what he himself would call a “Komplexion” a few months later in his (1877b)
— on which occasion he would reserve the name ‘distribution of state’ for the
macrostate.

Note that Boltzmann assumes every Komplexion to be equally probable (or
improbable) so that the probability of a particular distribution of state is deter-
mined by the relative numbers. Indeed he remarks that it might be interesting to
calculate the probabilities of state distributions by determining the ratio of their
numbers; this suggestion is also worked out in his subsequent paper of 1877b.

This, indeed, marks another conceptual change. Not only are probabilities at-
tributed to distributions of state instead of being defined by them; they are deter-
mined by an equiprobability assumption. Boltzmann does not explicitly motivate
the assumption. In view of the discussion in paragraph 3.1, one might conjecture
that he must have had something like Laplace’s principle of insufficient reason in
mind, which makes any two cases which, according to our information are equally
possible, also equally probable. But this would indicate an even larger conceptual
change; and not just because Boltzmann is broadly a frequentist concerning prob-
ability. Also, the principle of insufficient reason, or any similar assumption, makes
sense only from the view point that probability is a non-mechanical notion: it
reflects our belief or information about a system. I cannot find any evidence that
he accepted this idea. Of course it is also possible to conjecture that he silently fell
back upon the ergodic hypothesis. But this conjecture also seems unlikely, given
his avoidance of the hypothesis since 1871.

3. A claim about evolutions. Boltzmann says: “Only from the fact that
there are so many more uniform than non-uniform distributions of state [i.e.: mi-
crostates] follows the larger probability that the distribution will become uniform
in the course of time” (p. 120). More explicitly, he continues:
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[. . . ] one can prove that infinitely many more initial states evolve after
a long time towards a more uniform distribution of states than to a less
uniform one, and that even in that latter case, these states will become
uniform after an even longer time [Boltzmann, 1909, II, p. 120]34

Note that this is a claim about evolutions of microstates. In fact, it is the first case
of what the Ehrenfests later called a statistical H-theorem, but what is perhaps
better called a statistical reading of the H-theorem, since in spite of Boltzmann’s
assertion, no proof is offered.

4. The (im)probability of Loschmidt’s initial state. Boltzmann maintains
that the initial conditions considered by Loschmidt only have a minute proba-
bility. This is because it is obtained by a time evolution and velocity reversal
of a non-uniform microstate. Since both time evolution and velocity reversal are
one-to-one mappings (or more to the point: they preserve the Liouville measure),
these operations should not affect the number or probability of states. Hence, the
probability of Loschmidt’s state is equal to that of the special non-uniform state
from which it is constructed. But by point 2 above, there are infinitely many more
uniform states than non-uniform states, so the probability of Loschmidt’s state is
extraordinarily small.

5. From (im)probability to (im)possibility. The final ingredient of Boltz-
mann’s response is the claim that whatever has an extraordinarily small probability
is practically impossible.

The conclusion of Boltzmann’s argument, based on these five points, is that the
state selected by Loschmidt may be considered as practically impossible. Note
that this is a completely static argument; i.e., its logic relies merely on the points
1,2,4 and 5, and makes no assumption about evolutions, apart from the general
feature that the dynamical evolution conserves states (or measure). Indeed, point
3, i.e. the statistical reading of the H-theorem, is not used in the argument.

As a consequence, the argument, although perfectly consistent, shows more
than Boltzmann can possibly have wanted. The same reasoning that implies Lo-
schmidt’s initial state can be ignored, also excludes other non-uniform states. In
particular, the same probability should be assigned to Loschmidt’s initial state
without the reversal of velocities. But that state can be produced in the labora-
tory, and, presumably, should not be considered as practically impossible. Indeed,
if we adopt the rule that all non-uniform states are to be ignored on account of
their low probability, we end up with a consideration of uniform states only, i.e.
the theory would be reduced to a description of equilibrium, and the H-theorem
reduced to dH/dt = 0, and any time-asymmetry is lost.

This, surely, is too cheap a victory over Loschmidt’s objection. What one would
like to see in Boltzmann’s argument is a greater role for assumptions about the
time evolution in order to substantiate his statistical reading of the H-theorem.

34The clause about ‘the latter case’ is absent in the translation by [Brush, 2003, p. 366].
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Summing up: From this point on, we shall see that Boltzmann emphasizes even
more strongly the close relations between the Second Law and probability theory.
Even so, it is not always clear what these relations are exactly. Further, one may
question whether his considerations of the probability of the initial state hit the
nail on the head. Probability theory is equally neutral to the direction of time as
is mechanics.

The true source of the reversibility problem was only identified by [Burbury,
1894a] and [Bryan, 1894] after Boltzmann’s lecture in Oxford, which created a
intense debate in the columns of Nature. They pointed out that the Stoßzahlansatz
already contained a time-asymmetric assumption.

Indeed, this assumption requires that the number of collisions of the kind
(�v1, �v2) −→ (�v1

′, �v2
′) is proportional to the product f(�v1)f(�v2) where, �v1, �v2 are

the velocities before the collisions. If we would replace this by the requirement that
the number of collisions is proportional to the product for the velocities �v1

′, �v2
′

after the collision, we would obtain, by a similar reasoning, dH/dt ≥ 0. The
question is now, of course, why we should prefer one assumption above the other,
without falling into some kind of double standard. (I refer to [Price, 1996] for a
detailed discussion of this danger.) One thing is certain, and that is that any such
preference cannot be obtained from mechanics and probability theory alone.

4.4 Boltzmann (1877b): the combinatorial argument

Boltzmann’s next paper (1877b) is often seen as a major departure from the con-
ceptual basis employed in his previous work. Indeed, the conceptual shifts already
indicated implicitly in his reply to Loschmidt become in this article explicit. In-
deed, according to [ter Haar, 1955, p. 296] and [Klein, 1973, p. 83], it is this paper
that marks the transition from kinetic theory to statistical mechanics. Further,
the paper presents the famous link between entropy and ‘probability’ that later
became known as “Boltzmann’s principle”, and was engraved on his tombstone as
“S = k log W”.

Boltzmann’s begins the paper by stating that his goal is to elucidate the re-
lationship between the Second Law and probability calculus. He notes he has
repeatedly emphasized that the Second Law is related to probability calculus. In
particular he points out that the 1872 paper confirmed this relationship by show-
ing that a certain quantity [i.e. H] can only decrease, and must therefore obtain
its minimum value in the state of thermal equilibrium. Yet, this connection of the
Second Law with probability theory became even more apparent in his previous
paper (1877a). Boltzmann states that he will now solve the problem mentioned
in that paper, of calculating the probabilities of various distributions of state by
determining the ratio of their numbers.

He also announces that, when a system starts in an improbable state, it will
always evolve towards more probable states, until it reaches the most probable
state, i.e. that of thermal equilibrium. When this is applied to the Second Law,
he says, “we can identify that quantity which is usually called entropy, with the
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probability of the state in question.” And: “According to the present interpre-
tation, [the Second Law] states nothing else but that the probability of the total
state of a composite system always increases” [Abh. II, pp. 165-6]. Exactly how
all this is meant, he says, will become clear later in the article.

The combinatorial argument

Succinctly, and rephrased in the Ehrenfests’ terminology, the argument is as fol-
lows. Apart from Γ, the mechanical phase space containing the possible states
x for the total gas system, we consider the so-called μ-space, i.e. the state space
of a single molecule. For monatomic gases, this space is just a six-dimensional
Euclidean space with (�r,�v) as coordinates. With each mechanical state x we can
associate a collection of N points in μ-space; one for each molecule.

Now, partition μ-space into m disjoint cells: μ = ω1 ∪ . . . ∪ ωm. These cells
are taken to be rectangular in the coordinates and of equal size. Further, it is
assumed that the energy of each molecule in cell ωi in has a value εi, depending
only on i. For each x, henceforth also called the microstate (Boltzmann’s term
was the Komplexion), we define the macrostate or ‘distribution of state’ as Z :=
(n1, . . . , nm), with ni the number of particles whose molecular state is in cell ωi.
The relation between macro- and microstate is obviously non-unique since many
different microstates, e.g. obtained by permuting the molecules, lead to the same
macrostate. One may associate with every given macrostate Z0 the corresponding
set of microstates:

(56) ΓZ0 := {x ∈ Γ : Z(x) = Z0}.
The phase space volume |ΓZ0 | of this set is proportional to the number of permu-
tations of the particles that do not change the macrostate Z0. Indeed, when the
six-dimensional volume of the cells ωi is δω, i.e., the same for each cell, the phase
space volume of the set ΓZ is

(57) |ΓZ | = N !
n1! · · ·nm!

(δω)N .

Moreover, assuming that ni � 1 for all i and using the Stirling approximation
for the factorials, one finds

(58) ln ΓZ ≈ N lnN −
∑
i

ni lnni + N ln δω.

This expression is in fact proportional to a discrete approximation of the H-
function. Indeed, putting

(59) ni = Nf(�ri, �vi)δω

where (�ri, �vi) are the coordinates of a representative point in ωi, we find∑
i

ni lnni =
∑
i

Nf(�ri, �vi) ln
(
Nf(�ri, �vi)δω

)
δω
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≈ N

∫
f(�r,�v)

(
ln f(�r,�v) + lnN + ln δω

)
d3�rd3�v

= NH + N lnN + N ln δω;(60)

and therefore, in view of (58):

−NH ≈ ln |ΓZ |.(61)

And since Boltzmann had already identified −kNH with the entropy of a macro-
state, one can also take entropy as proportional to the logarithm of the volume
of the corresponding region in phase space. Today, ln |ΓZ | is often called the
Boltzmann entropy.

Boltzmann next considers the question for which choice of Z does the region
ΓZ have maximal size, under the constraints of a given total number of particles
N , and a total energy E:

(62) N =
m∑
i=1

ni, E =
m∑
i=1

niεi.

This problem can easily be solved with the Lagrange multiplier technique. Under
the Stirling approximation (58) one finds

(63) ni = μeλεi ,

which is a discrete version of the Maxwell distribution. (Here, μ an λ are deter-
mined in terms of N and E by the constraints (62).)

Boltzmann proposes to take the macrostate with the largest volume as repre-
senting equilibrium. More generally, he also refers to these volumes as the “prob-
ability” or “permutability” of the macrostate. He therefore now expresses the
Second Law as a tendency for the system to evolve towards ever more probable
macrostates, until, in equilibrium, it has reached the most probable state.

Remarks and problems

1. The role of dynamics. In the present argument, no dynamical assumption
has been made. In particular, it is not relevant to the argument whether the
ergodic hypothesis holds, or how the particles collide. At first sight, it might seem
that this makes the present argument more general than the previous one. Indeed,
Boltzmann suggests at the end of the paper [Boltzmann, 1909, II p. 223] that the
same argument might be applicable also to dense gases and even to solids.

However, it should be noticed that the assumption that the total energy can be
expressed in the form E =

∑
i niεi where the energy of each particle depends only

on the cell in which it is located, and not on the state of other particles is very
strong. This can only be maintained, independently of the number N , if there is
no interaction at all between the particles. The validity of the argument is thus
really restricted to ideal gases (cf. [Uhlenbeck and Ford, 1963]).
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2. The choice of cells. One might perhaps hope, at first sight, that the pro-
cedure of partitioning μ-space into cells is only a technical or didactic device and
can be eliminated by finally taking a limit in which δω −→ 0; similar to the proce-
dure of his 1872 paper. This hope is dashed because the expression (58) diverges.
Indeed, the whole prospect of using combinatorics would disappear if we did not
adopt a finite partition. But also the special choice to give all cells equal volume
in position and velocity variables is not quite self-evident, as Boltzmann himself
shows. In fact, before he develops the argument given here, his paper presents
a discussion in which the particles are characterized by their energy instead of
position and velocity. This leads him to carve up μ-space into cells of equal size δε
in energy. He then shows that the combinatorial argument fails to reproduce the
desired Maxwell distribution for particles moving in 3 spatial dimensions.35 This
failure is then remedied [Boltzmann, 1909, II, p. 190] by switching to a choice of
equally sized cells in δω in position and velocity. The latter choice is apparently
’right’, in the sense that leads to the desired result. However, since the choice
clearly cannot be relegated to a matter of convention, it leaves open the question
of justification.

Modern commentators are utterly divided in the search for a direction in which
a motivation for the choice of the size of these cells can be found. Some argue
that the choice should be made in accordance with the actual finite resolution of
measuring instruments or human observation capabilities. The question whether
these do in fact favour a partition into cells of equal phase space volume has hardly
been touched upon. Others [Popper, 1982; Redhead, 1995] reject an appeal to
observation capacities on the grounds that these would introduce a ‘subjective’ or
‘anthropocentric’ element into the explanation of irreversibility (see also [Jaynes,
1965; Grünbaum, 1973; Denbigh and Denbigh, 1985; Ridderbos, 2002]).

3. Micro versus macro. The essential step in the argument is the distinction
between micro- and macrostates. This is indeed the decisive new element, that al-
lowed Boltzmann a complete reinterpretation of the notion and role of probability.

In 1872 and before, the distribution of state f was identified with a probability
(namely of a molecular state, cf. Remark 1 of paragraph 4.2). On the other
hand, in the present work it, or its discrete analogue Z, is a description of the
macrostate of the gas, to which a probability is assigned. Essentially, the role
of the distribution of state has been shifted from defining a probability measure
to being a stochastic variable. Its previous role is taken over by a new idea:
Probabilities are not assigned to the particles, but to the macrostate of the gas as
a whole, and measured by the corresponding volume in phase space.

Another novelty is that Boltzmann has changed his concept of equilibrium.
Whereas previously the defining characteristic of equilibrium was its stationarity,

35The problem is that for an ideal gas, where all energy is kinetic, δε ∝ vδv. On the other
hand, for three-dimensional particles, δω ∝ v2δv. The function f derived from (59) and (63)
thus has a different dependence on v in the two cases. As Boltzmann notes, the two choices are
compatible for particles in two dimensions (i.e. discs moving in a plane).
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in Boltzmann’s new view it is conceived as the macrostate (i.e. a region in phase
space) that takes up the largest volume. As a result, a system in a state of equi-
librium need not remain there: in the course of time, the microstate of the system
may fluctuate in and out of this equilibrium region. Boltzmann briefly investi-
gated the probability of such fluctuations in his [Boltzmann, 1878]. Almost thirty
years later, the experimental predictions for fluctuation phenomena by Einstein
and Smoluchowski provided striking empirical successes for statistical mechanics.

4. But what about evolutions? Perhaps the most important issue is this.
What exactly is the relation of the 1877b paper to Loschmidt’s objection and
Boltzmann’s primary reply to it (1877a)? The primary reply (cf. paragraph 4.3)
can be read as an announcement of two subjects of further investigation:

From the relative numbers of the various distributions of state, one
might even be able to calculate their probabilities. This could lead to
an interesting method of determining thermal equilibrium [Boltzmann,
1909, II, p. 121]

This is a problem about equilibrium. The second announcement was that Boltz-
mann said “The case is completely analogous for the Second Law” [Boltzmann,
1909, II, p. 121]. Because there are so very many more uniform than non-uniform
distributions, it should be extraordinarily improbable that a system should evolve
from a uniform distribution of states to a non-uniform distribution of states. This
is a problem about evolution (cf. point 3 of section 4.3). In other words, one would
like to see that something like the statistical H-theorem actually holds.

Boltzmann’s [1877b] is widely read as a follow-up to these announcements. In-
deed, Boltzmann repeats the first quote above in the introduction of the paper
[Boltzmann, 1909, II, p. 165], indicating that he will address this problem. And
so he does, extensively. Yet he also states:

Our main goal is not to linger on a discussion of thermal equilibrium,
but to investigate the relations of probability with the Second Law of
thermodynamics [Boltzmann, 1909, II, p. 166].

Thus, the main goal of [1877b] is apparently to address the problem concerning
evolutions and to show how they relate to the Second Law. Indeed, this is what
one would naturally expect since the reversibility objection is, after all, a problem
concerned with evolutions. Even so, a remarkable fact is that the 1877b paper
hardly ever touches its self-professed “main goal” at all. As a matter of fact, I can
find only one passage in the remainder of the paper where a connection with the
Second Law is mentioned.

It occurs in Section V [Boltzmann, 1909, II, p. 216-7]. After showing that
in equilibrium states for monatomic gases the ‘permutability measure’ ln |ΓZ | (for
which Boltzmann’s notation is Ω) is proportional to the thermodynamical entropy,
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up to an arbitrary additive constant, he concludes that, by choosing the constant
appropriately:36

(64)
∫

dQ

T
=

2
3
Ω
[
=

2
3

ln |ΓZ |
]

and adds:

It is known that when a system of bodies goes through reversible
changes, the total sum of the entropies of all these bodies remains
constant; but when there are among these processes also irreversible
(nicht umkehrbar) changes, then the total entropy must necessarily
increase. This follows from the familiar circumstance that

∫
dQ/T is

negative for an irreversible cyclic process. In view of (64), the sum of all
permutability measures of all bodies

∑
Ω, or their total permutability

measure, must also increase. Hence, permutability is a quantity which
is, up to a multiplicative and additive constant, identical to entropy,
but which retains a meaning also during the passage of an irreversible
body [sic– read: “process”], in the course of which it continually in-
creases [Boltzmann, 1909, II p.217]

How does this settle the problem about evolutions, and does it provide a satisfac-
tory refutation of the reversibility objection? In the literature, there are at least
four views about what Boltzmann’s response actually intended or accomplished.

4α. Relying on the separation between micro- and macroscales: A view
that has been voiced recently, e.g. by [Goldstein, 2001], is that Boltzmann had, by
his own argument, adequately and straightforwardly explained why entropy should
tend to increase. In particular, this view argues, the fact of the overwhelmingly
large phase space volume of the set Γeq of all equilibrium phase points, compared
to the set of non-equilibrium points already provides a sufficient argument.

For a non-equilibrium phase point x of energy E, the Hamiltonian
dynamics governing the motion xt arising from x would have to be
ridiculously special to avoid reasonably quickly carrying xt into Γeq

and keeping it there for an extremely long time — unless, of course x
itself were ridiculously special [Goldstein, 2001, p. 6].

In fact, this view may lay some claim to being historically faithful. As we have
seen, [Boltzmann, 1877a] did claim that the large probability for an evolution
towards equilibrium did follow from the large differences in number of states.

The main difficulty with this view is that, from a modern perspective, it is
hard to maintain that it is adequate. States don’t evolve into other states just
because there are more of the latter, or because they make up a set of larger

36Actually, equation (64) is the closest he got to the famous formula on his tombstone, since
Ω = ln W , and Boltzmann adopts a temperature scale that makes k = 2/3.
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measure. The evolution of a system depends only on its initial state and its
Hamiltonian. Questions about evolution can only be answered by means of an
appeal to dynamics, not by the measure of sets alone. To take an extreme example,
the trajectory covered by xt, i.e. the set {xt : t ∈ R} is a set of measure zero
anyway; and hence very special. By contrast, its complement, i.e. the set of states
not visited by a given trajectory is huge: it has measure one. Certainly, we
cannot argue that the system cannot avoid wandering into the set of states that it
does not visit. Another example is that of a system of non-interacting particles,
e.g., the ideal gas. In this case, all the energies of the individual particles are
conserved, and because of these conserved quantities, the phase point can only
visit a very restricted region of phase space.37

The lesson is, of course, that in order to obtain any satisfactory argument why
the system should tend to evolve from non-equilibrium states to the equilibrium
state, we should make some assumptions about its dynamics. In any case, judg-
ments like “reasonable” or “ridiculous” remain partly a matter of taste. The
reversibility objection is a request for mathematical proof (which, as the saying
goes, is something that even convinces an unreasonable person).

4β. Relying on the ergodic hypothesis: A second, and perhaps the most
well-known, view to this problem is the one supplied by the Ehrenfests. In essence,
they suggest that Boltzmann somehow relied on the ergodic hypothesis in his
argument.

It is indeed evident that if the ergodic hypothesis holds, a state will spend time in
the various regions of the energy hypersurface in phase space in proportion to their
volume. That is to say, during the evolution of the system along its trajectory,
regions with a small volume, corresponding to highly non-uniform distributions of
state are visited only sporadically, and regions with larger volume, corresponding
to more uniform distributions of state more often.

This should also make it plausible that if a system starts out from a very
small region (an improbable state) it will display a tendency to evolve towards the
overwhelmingly larger equilibrium state. Of course, this ‘tendency’ would have
to be interpreted in a qualified sense: the same ergodic hypothesis would imply
that the system cannot stay inside the equilibrium state forever and thus there
would necessarily be fluctuations in and out of equilibrium. Indeed, one would
have to state that the tendency to evolve from improbable to probable states is
itself a probabilistic affair: as something that holds true for most of the initial
states, or for most of the time, or as some or other form of average behaviour. In
short, we would then hopefully obtain some statistical version of the H-theorem.
What exactly the statistical H-theorem should say remains an open problem in the
Ehrenfests’ point of view. Indeed they distinguish between several interpretations
(the so-called ‘concentration curve’ and the ‘bundle of H-curves’ [Ehrenfest and
Ehrenfest-Afanassjewa, 1912, p. 31–35]).

37It is somewhat ironic to note, in view of remark 1 above, that this is the only case compatible
with Boltzmann’s argument. This gives rise to Khinchin’s “methodological paradox” (cf. 1019).
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Now, it is undeniable that the Ehrenfests’ reading of Boltzmann’s intentions
has some clear advantages. In particular, even though nobody has yet succeeded
in proving a statistical H-theorem on the basis of the ergodic hypothesis, or on
the basis of the assumption of metric transitivity (cf. paragraph 6.1, one might
hope that some statistical version of the H-theorem is true.

One problem here is that the assumptions Boltzmann used in his paper are re-
stricted to non-interacting molecules, for which the ergodic hypothesis is demon-
strably false. But even more importantly, it is clear that Boltzmann did not follow
this line of argument in 1877b at all. Indeed, he nowhere mentions the ergodic
hypothesis. In fact he later commented on the relation between the 1877b paper
and the ergodic hypothesis of 1868, saying:

On that occasion [i.e. in (1877b)] . . . I did not wish to touch upon the
question whether a system is capable of traversing all possible states
compatible with the equation of energy [Boltzmann, 1881a, Abh. II
p. 572].

4γ. Relying on the H-theorem: A third point of view, one to which this
author adhered until recently, is that, in (1877b) Boltzmann simply relied on the
validity of the H-theorem of 1872. After all, it was the 1872 paper that proposed
to interpret −NH as entropy (modulo multiplicative and additive constants), on
the basis of the alleged theorem that it could never decrease. The 1877b paper
presents a new proposal, to link the entropy of a macrostate with ln |ΓZ |. But this
proposal is motivated, if not derived, by showing that ln |ΓZ | is (approximately)
equal to −NH, as in (61), whose interpretation as entropy was established in
(1872). It thus seems plausible to conjecture that Boltzmann’s thinking relied on
the results of that paper, and that the claim that states will evolve from improbable
to probable states, i.e. that ln |ΓZ | shows a tendency to increase in time, likewise
relied on the H-theorem he had proved there.38 The drawback of this reading is
that it makes Boltzmann’s response to the reversibility objection quite untenable.
Since the objection as formulated in his (1877a) calls the validity of the H-theorem
into question, a response that presupposes the validity of this theorem is of no help
at all.

4δ. Bypassing the H-theorem: [Janssen, 2002] has a different reading. He
notes: “In Boltzmann’s 1877 paper the statement that systems never evolve from
more probable to less probable states is presented only as a new way of phrasing the
Second Law, not as a consequence of the H-theorem” (p. 13). Indeed, any explicit
reference to the H-theorem is absent in the 1877b paper. However, what we are
to make of this is not quite certain. The earlier paper (1877a) did not mention
the theorem either, but only discussed “any attempt to prove that

∫
dQ
T ≤ 0”.

Still, this is commonly seen as an implicit reference to what is now known as the

38The conjecture is supported by the fact Boltzmann’s later exposition in 1896 is presented
along this line.
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H-theorem, but which did not yet have a particular name at that time. Indeed,
the H-theorem itself was characterized in 1872 only as a new proof that

∫
dQ
T ≤ 0

(cf. the quotation on page 965). So, the fact that the H-theorem is not explicitly
mentioned in (1877b) is not by itself a decisive argument that he did not intend
to refer to it.

Even so, the fact that he presented the increase of entropy as something which
was well-known and did not refer to the 1872 paper at all, does make Janssen’s
reading plausible. So, perhaps Boltzmann merely relied on the empirical valid-
ity of the Second Law as a ground for this statement, and not at all on any
proposition from kinetic theory of gases.39 This, of course, would undermine even
more strongly the point of view that Boltzmann had a statistical version of the
H-theorem, or indeed any theorem at all, about the probability of time evolution.

The reversibility objection was not about a relationship between the phenomeno-
logical Second Law and the H-theorem, but about the relationship between the
H-theorem and the mechanical equations of motion. So even though Janssen’s
reading makes Boltzmann’s views consistent, it does not make the 1877b paper
provide a valid answer to Loschmidt’s objection.

4ε. The urn analogy — victory by definition? At the risk of perhaps
overworking the issue, I also want to suggest a fifth reading. Boltzmann’s (1877b)
contains an elaborate discussion of repeated drawings from an urn. In modern
terms, he considers a Bernoulli process, i.e., a sequence of independent identically
distributed repetitions of an experiment with a finite number of possible outcomes.
To be concrete, consider an urn filled with m differently labeled lots, and a sequence
of N drawings, in which the lot i is drawn ni times (

∑m
i=1 ni = N). He represents

this sequence by a “distribution of state” Z = (n1, . . . , nm). In this discussion, the
probability of these distributions of state is at first identified with the (normalized)
number of permutations by which Z can be produced. In other words

(65) Prob(Z) ∝ N !
n1! · · ·nm!

.

But halfway this discussion [Boltzmann, 1909, II, p. 171], he argues that one can
redefine probabilities in an alternative fashion, namely, as the relative frequency
of occurrence during later drawings of a sequence of N lots. Thus, even when,
on a particular trial, an improbable state Z occurred, we can still argue that on
a later drawings, a more probable state will occur. Boltzmann speaks about the
changes in Z during the consecutive repetitions as an evolution. He then says:

39Further support for this reading can be gathered from later passages. For example, [Boltz-
mann, 1897b] writes “Experience shows that a system of interacting bodies is always found
‘initially’ in an improbable state and will soon reach the most probable state (that of equilib-
rium). [Boltzmann, 1909, III, p. 607]. Here too, Boltzmann presents the tendency to evolve from
improbable to more probable states as a fact of experience rather than the consequence of any
theorem.
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The most probable distribution of state must therefore be defined as
that one to which most [states] will evolve to [Boltzmann, 1909, II,
p. 172].

Although he does not make the point quite explicitly, the discussion of urn
drawings is undoubtedly meant as an analogy for the evolution of the distribution
of state in a gas. Hence, it is not implausible that, in the latter case too, Boltzmann
might have thought that by definition the most probable distribution of state is
the one that most states will evolve to. And this, in turn, would mean that he
regarded the problem about evolutions not as something to be proved, and that
might depend on the validity of specific dynamical assumptions like the ergodic
hypothesis or the Stoßzahlansatz, but as something already settled from the outset.
This would certainly explain why Boltzmann did not bother to address the issue
further.

Even so, this reading too has serious objections. Apart from the fact that it
is not a wise idea to redefine concepts in the middle of an argument, the analogy
between the evolution of an isolated gas and a Bernoulli process is shaky. In the
first case, the evolution is governed by deterministic laws of motion; in the latter
one simply avoids any reference to underlying dynamics by the stipulation of the
probabilistic independence of repeated drawings. However, see paragraph 6.2.

To sum up this discussion of Boltzmann’s answer to the reversibility objection:
it seems that on all above readings of his two 1877 papers, the lacuna between
what Boltzmann had achieved and what he needed to do to answer Loschmidt
satisfactorily — i.e. to address the issue of the evolution of distributions of state
and to prove that non-uniform distributions tend, in some statistical sense, to
uniform ones, or to prove any other reformulation of the H-theorem — remains
striking.

4.5 The recurrence objection

Poincaré

In 1890, in his famous treatise on the three-body problem of celestial mechan-
ics, Poincaré derived what is nowadays called the recurrence theorem . Roughly
speaking, the theorem says that for every mechanical system with a bounded phase
space, almost every initial state of the system will, after some finite time, return
to a state arbitrarily closely to this initial state, and indeed repeat this infinitely
often.

In modern terms, the theorem can be formulated as follows:

Recurrence Theorem: Consider a dynamical system40 〈Γ,A, μ, T 〉
40See section 6.1 for a definition of dynamical systems. But in short: Γ is a phase space, A a

family of measurable subsets of Γ and T is a one-parameter continuous group of time evolutions
Tt : Γ× R −→ Γ.
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with μ(Γ) <∞. Let A ∈ A be any measurable subset of Γ,and define,
for a given time τ , the set

(66) B = {x : x ∈ A & ∀t ≥ τ : Ttx �∈ A}
Then

(67) μ(B) = 0.

In particular, for a Hamiltonian system, if we choose Γ to be the energy hyper-
surface ΓE , take A to be a ‘tiny’ region in ΓE , say an open ball of diameter ε in
canonical coordinates, the theorem says that the set of points in this region whose
evolution is such that they will, after some time τ , never return to region A, has
measure zero. In other words, almost every trajectory starting within A will after
any finite time we choose, later return to A.

Poincaré had already expressed his objections against the tenability of a me-
chanical explanation of irreversible phenomena in thermodynamics earlier (e.g.
[Poincaré, 1889]). But armed with his new theorem, he could make the point even
stronger. In his 1893, he argued that the mechanical conception of heat is in con-
tradiction with our experience of irreversible processes. According to the English
kinetic theories, says Poincaré:

[t]he world tends at first towards a state where it remains for a long
time without apparent change; and this is consistent with experience;
but it does not remain that way forever, it the theorem cited above is
not violated; it merely stays there for an enormously long time, a time
which is longer the more numerous are the molecules. This state will
not be the final death of the universe but a sort of slumber, from which
it will awake after millions and millions of centuries.

According to this theory, to see heat pass from a cold body into a warm
one, it will not be necessary to have the acute vision, the intelligence
and the dexterity of Maxwell’s demon; it will suffice to have a little
patience [Brush, 2003, p.380].

He concludes that these consequences contradict experience and lead to a “definite
condemnation of mechanism” [Brush, 2003, p.381].

Of course, Poincaré’s “little patience”, even for “millions and millions of cen-
turies” is a rather optimistic understatement. Boltzmann later estimated the time
needed for a recurrence in 1 cc of air to be 101019

seconds (see below): utterly be-
yond the bounds of experience. Poincaré’s claim that the results of kinetic theory
are contradicted by experience is thus too hasty.

Poincaré’s article does not seem to have been noticed in the contemporary
German-language physics community — perhaps because he criticized English
theories only. However, Boltzmann was alerted to the problem when a slightly
different argument was put forward by Zermelo in 1896. The foremost difference
is that in Zermelo’s argument experience does not play a role.
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Zermelo’s argument

Zermelo (1896a) points out that for a Hamiltonian mechanical system with a
bounded phase space, Poincaré’s theorem implies that, apart from a set of singular
states, every state must recur almost exactly to its initial state, and indeed repeat
this recurrence arbitrarily often. As a consequence, for any continuous function F
on phase space, F (xt) cannot be monotonically increasing in time, (except when
the initial state is singular); whenever there is a finite increase, there must also
be a corresponding decrease when the initial state recurs. (see [Olsen, 1993] for a
modern proof of this claim) Thus, it would be impossible to obtain ‘irreversible’
processes. Along the way, Zermelo points out a number of options to avoid the
problem.

1. Either we assume that the gas system has no bounded phase space. This
could be achieved by letting the particles reach infinite distances or infinite ve-
locities. The first option is however excluded by the assumption that a gas is
contained in a finite volume. The second option could be achieved when the
gas consists point particles which attract each other at small distances, (e.g. an
F ∝ r−2 inter-particle attractive force can accelerate them toward arbitrarily high
velocities.) However, on physical grounds one ought to assume that there is always
repulsion between particles at very small distances.

2. Another possibility is to assume that the particles act upon each other by
velocity-dependent forces. This, however would lead either to a violation of the
conservation of energy or the law of action and reaction, both of which are essential
to atomic theory.

3. The H-theorem holds only for those special initial states which are the
exception to the recurrence theorem, and we assume that only those states are
realized in nature. This option would be unrefutable, says Zermelo. Indeed, the
reversibility objection has already shown that not all initial states can correspond
to the Second Law. However, here we would have to exclude the overwhelming
majority of all imaginable initial states, since the exceptions to the Recurrence
Theorem only make up a set of total extension (i.e. in modern language: measure)
zero. Moreover, the smallest change in the state variables would transform a
singular state into a recurring state, and thus suffice to destroy the assumption.
Therefore, this assumption “would be quite unique in physics and I do not believe
that anyone would be satisfied with it for very long.”

This leaves only two major options:
4. The Carnot-Clausius principle must be altered.41

5. The kinetic theory must be formulated in an essentially different way, or even
be given up altogether.

Zermelo does not express any preference between these last two options. He
concludes that his aim has been to explain as clearly as possible what can be
proved rigorously, and hopes that this will contribute to a renewed discussion and

41By this term, Zermelo obviously referred to the Second Law, presumably including the Zeroth
Law.
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final solution of the problem.
I would like to emphasize that, in my opinion, Zermelo’s argument is entirely

correct. If he can be faulted for anything, it is only that he had not noticed that
in his very recent papers, Boltzmann had already been putting a different gloss on
the H-theorem.

Boltzmann’s response

[Boltzmann, 1896b] response opens by stating that he had repeatedly pointed out
that the theorems of gas are statistical. In particular, he says, he had often em-
phasized as clearly as possible that the Maxwell distribution law is not a theorem
from ordinary mechanics and cannot be proven from mechanical assumptions.42

Similarly, from the molecular viewpoint, the Second Law appears merely as a
probability statement. He continues with a sarcastic remark:

Zermelo’s paper shows that my writings have been misunderstood; nev-
ertheless it pleases me for it appears to be the first indication that these
works have been noticed in Germany.43

Boltzmann agrees that Poincaré’s recurrence theorem is “obviously correct”, but
claims that Zermelo’s application of the theorem to gas theory is not. His counter
argument is very similar to his (1895) presentation in Nature, a paper that Zermelo
had clearly missed.

In more detail, this argument runs as follows. Consider a gas in a vessel with
perfectly smooth and elastic walls, in an arbitrary initial state and let it evolve
in the course of time. At each time t we can calculate H(t). Further, consider
a graph of this function, which Boltzmann called: the H-curve. In his second
reply to Zermelo [Boltzmann, 1897a], he actually produced a diagram. A rough
an modernized version of such an H-curve is sketched in Fig. 3.

Barring all cases in which the motion is ‘regular’, e.g. when all the molecules
move in one common plane, Boltzmann claims the following properties of the
curve:

(i). For most of the time, H(t) will be very close to its minimum value, say Hmin.
Moreover, whenever the value of H(t) is very close to Hmin, the distribution
of molecular velocities deviates only very little from the Maxwell distribution.

42This is, as we have seen, a point Boltzmann had been making since 1877. However, one might
note that just a few years earlier, [Boltzmann, 1892], after giving yet another derivation of the
Maxwell distribution (this time generalized to a gas of hard bodies with an arbitrary number of
degrees of freedom that contribute quadratic terms to the Hamiltonian), had concluded: “I believe
therefore that its correctness [i.e. of the Maxwell distribution law] as a theorem of analytical
mechanics can hardly be doubted” [Boltzmann, 1909, III p.432]. But as we have seen on other
occasions, for Boltzmann, statements that some result depended essentially on probability theory,
and the statement that it could be derived as a mechanical theorem, need not exclude each other.

43Eight years earlier, Boltzmann had been offered the prestigious chair in Berlin as successor
of Kirchhoff, and membership of the Prussian Academy. The complaint that his works did not
draw attention in Germany is thus hard to take seriously.
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H(t)

Hmin

t −→

Figure 3. A (stylized) example of an H-curve

(ii). The curve will occasionally, but very rarely, rise to a peak or summit, that
may be well above Hmin.

(iii). The probability of a peak decreases extremely rapidly with its height.

Now suppose that, at some initial time t = 0, the function takes a very high value
H0, well above the minimum value. Then, Boltzmann says, it will be enormously
probable that the state will, in the course of time, approach the Maxwell dis-
tribution, i.e., H(t) will decrease towards Hmin; and subsequently remain there
for an enormously long time, so that the state will deviate only very little from
the Maxwell distribution during vanishingly short durations. Nevertheless, if one
waits even longer, one will encounter a new peak, and indeed, the original state
will eventually recur. In a mathematical sense, therefore, these evolutions are
periodic, in full conformity with Poincaré’s recurrence theorem.

What, then, is the failure of Zermelo’s argument? Zermelo had claimed that only
very special states have the property of continually approaching the Maxwell dis-
tribution, and that these special states taken together make up an infinitely small
number compared to the totality of possible states. This is incorrect, Boltzmann
says. For the overwhelming majority of states, the H-curve has the qualitative
character sketched above.

Boltzmann also took issue with (what he claimed to be Zermelo’s) conclusion
that the mechanical viewpoint must somehow be changed or given up. This con-
clusion would only be justified, he argues, if this viewpoint led to some consequence
that contradicted experience. But, Boltzmann claims, the duration of the recur-
rence times is so large that no one will live to observe them.

To substantiate this claim about the length of the recurrence time, he presents,
in an appendix an estimate of the recurrence time for 1 cc of air at room tempera-
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ture and pressure. Assuming there are 109 molecules in this sample,44 and choos-
ing cells in the corresponding μ-space as six-dimensional cubes of width 10−9 m in
(physical) space and 1 m/s in velocity space, Boltzmann calculates the number of
different macrostates, i.e. the number of different ways in which the molecules can
be distributed over these cells as (roughly) 10109

. He then assumes that, before
a recurrence of a previous macrostate, the system has to pass through all other
macrostates. Even if the molecules collide very often, so that the system changes
its macrostate 1027 times per second, the total time it takes to go through this
huge number of macrostates will still take 10109−27 ≈ 10109

seconds. In fact, this
time is so immensely large that its order of magnitude is not affected whether we
express it in seconds, years, millennia, or what have you.

The upshot is, according to Boltzmann: if we adopt the view that heat is
a form of motion of the molecules, obeying the general laws of mechanics, and
assume that the initial state of a system is very unlikely, we arrive at a theorem
which corresponds to the Second Law for all observed phenomena. He ends with
another sarcasm:

All the objections raised against the mechanical view of Nature are
therefore empty and rest on errors. But whoever cannot overcome the
difficulties, which a clear understanding of the theorems of gas theory
poses, should indeed follow the advice of Mr Zermelo and decide to
give up the theory completely. [Boltzmann, 1909, III p. 576].

Zermelo’s reply

[Zermelo, 1896b] notes that Boltzmann’s response confirms his views by admit-
ting that the Poincaré theorem is correct and applicable to a closed system of
gas molecules. Hence, in such a system, “all [sic] motions are periodic and not
irreversible in the strict sense”. Thus, kinetic gas theory cannot assert that there
is a strict monotonic increase of entropy as the Second Law would require. He
adds: “I think this general clarification was not at all superfluous” [Brush, 2003,
p. 404].

Therefore, Zermelo argues, his main point had been conceded: there is indeed
a conflict between thermodynamics and kinetic theory, and it remains a matter
of taste which of the two is abandoned. Zermelo admits that observation of the
Poincaré recurrences may well fall beyond the bounds of human experience. He
points out (correctly) that Boltzmann’s estimate of the recurrence time presup-
poses that the system visits all other cells in phase space before recurring to an
initial state. This estimate is inconclusive, since the latter assumption is somewhat
ad hoc. In general, these recurrence times need not “come out so ‘comfortingly’
large” [Brush, 2003, p. 405]. But, as I stressed before, the relation with experience
simply was no issue in Zermelo’s objection.

44Actually, modern estimates put the number of molecules in 1cc of air closer to 1019, which

would make Boltzmann’s estimate for recurrence time even larger still, i.e. 101019
.
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The main body of Zermelo’s reply is taken by an analysis of the justification
of and consequences drawn from Boltzmann’s assumption that the initial state is
very improbable, i.e., that H0 is very high. Zermelo argues that even in order to
obtain an approximate or empirical analogue of the Second Law, as Boltzmann
envisaged, i.e. an approach to a long-lasting, but not permanent equilibrium state,
it would not suffice to show this result for one particular initial state. Rather, one
would have to show that evolutions always take place in the same sense, at least
during observable time spans.

As Zermelo understands it, Boltzmann does not merely assume that the initial
state has a very high value for H, but also that, as a rule, the initial state lies on
a maximum, or has just passed a maximum. If this assumption is granted, then it
is obvious that one can only observe a decreasing flank of the H-curve. However,
Zermelo protests, one could have chosen any time as the initial time. In order to
obtain a satisfactorily general result, the additional assumption would thus have
to apply at all times. But then the H-curve would have to consist entirely of
maxima. But this leads to nonsense, Zermelo argues, since the curve cannot be
constant. Zermelo concludes that Boltzmann’s assumptions about the initial state
are thus in need of further physical explanation.

Further, Zermelo points out that probability theory, by itself, is neutral with
respect to the direction of time, so that no preference for evolutions in a particular
sense can be derived from it. He also points out that Boltzmann apparently equates
the duration of a state and its extension (i.e. the relative time spent in a region
and the relative volume of that region in phase space). “I cannot find that he has
actually proved this property” [Brush, 2003, p. 406].

Boltzmann’s second reply

In his second reply 1897a, Boltzmann rebuts Zermelo’s demand for a physical
explanation of his assumptions about the initial state of the system with the claim
that the question is not what will happen to an arbitrarily chosen initial state, but
rather what will happen to a system in the present state of the universe.

He argues that one should depart from the (admittedly unprovable) assumption
that the universe (or at least a very large part of the universe that surrounds us
started in a very improbable state and still is in an improbable state. If one then
considers a small system (e.g. a gas) that is suddenly isolated from the rest of the
universe, there are the following possibilities: (i) The system may already be in
equilibrium, i.e. H is close to its minimum value. This, Boltzmann says, is by far
the most probable case. But among the few cases in which the system is not in
equilibrium, the most probable case is (ii) that H will be on a maximum of the
H-curve, so that it will decrease in both directions of time. Even more rare is the
case in which (iii) the initial value of H will fall on a decreasing flank of the H
curve. But such cases are just as frequent as those in which (iv) H falls on an
increasing flank.45

45The Ehrenfests 1912 later added a final possible case (v): H may initially be on a local
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Thus, Boltzmann’s explanation for the claim that H is initially on a maximum
is that this would be the most likely case for a system not in equilibrium, which
isolated from the rest of the universe in its present state.

This occasion is perhaps the first time that Boltzmann advanced an explana-
tion of his claims as being due to an assumption about initial state of the system,
ultimately tied to an assumption about the initial conditions of the universe. To-
day, this is often called the past-hypothesis (cf. [Albert, 2000; Winsberg, 2004;
Callender, 2004; Earman, 2006]).

He ends his reply with the observation that while the mechanical conception of
gas theory agrees with the Clausius-Carnot conception [i.e. thermodynamics] in all
observable phenomena, a virtue of the mechanical view is that it might eventually
predict new phenomena, in particular for the motion of small bodies suspended
in fluids. These prophetic words were substantiated eight years later in Einstein’s
work on Brownian motion.

However, he does not respond to Zermelo’s requests for more definite proofs of
the claims (1) –(3), or of the equality of phase space volume and time averages
in particular. He bluntly states that he has thirty years of priority in measuring
probabilities by means of phase space volume (which is true) and adds that he has
always had done so (which is false). Even so, one cannot interpret this claim of
Boltzmann as a rejection of the time average conception of probability. A few lines
below, he claims that the most probable states will also occur most frequently, ex-
cept for a vanishingly small number of initial states. He does not enter into a proof
of this. Once again, this provides an instance where the Ehrenfests conjectured
that Boltzmann might have had the ergodic hypothesis in the back of his mind.

Remarks

Boltzmann’s replies to Zermelo have been recommended as “superbly clear and
right on the money” [Lebowitz, 1999, p. S347]. However, as will clear from the
above and the following remarks, I do not share this view. See also [Klein, 1973;
Curd, 1982; Batterman, 1990; Cercignani, 1998; Brush, 1999; Earman, 2006] for
other commentaries on the Zermelo-Boltzmann dispute.

1. The issues at stake It is clear that, in at least one main point of the dispute,
Boltzmann and Zermelo had been talking past each other. When Zermelo argued
that in the kinetic theory of gases there can be no continual approach towards a
final stationary state, he obviously meant this in the sense of a limit t −→ ∞.
But Boltzmann’s reply indicates that he took the “approach” as something that is
not certain but only probable, and as lasting for a very long, but finite time. His
graph of the H-curve makes abundantly clear that limt−→∞H(t) does not exist.

It is true that his statistical reading of the H-theorem, as laid down in the claims
(1)–(3) above, was already explicit in (Boltzmann 1895), and thus Boltzmann could

minimum of the H-curve, so that it increases in both directions of time. But by a similar
reasoning, that case is even less probable than the cases mentioned by Boltzmann.
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claim with some justification that his work had been overlooked. But in fairness,
one must note that, even in this period, Boltzmann was sending mixed messages
to his readers. Indeed, the first volume of Boltzmann’s Lectures on Gas Theory,
published in 1896, stressed, much like his original [1872] paper on the H-theorem,
the necessity and exceptionless generality of the H-theorem, adding only that the
theorem depended on the assumption of molecular disorder (as he then called the
Stoßzahlansatz ):46 “

[T]he quantity designated as H can only decrease; at most it can re-
main constant.[. . . ] The only assumption we have made here is that
the distribution of velocities was initially ‘molecularly disordered’ and
remains disordered. Under this condition we have therefore proved
that the quantity called H can only decrease and that the distribution
of velocities must necessarily approach the Maxwell distribution ever
more closely [Boltzmann, 1896, § 5, p. 38].

Zermelo might not have been alone in presuming that Boltzmann had intended
this last claim literally, and was at least equally justified in pointing out that
Boltzmann’s clarification “was not at all superfluous”.

On the other hand, Boltzmann misrepresented Zermelo’s argument as conclud-
ing that the mechanical view should be given up. As we have seen, Zermelo only
argued for a dilemma between the strict validity of the kinetic theory and the strict
validity of thermodynamics. Empirical matters were not relevant to Zermelo’s
analysis. Still, Boltzmann is obviously correct when he says that the objection
does not yet unearth a conflict with experience. Thus, his response would have
been more successful as a counter-argument to Poincaré than to Zermelo.

2. The statistical reading of the H-theorem. Another point concerns the
set of claims (1)–(3) that Boltzmann lays down for the behaviour of the H-curve.
Together, they form perhaps the most clearly stated and explicit form of the
“statistical reading of the H-theorem” (cf remark 3 on page 972). Yet they only
have a loose connection to the original theorem. It is unclear, for example, whether
these claims still depend on the Stoßzahlansatz, the assumption that the gas is
dilute, etc. It thus remains a reasonable question what argument we have for their
validity. Boltzmann offers none. In his 1895 paper in Nature, he argued as if
he had proved as much in his earlier papers, and added tersely: ”I will not here
repeat the proofs given in my papers” [Boltzmann, 1909, III p. 541]. But surely,
Boltzmann never proved anything concerning the probability of the time evolution
of H, and at this point there remains a gap in his theory. Of course, one might

46in his reply to Zermelo, Boltzmann claimed that his discussion of the H-theorem in the Lec-
tures on Gas theory was intended under the explicitly emphasized assumption that the number
of molecules was infinite, so that the recurrence theorem did not apply. However, I can find no
mention of such an assumption in this context. On the contrary, the first occasion on which this
latter assumption appears is in §6 on page 46 where it is introduced as “an assumption we shall
make later”, suggesting that the previous discussion did not depend on in it.
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speculate on ways to bridge this gap; e.g. that Boltzmann implicitly and silently
relied on the ergodic hypothesis, as the Ehrenfests suggested or in other ways, but
I refrain from discussing this further. The most successful modern attempt so far
to formulate and prove a statistical H-theorem has been provided by Lanford, see
paragraph 6.4 below.

5 GIBBS’ STATISTICAL MECHANICS

The birth of statistical mechanics in a strict sense, i.e. as a coherent and systematic
theory, is marked by the appearance of J.W. Gibbs’s book (1902) which carries
this title: Elementary Principles in Statistical Mechanics; developed with especial
reference to the rational foundation of thermodynamics. His point of departure is
a general mechanical system governed by Hamiltonian equations of motion, whose
(micro)states are represented by points in the mechanical phase space Γ.

Gibbs avoids specific hypotheses about the microscopic constitution of such a
system. He refers to the well-known problem concerning the anomalous values of
the specific heat for gases consisting of diatomic molecules (mentioned in footnote
10), and remarks:

Difficulties of this kind have deterred the author from attempting to
explain the mysteries of nature, and have forced him to be contented
with the more modest aim of deducing some of the more obvious propo-
sitions relating to the statistical branch of mechanics [Gibbs, 1902,
p. viii].

It is clear from this quote that Gibbs’ main concern was with logical coherence,
and less with the molecular constitution. (Indeed, only the very last chapter of
the book is devoted to systems composed of molecules.) This sets his approach
apart from Maxwell and Boltzmann.47

The only two ingredients in Gibbs’ logical scheme are mechanics and probability.
Probability is introduced here as an ingredient not reducible to the mechanical
state of an individual system, but by means of the now familiar “ensemble”:

We may imagine a great number of systems of the same nature, but
differing in the configurations and velocities which they have at a given
instant, and differing not merely infinitesimally, but it may be so as
to embrace every conceivable combination of configuration and veloc-
ities. And here we may set the problem, not to follow a particular
system through its succession of configurations, but to determine how
the whole number of systems will be distributed among the various
conceivable configurations and velocities at any required time, when
the distribution has been given for some one time [Gibbs, 1902, p. v].

47It also sets him apart from the approach of Einstein who, in a series of papers (1902, 1903,
1904) independently developed a formalism closely related to that of Gibbs, but used it as a probe
to obtain empirical tests for the molecular/atomic hypothesis (cf. [Gearhart, 1990; Navarro, 1998;
Uffink, 2006]).
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and

What we know about a body can generally be described most accu-
rately and most simply by saying that it is one taken at random from
a great number (ensemble) of bodies which are completely described.
(p. 163)

Note that Gibbs is somewhat non-committal about any particular interpretation
of probability. (Of course, most of the presently distinguished interpretations of
probability were only elaborated since the 1920s, and we cannot suppose Gibbs
to have pre-knowledge of those distinctions.) A modern frequentist (for whom a
probability of an event is the frequency with which that event occurs in a long
sequence of similar cases) will have no difficulty with Gibbs’ reference to an ensem-
ble, and will presumably identify that notion with von Mises’ notion of a Kollektiv.
On the other hand, authors like Jaynes who favour a subjectivist interpretation
of probability (in which the probability of an event is understood as a state of
knowledge or belief about that event) have emphasized that in Gibbs’ approach
the ensemble is merely ‘imagined’ and a tool for representing our knowledge.

The ensemble is usually presented in the form of a probability density function
ρ over Γ, such that

∫
A

ρ(x)dx is the relative number of systems in the ensemble
whose microstate x = (�q1, �p1; . . . ; �qN , �pN ) lies in the region A. The evolution of
an ensemble density ρ0 at time t = 0 is dictated by the Hamiltonian equations of
motion. In terms of the (formal) time evolution operator Tt, we get

(68) ρt(x) = ρ0(T−tx)

or, in differential form:

(69)
∂ρt(x)

∂t
= {H, ρ}

where {·, ·} denotes the Poisson bracket:

(70) {H, ρ} =
N∑
i=1

∂H

∂�qi

∂ρ

∂�pi
− ∂H

∂�pi

∂ρ

∂�qi

A case of special interest is that in which the density function is stationary, i.e.

(71) ∀t :
∂ρt(x)

∂t
= 0.

This is what Gibbs calls the condition of statistical equilibrium. Gibbs notes that
any density which can be written as a function of the Hamiltonian is stationary,
and proceeds to distinguish special cases, of which the most important are:

ρE(x) =
1

ω(E)
δ(H(x)− E) (microcanonical)(72)

ρθ(x) =
1

Z(θ)
exp(−H(x)/θ) (canonical)(73)

ρθ,α(x,N) =
1

N !Z(θ, α)
exp(−H(x)/θ + αN) (grand-canonical)(74)
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where ω(E), Z(θ) and Z(θ, α) are normalization factors. In the following I will
mainly discuss the canonical and microcanonical ensembles.

5.1 Thermodynamic analogies for statistical equilibrium

As indicated by the subtitle of the book, Gibbs’ main goal was to provide a ’rational
foundation’ for thermodynamics. He approaches this issue quite cautiously, by
pointing out certain analogies between relations holding for the canonical and
microcanonical ensembles and results of thermodynamics. At no point does Gibbs
claim to have reduced thermodynamics to statistical mechanics.

The very first analogy noticed by Gibbs is in the case of two systems, A and B
put into thermal contact. This is modeled in statistical mechanics by taking the
product phase space, ΓAB = ΓA×ΓB, and a Hamiltonian HAB = HA+HB+Hint.
If both A and B are described by canonical ensembles and if Hint is ‘infinitely
small’ compared to the system Hamiltonian, then the combined system will be
in statistical equilibrium if θA = θB . This, he says, “is entirely analogous to
. . . the corresponding case in thermodynamics” where “the most simple test of the
equality of temperature of two bodies is that they remain in thermal equilibrium
when brought into thermal contact” (ibid. p. 37). Clearly, Gibbs invites us to
think of statistical equilibrium as analogous to thermal equilibrium, and θ as the
analogue of the temperature of the system.48

A second point of analogy is in reproducing the ‘fundamental equation’ (23) of
thermodynamics:

(75) dU = TdS +
∑
i

Fidai

where ai are the so-called external parameters (e.g. volume) and Fi the associated
generalized forces (e.g. minus the pressure). For the canonical ensemble, Gibbs
derives a relation formally similar to the above fundamental equation:49

(76) d〈H〉 = θdσ −
∑
i

〈Ai〉dai.

Here, 〈H〉 is the expectation value of the Hamiltonian in the canonical ensemble,
θ the modulus of the ensemble, σ the so-called Gibbs entropy of the canonical
distribution:

(77) σ[ρθ] = −
∫

ρθ(x) ln ρθ(x)dx,

ai are parameters in the form of the Hamiltonian and the 〈Ai〉 = 〈 ∂H∂ai
〉 represent

48A more elaborate discussion of the properties of the parameter θ and their analogies to
temperature, is in Einstein (1902). That discussion also addresses the transitivity of thermal
equilibrium, i.e. the Zeroth Law of thermodynamics (cf. paragraph 2).

49See [Uhlenbeck and Ford, 1963; van Lith, 2001b] for details.
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the ‘generalized forces’.50 The equation suggests that the canonical ensemble
averages might serve as analogues of the corresponding thermodynamic quantities,
and θ and σ as analogues of respectively temperature and entropy.51

Note the peculiarly different role of θ and σ in (76): these are not expectations
of phase space functions, but a parameter and a functional of the ensemble density
ρθ. This has a significant conceptual implication. The former quantities may be
thought of as averages, taken over the ensemble of some property possessed by
each individual system in the ensemble. But for temperature θ and entropy σ,
this is not so. In the case of θ one can diminish this contrast — at least when H is
the sum of a kinetic and a potential energy term and the kinetic part is quadratic
in the momenta, i.e. H =

∑
i αip

2
i + U(q1, . . . qn) — because of the well-known

equipartition theorem. This theorem says that θ equals twice the expected kinetic
energy for each degree of freedom:

(78)
θ

2
= αi〈p2

i 〉θ.
Thus, in this case, one can find phase functions whose canonical expectation values
are equal to θ, and regard the value of such a function as corresponding to the
temperature of an individual system.52 But no function χ on phase space exists
such that

(79) σ[ρθ] = 〈χ〉θ for all θ.

Thus, the Gibbs entropy cannot be interpreted as an average of some property of
the individual members of the ensemble.

The next question is whether a differential equation similar to (76) can be
obtained also for the microcanonical ensemble. In this case, it is natural to con-
sider the same expressions 〈Ai〉 and 〈H〉 as above, but now taken as expectations
with respect to the microcanonical ensemble, so that obviously 〈H〉mc = E. The
problem is then to find the microcanonical analogies to T and S. [Gibbs, 1902,
p. 124–128, 169–171] proposes the following:

T ←→
(

d ln Ω(E)
dE

)−1

,(80)

S ←→ ln Ω(E),(81)

where

Ω(E) :=
∫
H(x)≤E

dp1 . . . dqn(82)

50A more delicate argument is needed if one wishes to verify that −〈 ∂H
∂V
〉 can really be identified

with pressure, i.e. the average force per unit area on the walls of the container. Such an argument
is given by [Martin-Löf, 1979, p. 21–25]

51A crucial assumption in this derivation is that the differential expressions represent infinites-
imal elements of quasistatic processes during which the probability density always retains its
canonical shape. This assumption is in conflict with a dynamical evolution [van Lith, 2001b,
p. 141].

52For proposals of more generally defined phase functions that can serve as an analogy of
temperature, see [Rugh, 1997; Jepps et al., 2000].
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is known as the integrated structure function.
Remarkably, in a later passage, [Gibbs, 1902, p. 172–178] also provides a second

pair of analogies to temperature and entropy, namely:

T ←→
(

d ln ω(E)
dE

)−1

(83)

S ←→ lnω(E),(84)

where ω is the structure function

ω(E) =
dΩ(E)

dE
=
∫
H(x)=E

dx.

For this choice, the relation (75) is again reproduced. Thus, there appears to be a
variety of choice for statistical mechanical quantities that may serve as thermody-
namic analogue. Although Gibbs discussed various pro’s and con’s of the two sets,
— depending on such issues as whether we regard the energy or the temperature
as an independent variable, and whether we prefer expected values of most prob-
able values — he does not reach a clear preference for one of them. (As he put it,
system (80,81) is the more natural, while system (83,84) is the simpler of the two.)
Still, Gibbs argued (ibid., p. 183) that the two sets of analogies will approximately
coincide for a very large number degrees of freedom. Nevertheless, this means
there remains an underdetermination in his approach that one can hope to avoid
only in the thermodynamic limit.

The expressions (81) and (84) are also known as the ‘volume entropy’ and
the ‘surface entropy’. In modern textbooks the latter choice has been by far
the most popular, perhaps because it coincides with the Gibbs entropy for the
microcanonical ensemble: σ[ρE ] = lnω(E). However, it has been pointed out
that there are also general theoretical reasons to prefer the volume entropy (81),
in particular because it is, unlike the surface entropy, an adiabatic invariant (see
[Hertz, 1910; Rugh, 2001; Campisi, 2005]).

Of course, all of this is restricted to (statistical) equilibrium. In the case of non-
equilibrium, one would obviously like to obtain further thermodynamical analogies
that recover the approach to equilibrium (the ‘Minus First Law’, cf. p. 939) and
an increase in entropy for adiabatic processes that start and end in equilibrium,
or even to reproduce the kinetic equations on a full statistical mechanical basis.
What Gibbs had to say on such issues will be the subject of the paragraphs 5.3
and 5.4.

But Gibbs also noted that a comparison of temperature and entropy with their
analogies in statistical mechanics “would not be complete without a consideration
of their differences with respect to units and zeros and the numbers used for their
numerical specification” [Gibbs, 1902, p.183]. This will be taken up below in §5.2.



Compendium of the Foundations of Classical Statistical Physics 997

5.2 Units, zeros and the factor N !

The various expressions Gibbs proposed as analogies for entropy, i.e. (77,81,84),
were presented without any discussion of ‘units and zeros’, i.e. of their physical
dimension and the constants that may be added to these expressions. This was
only natural because Gibbs singled out those expressions for their formal merit
of reproducing the fundamental equation, in which only the combination TdS
appears. He discussed the question of the physical dimension of entropy by noting
that the fundamental equation remains invariant if we multiply the analogue for
temperature — i.e. the parameter θ in the canonical case, or the functions (80 or
(83) for the microcanonical case — by some constant K and the corresponding
analogues for entropy — (77), (81) and (84) — by 1/K. Applied to the simple
case of the monatomic ideal gas of N molecules, he concluded that, in order to
equate the analogues of temperature to the ideal gas temperature, 1/K should be
set equal to

(85)
1
K

=
2
3

cV
N

,

where cV is the specific heat at constant volume. He notes that “this value had
been recognized by physicists as a constant independent of the kind of monatomic
gas considered” [Gibbs, 1902, p. 185]. Indeed, in modern notation, 1/K = k, i.e.
Boltzmann’s constant.

Concerning the question of ‘zeros’, Gibbs noted that all the expressions pro-
posed as analogy of entropy had the dimension of the logarithm of phase space
volume and are thus affected by the choice of our units for length mass and time
in the form of some additional constant (cf. [Gibbs, 1902, p. 19,183]). But even
if some choice for such units is fixed, further constants could be added to the sta-
tistical analogs of entropy, i.e. arbitrary expressions that may depend on anything
not varied in the fundamental equation. However, their values would disappear
when differences of entropy are compared. And since only entropy differences have
physical meaning, a question of determining these constants would thus appear to
be immaterial. However, Gibbs went on to argue that “the principle that the en-
tropy of any body has an arbitrary additive constant is subject to limitations when
different quantities of the same substance are compared”[Gibbs, 1902, p. 206]. He
formulated further conditions on how the additive constant may depend on the
number N of particles in his final chapter.

Gibbs starts this investigation by raising the following problem. Consider the
phase (i.e. microstate) (�q1, �p1; . . . ; �qN , �pN ) of an N -particle system where the par-
ticles are said to be “indistinguishable”, “entirely similar” or “perfectly similar”.53

Now, if we perform a permutation on the particles of such a system, should we
regard the result as a different phase or not? Gibbs first argues that it “seems in
accordance with the spirit of the statistical method” to regard such phases as the

53Presumably, these terms mean (at least) that the Hamiltonian is invariant under their per-
mutation, i.e. they have equal mass and interact in exactly the same way.
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same. It might be urged, he says, that for such particles no identity is possible ex-
cept that of qualities, and when comparing the permuted and unpermuted system,
“nothing remains on which to base the identification of any particular particle of
the first system with any particular particle of the second” [Gibbs, 1902, p. 187].

However, he immediately rejects this argument, stating that all this would be
true for systems with “simultaneous objective existence”, but hardly applies to
the “creations of the imagination”. On the contrary, Gibbs argues:

“The perfect similarity of several particles of a system will not in the
least interfere with the identification of a particular particle in one case
and with a particular particle in another. The question is one to be
decided in accordance with the requirements of practical convenience
in the discussion of the problems with which we are engaged” [Gibbs,
1902, p. 188]

He continues therefore by exploring both options, calling the viewpoint in which
permuted phases are regarded as identical the generic phase, and that in which
they are seen as distinct the specific phase. In modern terms the generic phase
space is obtained as the quotient space of the specific phase space obtained by iden-
tifying all phase points that differ by a permutation (see [Leinaas and Myrheim,
1977]). In general, there are N ! different permutations on the phase of a system of
N particles,54 and there are thus N ! different specific phases corresponding to one
generic phase. This reduces the generic phase space measure by an overall factor
of 1

N ! in comparison to the specific phase space. Since the analogies to entropy all
have a dimension equal to the logarithm of phase space measure, this factor shows
up as an further additive constant to the entropy, namely − ln N ! in comparison
to an entropy calculated from the specific phase. Gibbs concludes that when N is
constant, “it is therefore immaterial whether we use [the generic entropy] or [the
specific entropy], since this only affects the arbitrary constant of integration which
is added to the entropy [Gibbs, 1902, p. 206].55

However, Gibbs points out that this is not the case if we compare the entropies
of systems with different number of particles. For example, consider two identical
gases, each with the same energy U , volume V and number of particles N , in
contiguous containers, and let the entropy of each gas be written as S(U, V,N).
Gibbs puts the entropy of the total system equal to the sum of the entropies:

(86) Stot = 2S(U, V,N).

Now suppose a valve is opened, making a connection between the two containers.
Gibbs says that “we do not regard this as making any change in the entropy,
although the gases diffuse into one another, and this process would increase the
entropy if the gases were different” [Gibbs, 1902, p. 206-7]. Therefore, the entropy
in this new situation is

54This assumes that the molecular states �pi, �qi) of the particles do not coincide. However the
points in specific phase space for which one or more molecular states do coincide constitute a set
of Lebesgue measure zero anyway.

55The same conclusion also obtains for the Boltzmann entropy (61) [Huggett, 1999].
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(87) S′
tot = Stot.

But the new system, is a gas with energy 2U , volume 2V , and particle number
2N . Therefore, we obtain:

(88) S′
tot = S(2U, 2V, 2N) = 2S(U, V,N),

where the right-hand side equation expresses the extensivity of entropy. This
condition is satisfied (at least for large N) by the generic entropy but not by the
specific entropy. Gibbs concludes “it is evident therefore that it is equilibrium
with respect to generic phases, and not that with respect to specific, with which
we have to do in the evaluation of entropy, . . . except in the thermodynamics of
bodies in which the number of molecules of the various kinds is constant” [Gibbs,
1902, p. 207].

The issue expressed in these final pages is perhaps the most controversial in
Gibbs’ book; at least it has generated much further discussion. Many later authors
have argued that the insertion of a factor 1/N ! in the phase space measure is oblig-
atory to obtain “correct” results and, ultimately due to a lack of any metaphysical
identity or “haecceity” of the perfectly similar particles considered. Some have
even gone on to argue that quantum mechanics is needed to explain this. For exam-
ple, [Huang, 1987, p. 154] writes “It is not possible to understand classically why we
must divide [. . . ] by N ! to obtain the correct counting of states. The reason is in-
herently quantum mechanical . . . ”. However, many others deny this [Becker, 1967;
van Kampen, 1984; Ray, 1984]. It would take me too far afield to discuss the var-
ious views and widespread confusion on this issue.

Let it suffice to note that Gibbs rejected arguments from the metaphysics of
identity for the creations of the imagination. (I presume this may be taken to
express that the phases of an N -particles system are theoretical constructs, rather
than material objects.) Further, Gibbs did not claim that the generic view was
correct and the specific view of incorrect; he preferred to settle the question by
“practical convenience”. There are indeed several aspects of his argument that
rely on assumptions that may be argued to be conventional. for example the
‘additivity’ demand (86) could be expanded to read more fully:

(89) Stot(U1, V1, N1;U2, V2, N2)+Ktot = S1(U1, V1, N1)+K1+S2(U2, V2, N2)+K2,

Applied to the special case where S1 and S2 are identical functions taken at the
same values of their arguments. The point to note here is that this relation only
leads to (86) if we also employ the conventions Ktot = K1 + K2 and K1 = K2.
Also, his cautious choice of words concerning (87) — “we do not regard this as
making any change” — suggest that he wants to leave open whether this equation
expresses a fact or a conventional choice on our part. But by and large, it seems
fair to say that Gibbs’ criterion for practical convenience is simply the recovery of
the properties usually assumed to hold for thermodynamic entropy.

As a final remark, note that the contrast mentioned here in passing by Gibbs,
i.e. that in thermodynamics the mixing of identical gases, by allowing them to
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diffuse into one another, does not change the entropy, whereas this process does
increase entropy if the gases are different, implicitly refers to an earlier discussion
of this issue in his 1875 paper [Gibbs, 1906, pp. 165–167]. The contrast between
the entropy of mixing of identical fluids and that of different fluids noted on that
occasion is now commonly known as the Gibbs paradox. (More precisely, this
‘paradox’ is that the entropy of mixing different fluids is a constant (kT ln 2 in the
above case) as long as the substances are different, and vanishes abruptly when
they are perfectly similar; thus negating the intuitive expectation one might have
had that the entropy of mixing should diminish gradually when the substances
become more and more alike). Now note that in the the specific view, mixing
different substances and mixing identical substances both lead to an entropy in-
crease: in that view there is no Gibbs paradox, since there is no abrupt change
when the substances become more and more alike. On the other hand, the adop-
tion of the generic view, i.e. the division of the phase space measure by N !, is
used by Gibbs to recover the usual properties of thermodynamic entropy including
the Gibbs paradox — the discontinuity between mixing of different and identical
gases.

Still, many authors seem to believe that the division by N ! is a procedure that
solves the Gibbs paradox. But this is clearly not the case; instead, it is the specific
viewpoint that avoids the paradox, while the generic viewpoint recovers the Gibbs
paradox for the statistical mechanical analogies to entropy. The irony of it all
is that, in statistical mechanics, the term “Gibbs paradox” is sometimes used to
mean or imply the absence of the original Gibbs paradox in the specific point
of view, so that a resolution of this “Gibbs paradox” requires the return of the
original paradox.

5.3 Gibbs on the increase of entropy

As we have seen, the Gibbs entropy may be defined as a functional on arbitrary
probability density functions ρ on phase space Γ:56

(90) σ[ρ] = −
∫

ρ(x) ln ρ(x)dx

This expression has many well-known and useful properties. For example, under
all probability densities restricted to the energy hypersurface H(x) = E, the mi-
crocanonical density (72) has the highest entropy. Similarly, one can show that of
all distributions ρ with a given expectation value 〈H〉ρ, the canonical distribution
(73) has the highest entropy, and that of all distributions for which both 〈H〉 and
〈N〉 are given, the grand-canonical ensemble has the highest entropy.

56Gibbs actually does not use the term entropy for this expression. He calls the function ln ρ
the “index of probability”, and −σ “the average index of probability”. As we have seen, Gibbs
proposed more than one candidate for entropy in the microcanonical ensemble, and was well
aware that: “ [t]here may be [. . . ], and there are, other expressions that may be thought to have
some claim to be regarded as the [. . . ] entropy with respect to systems of a finite number of
degrees of freedom” [Gibbs, 1902, p. 169].
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But suppose that ρ is not stationary. It will therefore evolve in the course
of time, as given by ρt(x) = ρ(T−tx). One might ask whether this entropy will
increase in the course of time. However, Liouville’s theorem implies immediately

(91) σ[ρt] = σ[ρ0].

In spite of the superficial similarity to Boltzmann’s H, the Gibbs entropy thus
remains constant in time. The explanation of the Second Law, or an approach to
equilibrium, cannot be so simple.

However, Gibbs warns us to proceed with great caution. Liouville’s theorem
can be interpreted as stating that the motion of ρt can be likened to motion in a
(multidimensional) incompressible fluid. He thus compared the evolution of ρ to
that of the stirring of a dye in a incompressible medium [Gibbs, 1902, p. 143-151].
In this case too, the average density of the dye, as well as the average of any
function of its density, does not change. Still, it is a familiar fact of experience
that by stirring tends to bring about a uniform mixture, or a state with uniform
density, for which the expression − ∫ ρ ln ρ dx would have increased to attain its
maximum value.

Gibbs saw the resolution of this contradiction in the definition of the notion
of density. This, of course, is commonly taken as the limit of the quantity of
dye in a spatial volume element, when the latter goes to zero. If we apply this
definition, i.e. take this limit first, and then consider the stirring motion, we will
arrive at the conclusion that − ∫ ρ ln ρdx remains constant. But if we consider the
density defined for a fixed finite (non-zero) volume element, and then stir for an
indefinitely long time, the density may become ’sensibly’ uniform, a result which is
not affected if we subsequently let the volume elements become vanishingly small.
The problem, as Gibbs saw it, is therefore one of the order in which we proceed
to take two limits.

Gibbs was aware that not all motions in phase space produce this tendency
toward statistical equilibrium, just as not every motion in an incompressible fluid
stirs a dy to a sensibly homogeneous mixture. Nevertheless, as he concluded
tentatively,: “We might perhaps fairly infer from such considerations as have been
adduced that an approach to a limiting condition of statistical equilibrium is the
general rule, when the initial condition is not of that character” [Gibbs, 1902,
p. 148].

5.4 Coarse graining

The most common modern elaboration of Gibbs’ ideas is by taking recourse to
a partitioning of phase space in cells, usually called “coarse graining. Instead
of studying the original distribution function ρ(x) we replace ρ(x)dx by its phase
average over each cell, by the mapping:

(92) CG : ρ(x) �→ CGρ(x) =
∑
i

ρ̂(i)11ωi
(x),



1002 Jos Uffink

where

(93) ρ̂(i) :=

∫
ωi

ρ(x)dx∫
ωi

dx
,

and 11 denotes the characteristic function:

(94) 11A(x) =
{

1 if x ∈ A,
0 elsewhere.

The usual idea is that such a partition matches the finite precision of our obser-
vational capabilities, so that a “coarse grained” distribution might be taken as a
sufficient description of what is observable. Obviously, the average value of any
function on Γ that does not vary too much within cells is approximately the same,
whether we use the fine-grained or the coarse-grained distribution.

For any ρ one can also define the coarse grained entropy Σ[ρ] as the composition
of (92) and (90):

(95) Σ[ρ] := σ[CGρ].

This coarse grained entropy need not be conserved in time. Indeed, it is easy to
show (cf. [Tolman, 1938, p. 172]). that:

(96) Σ[ρ] ≥ σ[ρ].

Hence, if we assume that at some initial time that ρ0 = CGρ0, e.g. if ρ0 ∝ 1
Vi

11ωi

for some cell i, then for all t:

(97) Σ[ρt] ≥ σ[ρt] = σ[ρ0] = Σ[ρ0].

However, this does not imply that Σ[ρt] is non-decreasing or that it approaches a
limiting value as t −→∞.

If a property, similar to the stirring of a dye holds for the dynamical evolution
of ρt, one may have

(98) lim
t−→∞Σ[ρt] = Σ[ρmc]

and hence, an approach towards equilibrium could emerge on the coarse-grained
level. This convergence will of course demand a non-trivial assumption about the
dynamics. In modern work this assumption is that the system has the mixing
property (see paragraph 6.1).

5.5 Comments

Gibbs’ statistical mechanics has produced a formalism with clearly delineated con-
cepts and methods, using only Hamiltonian mechanics and probability theory. It
can and is routinely used to calculate equilibrium properties of gases and other
systems by introducing a specific form of the Hamiltonian. The main problems
that Gibbs has left open are, first, the motivation for the special choice of the
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equilibrium ensembles and, second, that the quantities serving as thermodynamic
analogies are not uniquely defined. However, much careful work has been devoted
to show that, under certain assumptions about tempered interaction of molecules,
unique thermodynamic state functions, with their desired properties are obtained
in the ‘thermodynamic limit’ (cf. §6.3).

1. Motivating the choice of ensemble. While Gibbs had not much more to
offer in recommendation of these three ensembles than their simplicity as candi-
dates for representation for equilibrium, modern views often provide an additional
story. First, the microcanonical ensemble is particularly singled out for describing
an ensemble of systems in thermal isolation with a fixed energy E.

Arguments for this purpose come in different kinds. As argued by Boltzmann
(1868), and shown more clearly by Einstein (1902), the microcanonical ensemble
is the unique stationary density for an isolated ensemble of systems with fixed
energy, if one assumes the ergodic hypothesis. Unfortunately, for this argument,
the ergodic hypothesis is false for any system that has a phase space of dimension
2 or higher (cf. paragraph 6.1).

A related but more promising argument relies on the theorem that the measure
Pmc associated with the microcanonical ensemble via Pmc(A) =

∫
A

ρmc(x)dx is the
unique stationary measure under all measures that are absolutely continuous with
respect to Pmc, if one assumes that the system is metrically transitive (again, see
paragraph 6.1).

This argument is applicable for more general systems, but its conclusion is
weaker. In particular, one would now have to argue that physically interesting
systems are indeed metrically transitive, and why measures that are not absolutely
continuous with respect to the microcanonical one are somehow to be disregarded.
The first problem is still an open question, even for the hard-spheres model (as we
shall see in paragraph 6.1). The second question can be answered in a variety of
ways.

For example, [Penrose, 1979, p. 1941] adopts a principle that every ensemble
should be representable by a (piecewise) continuous density function, in order to
rule out “physically unreasonable cases”. (This postulate implies absolute con-
tinuity of the ensemble measure with respect to the microcanonical measure by
virtue of the Radon-Nikodym theorem.) See [Kurth, 1960, p. 78] for a similar
postulate. Another argument, proposed by [Malament and Zabell, 1980], assumes
that the measure P associated with a physically meaningful ensemble should have
a property called ‘translation continuity’. Roughly, this notion means that the
probability assigned to any measurable set should be a continuous function under
small displacements of that set within the energy hypersurface. Malament & Zabell
show that this property is equivalent to absolute continuity of P with respect to
μmc, and thus singles out the microcanonical measure uniquely if the system is
metrically transitive (see [van Lith, 2001b, for a more extensive discussion]).

A third approach, due to Tolman and Jaynes, more or less postulates the mi-
crocanonical density, as a appropriate description of our knowledge about the
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microstate of a system with given energy (regardless of whether the system is
metrically transitive or not).

Once the microcanonical ensemble is in place as a privileged description of an
isolated system with a fixed energy, one can motivate the corresponding status for
the other ensembles with relatively less effort. The canonical distribution is shown
to provide the description of a small system S1 in weak energetic contact with a
larger system S2, acting as a ‘heat bath’ (see [Gibbs, 1902, p. 180–183]). Here,
it is assumed that the total system is isolated and described by a microcanonical
ensemble, where the total system has a Hamiltonian Htot = H1 + H2 + Hint with
H2 � H1 � Hint. More elaborate versions of such an argument are given by
Einstein (1902) and Martin-Löf (1979). Similarly, the grand-canonical ensemble
can be derived for a small system that can exchange both energy and particles
with a large system. (see [van Kampen, 1984]).

2. The ‘equivalence’ of ensembles. It is often argued in physics textbooks
that the choice between these different ensembles (say the canonical and micro-
canonical) is deprived of practical relevance by a claim that they are all “equiva-
lent”. (See [Lorentz, 1916, p. 32] for perhaps the earliest version of this argument,
or [Thompson, 1972, p. 72; Huang, 1987, p. 161-2] for recent statements.) What is
meant by this claim is that if the number of constituents increases, N −→∞, and
the total Hamiltonian is proportional to N , the thermodynamic relations derived
from each of them will coincide in this limit.

However, these arguments should not be mistaken as settling the empirical
equivalence of the various ensembles, even in this limit. For example, it can
be shown that the microcanonical ensemble admits the description of certain
metastable thermodynamic states, (e.g. with negative heat capacity) that are ex-
cluded in the canonical ensemble (see [Touchette, 2003; Touchette et al., 2004, and
literature cited therein]).

3. The coarse-grained entropy. The coarse-graining approach is reminiscent
of Boltzmann’s construction of cells in his (1877b); cf. the discussion in para-
graph 4.4). The main difference is that here one assumes a partition on phase-
space Γ, where Boltzmann adopted it in the μ-space. Nevertheless, the same issues
about the origin or status of a privileged partition can be debated (cf. p. 977). If
one assumes that the partition is intended to represent what we know about the
system, i.e. if one argues that all we know is whether its state falls in a particular
cell ωi, it can be argued that the its status is subjective. If one argues that the
partition is meant to represent limitations in the precision of human observational
possibilities, perhaps enriched by instruments, i.e. that we cannot observe more
about the system than that its state is in some cell ωi, one might argue that its
choice is objective, in the sense that there are objective facts about what a given
epistemic community can observe or not. Of course, one can then still maintain
that the status of the coarse-graining would then be anthropocentric (see also the
discussion in §7.5). However, note that Gibbs himself did not argue for a prefer-
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ential size of the cells in phase space, but for taking the limit in which their size
goes to zero in a different order.

4. Statistical equilibrium. Finally, a remark about Gibbs’ notion of equilib-
rium. This is fundamentally different from Boltzmann’s 1877 notion of equilibrium
as the macrostate corresponding to the region occupying the largest volume in
phase space (cf. section 4.4). For Gibbs, statistical equilibrium can only apply to
an ensemble. And since any given system can be regarded as belonging to an infin-
ity of different ensembles, it makes no sense to say whether an individual system
is in statistical equilibrium or not. In contrast, in Boltzmann’s case, equilibrium
can be attributed to a single system (namely if the microstate of that system is
an element of the set Γeq ⊂ Γ). But it is not guaranteed to remain there for all
times.

Thus, one might say that in comparison with the orthodox thermodynamical
notion of equilibrium (which is both stationary and a property of an individual
system) Boltzmann (1877b) and Gibbs each made an opposite choice about which
aspect to preserve and which aspect to sacrifice. See [Uffink, 1996b; Callender,
1999; Lavis, 2005] for further discussions.

6 MODERN APPROACHES TO STATISTICAL MECHANICS

This section will leave the more or less historical account followed in the previ-
ous sections behind, and present a selective overview of some influential modern
approaches to statistical physics. In particular, we focus on ergodic theory (§ 6.1–
6.2), the theory of the thermodynamic limit §6.3, the work of Lanford on the
Boltzmann equation (§6.4), and the BBGKY approach in §6.5.

6.1 Ergodic theory

When the Ehrenfests critically reviewed Boltzmann’s and Gibbs’ approach to sta-
tistical physics in their renowned Encyclopedia article 1912, they identified three
issues related to the ergodic hypothesis.

1. The ambiguity in Boltzmann’s usage of “probability” of a phase space region
(as either the relative volume of the region or the relative time spent in the
region by the trajectory of the system).

2. The privileged status of the microcanonical probability distribution or other
probability distributions that depend only on the Hamiltonian.

3. Boltzmann’s argument that the microstate of a system, initially prepared in a
region of phase space corresponding to a non-equilibrium macrostate, should
tend to evolve in such a way that its trajectory will spend an overwhelmingly
large majority of its time inside the region of phase space corresponding to
the equilibrium macrostate Γeq.



1006 Jos Uffink

In all these three problems, a more or less definite solution is obtained by
adopting the ergodic hypothesis. Thus, the Ehrenfests suggested that Boltzmann’s
answer to the above problems depended on the ergodic hypothesis. As we have
seen, this is correct only for Boltzmann’s treatment of issue (2) in his 1868a. The
doubtful status of the ergodic hypothesis, of course, highlighted the unresolved
status of these problems in the Ehrenfests’ point of view.

In later works the “ergodic problem” has become more exclusively associated
with the first issue on the list above, i.e., the problem of showing the equality of
phase and time averages. This problem can be formulated as follows. Consider
a Hamiltonian system and some function f defined on its phase space Γ. The
(infinite) time average of f , for a system with initial state x0 may be defined as:

(99) f(x0) = lim
T→∞

1
T

∫ T

0

f(Ttx0)dt

where Tt is the evolution operator. On the other hand, for an ensemble of systems
with density ρt(x), the ensemble average of f is

(100) 〈f〉t =
∫

f(x)ρt(x)dx.

The ergodic problem is the question whether, or under which circumstances, the
time average and ensemble average are equal, i.e.: f(x0)

?= 〈f〉t. Note that there
are immediate differences between these averages. f depends on the initial state
x0, in contrast to 〈f〉. Indeed, each choice of an initial phase point gives rise to
another trajectory in phase space, and thus gives, in general, another time aver-
age. Secondly, 〈f〉 will in general depend on time, whereas f is time-independent.
Hence, a general affirmative answer to the problem cannot be expected.

However, in the case of a stationary ensemble (statistical equilibrium) the last
disanalogy disappears. Choosing an even more special case, the microcanonical
ensemble ρmc, the simplest version of the ergodic problem is the question:

(101) f(x0)
?= 〈f〉mc.

Now it is obvious that if Boltzmann’s ergodic hypothesis is true, i.e. if the
trajectory of the system traverses all points on the energy hypersurface ΓE , the
desired equality holds. Indeed, take two arbitrary points x and y in ΓE . The
ergodic hypothesis implies that there is a time τ such that y = Tτx. Hence:

f(y) = lim
T→∞

1
T

∫ T

0

f(Tt+τx)dt

= lim
T→∞

1
T

(∫ τ

0

f(Ttx)dt +
∫ T

0

f(Ttx)dt

)

= lim
T→∞

1
T

∫ T

0

f(Ttx)dt = f(x)
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In other words, f must be constant over ΓE , and hence, also equal to the micro-
canonical expectation value.

For later reference we note another corollary: the ergodic hypothesis implies
that ρmc is the only stationary density on ΓE (cf. section 4.1).

The Ehrenfests doubted the validity of the ergodic hypothesis, as Boltzmann
had himself, and therefore proposed an alternative, which they called the quasi-
ergodic hypothesis. This states that the trajectory lies dense in ΓE , i.e., xt will pass
through every open subset in ΓE , and thus come arbitrarily close to every point
in ΓE . The system may be called quasi-ergodic if this holds for all its trajectories.
As we have seen, this formulation seems actually closer to what Boltzmann may
have intended, at least in 1871, than his own literal formulation of the hypothesis.

Not long after the Ehrenfests’ review, the mathematical proof was delivered that
the ergodic hypothesis cannot hold if ΓE is a more than one-dimensional manifold
[Rosenthal, 1913; Plancherel, 1913]. The quasi-ergodic hypothesis, on the other
hand, cannot be immediately dismissed. In fact, it may very well be satisfied for
Hamiltonian systems of interest to statistical mechanics. Unfortunately, it has
remained unclear how it may contribute to a solution to the ergodic problem. One
might hope, at first sight, that for a quasi-ergodic system time averages and micro-
canonical averages coincide for continuous functions, and that the microcanonical
density ρmc is the only continuous stationary density. But even this is unknown. It
is known that quasi-ergodic systems may fail to have a unique stationary measure
[Nemytskii and Stepanov, 1960, p. 392]. This is not to say that quasi-ergodicity
has remained a completely infertile notion. In topological ergodic theory, the con-
dition is known under the name of “minimality”, and implies several interesting
theorems (see [Petersen, 1983, p. 152ff]).

While the Rosenthal-Plancherel result seemed to toll an early death knell over
ergodic theory in 1913, a unexpected revival occurred in the early 1930s. These
new results were made possible by the stormy developments in mathematics and
triggered by Koopman’s results, showing how Hamiltonian dynamics might be
embedded in a Hilbert space formalism where the evolution operators Tt are rep-
resented as a unitary group. This made a whole array of mathematical techniques
(e.g. spectral analysis) available for a new attack on the problem.

The first result was obtained by von Neumann in a paper under the promising
(but misleading) title “Proof of the Quasi-Ergodic Hypothesis” 1932. His theo-
rem was strengthened by G.D. Birkhoff in a paper entitled “Proof of the Ergodic
Theorem” 1931, and published even before von Neumann’s.

Since their work, and all later work in ergodic theory, involves more precise
mathematical notions, it may be worthwhile first to introduce a more abstract
setting of the problem. An abstract dynamical system is defined as a tuple
〈Γ,A, μ, T 〉, where Γ as an arbitrary set, A is a σ-algebra of subsets of Γ, called
the ‘measurable’ sets in Γ, and μ is a probability measure on Γ, and T denotes a
one-parameter group of one-to-one transformations Tt on Γ (with t ∈ R or t ∈ Z)
that represent the evolution operators. The transformations Tt are assumed to
be measure-preserving, i.e. μ(TtA) = μ(A) for all A ∈ A. In the more concrete
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setting of statistical mechanics, one may take Γ to be the energy hypersurface, A
the collection of its Borel subsets, μ the microcanonical probability measure and
T the evolution induced by the Hamiltonian equations.

The von Neumann-Birkhoff ergodic theorem can be formulated as follows:

Ergodic theorem: Let 〈Γ,A, μ, T 〉 be any dynamical system and f
be an integrable function on Γ. Then

(i) f(x) = limT→∞ 1
T

∫ T
0

f(Ttx)dt exists for almost all x;
i.e. the set of states x ∈ Γ for which f(x) does not exist has
μ-measure zero.

(ii) f(x) = 〈f〉μ for almost all x iff the system is metrically transitive.

Here, metric transitivity means that it is impossible is to carve up Γ in two regions
of positive measure such that any trajectory starting in one region never crosses
into the other. More precisely:

Metric transitivity: A dynamical system is called metrically tran-
sitive57 iff the following holds: for any partition of Γ into disjoint sets
A1, A2 such that TtA1 = A1 and TtA2 = A2, it holds that μ(A1) = 0
or μ(A2) = 0.

It is not difficult to see why this theorem may be thought of as a successful so-
lution of the original ergodic problem under a slight reinterpretation. First, metric
transitivity captures in a measure-theoretic sense the idea that trajectories wan-
der wildly across the energy hypersurface, allowing only exceptions for a measure
zero set. Secondly, the theorem ensures the equality of time and microcanonical
ensemble average, although only for integrable functions and, again, with the ex-
ception of a measure zero set. But that seemed good enough for the taste of most
physicists.

The ergodic theorem was therefore celebrated as a major victory. In the words
of Reichenbach:

Boltzmann introduced [. . . ] under the name of ergodic hypothesis [. . . ]
the hypothesis that the phase point passes through every point of the
energy hypersurface. This formulation is easily shown to be untenable.
It was replaced by P. and T. Ehrenfest by the formulation that the
path comes close to every point within any small distance ε which we
select and which is greater than 0.

There still remained the question whether the ergodic hypothesis must
be regarded as an independent supposition or whether it is derivable
from the canonical equations, as Liouville’s theorem is.

57This name is somewhat unfortunate, since the condition has nothing to do with metric in
the sense of distance, but is purely measure-theoretical. Metrically transitive systems are also
called ‘metrically indecomposable’ or, especially in the later literature ‘ergodic’. I will stick to
the older name in order to avoid confusion with the ergodic hypothesis.
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This problem[ . . . ] was finally solved through ingenious investigations
by John von Neumann and George Birkhoff, who were able to show
that the second alternative is true. [. . . ] With von Neumann and
Birkhoff’s theorem, deterministic physics has reached its highest degree
of perfection: the strict determinism of elementary processes is shown
to lead to statistical laws for macroscopic occurrences.” [Reichenbach,
1956, p. 78]

Unfortunately, nearly everything stated in this quotation is untrue.

Problems

1. Do metrically transitive systems exist? An immediate question is of
course whether metrically transitive systems exist. In a mathematical sense of
‘exist’ the answer is affirmative. More interesting is the question of whether one
can show metric transitivity for any model that is realistic enough to be relevant
to statistical mechanics.

A few mechanical systems have been explicitly proven to be metrically transi-
tive. For example: one hard sphere moving in a vessel with a convex scatterer,
or a disc confined to move in a ‘stadium’ (two parallel line-segments connected by
two half circles) or its three-dimensional analogue: one hard sphere moving in a
cylinder, closed on both sides by half-spheres. But in statistical mechanics one is
interested in systems with many particles.

In [1963], Sinai announced he had found a proof that a gas consisting of N hard
spheres is metrically transitive. The ergodic theorem thus finally seemed to be
relevant to physically interesting gas models. Of course, the hard-spheres-model
is an idealization too, but the general expectation among physicists was that a
transition to more sophisticated models of a gas system would only make the
metric transitivity even more likely and plausible, even though admittedly harder
to prove.

The problem proves to be extraordinarily tedious, and Sinai’s proof was com-
plicated and, actually, never completely published. But many partial results were.
In fact, the development of ideas and techniques needed for the effort contributed
much to the emergence of a vigorous mathematical theory, nowadays called ‘er-
godic theory’. And since Sinai’s claim seemed so desirable, many books and arti-
cles presented the claim as a solid proven fact (e.g. [Lebowitz and Penrose, 1973;
Sklar, 1993]).

But by the 1980s, the delay in the publication of a complete proof started to
foster some doubts about the validity of the claim. Finally, [Sinai and Chernov,
1987, p. 185] wrote: “The announcement made in [[Sinai, 1963]] for the general
case must be regarded as immature.” What has been shown rigorously is that a
system of three hard spheres is metrically transitive. Recently, the problem has
been taken further by [Szász, 1996] and [Simányi and Szász, 1999]. They have
ascertained that for a model of N hard spheres, the ergodic component, i.e. a
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subset of the energy hypersurface on which the assumption of metric transitivity
holds has positive measure. The full problem, however, still awaits solution.

2. Infinite times. In the definition of the time average (99) the limit T →∞
is taken. This brings along a number of problems:

(i). The time average is interesting because it is experimentally accessible. The
hope is that it represents the equilibrium value of f . But the limit T → ∞
tells us nothing about what happens in a finite time. What is empirically
accessible, at best, is the quantity 1

T

∫ T
0

f(Ttx0)dt for a large but finite T .
This expression can still deviate arbitrarily far from the limiting value.

(ii). The limit may even exist while the system is not in equilibrium. A time-
averaged value need not be an equilibrium value, because in general

(102) lim
T→∞

1
T

∫ T

0

f(Ttx) dt �= lim
t→∞ f(Ttx).

For periodical motions, for example, the left-hand side exists but the right-
hand side does not.

(iii) Empirically, equilibrium often sets in quite rapidly. But the time T needed
to make 1

T

∫ T
0

f(Ttx0)dt even remotely close to 〈f〉mc might be enormous,
namely of the order of Boltzmann’s estimate of the Poincaré-recurrence
times! (See also [Jaynes, 1967, p. 94].)

3. The measure-zero problem. The result that the ergodic theorem provides
is that for metrically transitive systems f(x) = 〈f〉mc except for a set of microstates
with measure zero. So the suggestion here is that this set of exceptions is in
some sense negligible. And, as judged from the probability measure μmc, that
is obviously true. But a set of measure zero need not be negligible in any other
sense. It is well-known that if one compares ‘smallness in measure’ with other
natural criteria by which one can judge the ‘size’ of sets, e.g. by their cardinality,
dimension or Baire category, the comparisons do not match. Sets of measure zero
can be surprisingly large by many other standards [Sklar, 1993, pp. 181–188].

More importantly, one might choose another measure μ′, such that μ-measure
zero sets are no longer sets of μ′-measure zero and conversely. It is of course the
choice of the measure that determines which sets have measure zero. Thus, if
one decides to disregard or neglect sets with a microcanonical measure zero, a
privileged status of the microcanonical measure is already presupposed. But this
means the virtue of the ergodic theorem as a means of motivating a privileged role
of the microcanonical measure is diminished to a self-congratulating one.
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6.2 The mixing property, K systems and Bernoulli systems

Ergodic theory, the mathematical field that emerged from the theorems of Birkhoff
and von Neumann, may be characterized as a rigorous exploration of the question
to what extent a deterministic, time-reversal invariant dynamical system may give
rise to random-like behaviour on a macroscopic scale, by assuming various special
properties on its dynamics.

In its modern incarnation, this theory distinguishes a hierarchy of such prop-
erties that consists of various strengthenings of metric transitivity. Perhaps the
most important are the mixing property, the property of being a ‘K system’ and
the Bernoulli systems. The higher up one goes this ladder, the more ‘random’
behaviour is displayed. The evolution at the microlevel is in all cases provided
by the deterministic evolution laws. In the (extensive) literature on the subject,
many more steps in the hierarchy are distinguished (such as ‘weak mixing’, ‘weak
Bernoulli’, ‘very weak Bernoulli’ etc.), and also some properties that do not fit into
a strict linear hierarchy (like the ‘Anosov’ property, which relies on topological no-
tions rather than on a purely measure-theoretical characterization of dynamical
systems). It falls beyond the scope of this paper to discuss them.

Mixing

The idea of mixing is usually attributed to Gibbs, in his comparison of the evolution
of ensembles with stirring of a dye into an incompressible fluid (cf. section 5.4).
Even if initially the fluid and the dye particles occupy separate volumes, stirring
will eventually distribute the dye particles homogeneously over the fluid. The
formal definition is:

Mixing: A dynamical system 〈Γ,A, μ, T 〉 is called mixing iff ∀A,B ∈
A
(103) lim

t→∞μ(TtA ∩B) = μ(A)μ(B).

In an intuitive sense the mixing property expresses the idea that the dynamical
evolution will thoroughly stir the phase points in such a way that points initially
contained in A eventually become homogeneously distributed over all measurable
subsets B of Γ. One can easily show that mixing is indeed a stronger property
than metric transitivity, by applying the condition to an invariant set A and choos-
ing B = A. The converse statement does not hold. (E.g.: the one-dimensional
harmonic oscillator is metrically transitive but not mixing).

Again, there is an interesting corollary in terms of probability measures or
densities. Consider a mixing system, and a time-dependent probability density ρt,
such that ρt is absolutely continuous with respect to the microcanonical measure
μ. (This means that all sets A ∈ A with μ(A) = 0, also have

∫
A

ρt(x)dx = 0, or
equivalently, that ρt is a proper density function that is integrable with respect
to μ.) In this case, the probability measure associated with ρt converges, as
t −→ ∞, to the microcanonical measure. Thus, an ensemble of mixing systems
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with an absolutely continuous density will asymptotically approach to statistical
equilibrium. Note that the same result will also hold for t −→ −∞, so that there
is no conflict with the time reversal invariance. Is it in conflict with Poincaré’s
recurrence theorem? No, the recurrence theorem is concerned with microstates
(phase points), and not probability densities. Even when almost all trajectories
eventually return close by their original starting point, the recurrence time will
differ for each phase point, so that the evolution of an ensemble of such points can
show a definite approach to statistical equilibrium.

Note also that if the result were used as an argument for the privileged status
of the microcanonical measure (viz., as the unique measure that all absolutely
continuous probability distributions evolve towards), the strategy would again be
marred by the point that the condition of absolute continuity already refers to the
microcanonical measure as a privileged choice.

Despite the elegance of the mixing property, we can more or less repeat the
critical remarks made in the context of the ergodic theorem. In the first place,
the condition considers the limit t→∞, which implies nothing about the rate at
which convergence takes place. Secondly, the condition imposed is trivially true
if we choose A or B to be sets of measure zero. Thus, the mixing property says
nothing about the behaviour of such sets during time evolution. And thirdly, one
is still faced with the question whether the mixing property holds for systems that
are physically relevant for statistical mechanics. And since the property is strictly
stronger than metric transitivity, this problem is at least as hard.

K systems

The next important concept is that of a K system (‘K’ after Kolmogorov). For
simplicity, we assume that time is discrete, such that Tt = T t, for t ∈ Z. There
is a perfectly analogously defined concept for continuous time, called K flows (cf.
Emch, this volume, Definition 10.3.2).

K System:58 A dynamical system 〈Γ,A, μ, T 〉 is called a K system if
there is a subalgebra A0 ⊂ A, such that

1. TnA0 ⊂ TmA0 for times m < n; where ⊂ denotes proper inclu-
sion.

2. the smallest σ-algebra containing ∪∞n=1T
−nA0 is A.

3. ∩∞n=1T
nA0 = N , where N is the σ-algebra containing only sets

of μ-measure zero or one.

At first sight, this definition may appear forbiddingly abstract. One may gain
some intuition by means of the following example. Consider a finite partition

58There is a considerable variation in the formulation of this definition [Cornfeld et al., 1982;
Batterman, 1991; Berkovitz et al., 2006]. The present formulation adds one more. It is identical
to more common definitions if one replaces n and m in the exponents of T by −n and −m
respectively.
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α = {A1, . . . Am} of Γ into disjoint cells and the so-called coarse-grained history
of the state of the system with respect to that partition. That is, instead of the
detailed trajectory xt, we only keep a record of the labels i of the cell Ai in which
the state is located at each instant of time, until time t=0:

(104) . . . i−k, . . . , i−3, i−2, i−1, i0 i−k ∈ {1, . . . , m}, k ∈ N.

This sequence is completely determined by the microstate x at t = 0:

(105) i−k(x) =
m∑
j=1

j11Aj
(T−kx)

where 11 denotes the characteristic function (94). Yet, as we shall see, for a K
system, this sequence typically behaves in certain respects like a random sequence.
Observe that

(106) i−k(x) = j ⇐⇒ T−kx ∈ Aj ⇐⇒ x ∈ T kAj ;

so we can alternatively express the coarse-grained history by means of evolutions
applied to the cells in the partition. If Tα := {TA1, . . . , TAm}, let α ∨ Tα :=
{Ai ∪ TAj : i, j = 1, . . . m} denote the common refinement of α and Tα. Saying
that x belongs to Ai∪TAj is, of course, equivalent to providing the last two terms
of the sequence (104). Continuing in this fashion, one can build the refinement

(107)
∞∨
k=0

T kα = α ∨ Tα ∨ T 2α · · · ∨ T kα ∨ · · · ,

each element of which corresponds to a particular coarse-grained history (104) up
to t=0. The collection (107) is no longer finite, but still a countable partition of
Γ.

Now take A0 to be the σ-algebra generated from the partition
∨∞
k=0 T kα.

Clearly, the events in this algebra are just those whose occurrence is completely
decided whenever the coarse-grained history is known. In other words, for all
A ∈ A0, μ(A|C) is zero or one, if C is a member of (107). It is easy to see that
T−mA0 is just the σ-algebra generated from T−m∨∞

k=0 T kα =
∨∞
k=−m T kα, i.e.

from the partition characterizing the coarse-grained histories up to t = m. Since
the latter partition contains the history up to t = n for all n < m, we have:

(108) T−mA0 ⊆ T−nA0 for all n < m.

This is equivalent to condition 1, but with ‘⊂’ replaced by ‘⊆’.
Further, to explain condition 2, note that the smallest σ-algebra containing

∪Nn=1T
−nA0 is generated by the union of the partitions

∨∞
k=−n T kα for all n ≤ N ,

which in view of (108) is just T−NA0. Thus, condition 2 just says that if we extend
the record of the coarse-grained history to later times t = N > 0, and let N −→∞,
the partition eventually becomes sufficiently fine to generate all measurable sets
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in A. This is a strong property of the dynamics. It means that the entire coarse-
grained record, extending from −∞ to ∞, provides all information needed to
separate all the measurable sets in A, (except, possibly, if they differ by a measure
zero set.)

Similarly, in order to explain condition 3, note that (108) implies that ∩Nn=1T
nA0 =

TNA0, which is generated from
∨∞
k=0 T kα, i.e., the coarse-grained histories up to

time −N . Thus, condition 3 expresses the demand that, as we let N −→ ∞, the
class of events that are settled by the coarse-grained histories up to time t = −N
shrinks to the ‘trivial’ algebra of those sets that have probability one or zero. In
other words, for every event A ∈ A, with 0 < μ(A) < 1, the occurrence of A is
undecided at some early stage of the coarse-grained history.

Yet the truly remarkable feature of K systems lies in the strict inclusion de-
manded in condition 1: at any time n, the collection of events decided by the
coarse-grained histories up to n, is strictly smaller than the collection of events
decided at time n+1. Since the latter is generated from the former by adding the
partition T−(n+1)α to the partition

∨
T−kα, this means that at each time n the

question which cell of the partition is occupied at time n+1 is not answerable from
the knowledge of the previous coarse-grained history. This is quite a remarkable
property for a sequence generated by a deterministic law of motion, although, of
course, it is familiar for random sequences such as tosses with a die or spins of a
roulette wheel.

In this attempt at elucidation, we have presupposed a particular finite partition
α. One may ask whether there always is, for each Kolmogorov system, such a
partition. The answer is yes, provided the system obeys some mild condition
(that 〈Γ,A, μ〉 is a Lebesgue space).59 Another question is whether the claims
made about coarse-grained histories are specific for this particular partition. The
answer is no. One may show that, given that they hold for some partition α,
they also hold for any choice of a finite partition of Γ. (Very roughly speaking:
because the partition

∨
n Tnα generates the σ-algebra of all events, the coarse-

grained histories constructed from another finite partition can be reconstructed in
terms of the coarse-grained histories in terms of α.

Bernoulli systems

The strongest property distinguished in the ergodic hierarchy is that of Bernoulli
systems. To introduce the definition of this type of dynamical systems, it is useful
to consider first what is usually known as a ‘Bernoulli’ scheme. Consider an elemen-
tary chance set-up with outcomes {A1, . . . Am} and probabilities pj . A Bernoulli
scheme is defined as the probability space obtained from doubly infinite sequences
of independent identically distributed repetitions of trials on this elementary set-
up. Formally, a Bernoulli scheme for a set (or “alphabet”) α = {1, . . . , m} with

59Roughly, this condition means that 〈Γ,A, μ〉 is isomorphic (in a measure-theoretic sense) to
the interval [0, 1], equipped with the Lebesgue measure. (See [Cornfeld et al., 1982, p. 449] for
the precise definition).
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probabilities {pj} is the probability space 〈Γ,A, μ〉, where Γ is the set of all doubly
infinite sequences

(109) η = (. . . , i−2, i−1, io, i1, i2 . . . , ) ik ∈ {1, . . . , m}; k ∈ Z

and A is defined as the smallest σ-algebra on Γ containing the sets:

(110) Aj
k := {η ∈ Γ : ik = j}.

A is also known as the cylinder algebra. Further, we require of a Bernoulli scheme
that:

(111) μ(Aj
k) = pj for all k ∈ Z.

One can turn this probability space into a dynamical system by introducing the
discrete group of transformations Tm, m ∈ Z, where T denotes the shift, i.e. the
transformation on Γ that shifts each element of a sequence η one place to the left:

(112) For all k ∈ Z: T (ik) = ik−1.

Thus we define:

Bernoulli system: A dynamical system 〈Γ,A, μ, T 〉 with a discrete
time evolution T is a Bernoulli-system iff there is a finite partition
α = {A1, . . . , Am} of Γ such that the doubly infinite coarse-grained
histories are (isomorphic to) a Bernoulli scheme for α with distribution

(113) pi = μ(Ai) i ∈ {1, . . . m}.
Thus, for a Bernoulli system, the coarse-grained histories on α behave as ran-

domly as independent drawings from an urn. These histories show no correlation
at all, and the best prediction one can make about the location of the state at
time n + 1, even if we know the entire coarse-grained history from minus infinity
to time n, is no better than if we did not know anything at all. One can show that
every Bernoulli-system is also a K-system, but that the converse need not hold.

Discussion

Ergodic theory has developed into a full-fledged mathematical discipline with nu-
merous interesting results and many open problems (for the current state of the
field, see [Cornfeld et al., 1982; Petersen, 1983; Mañé, 1987]). Yet the relevance of
the enterprise for the foundations of statistical mechanics is often doubted. Thus
[Earman and Rédei, 1996] argue that the enterprise is not relevant for explaining
‘why phase averaging works’ in equilibrium statistical mechanics; [Albert, 2000,
p. 70] even calls the effort poured into rigorous proofs of ergodicity “nothing more
nor less — from the standpoint of foundations of statistical mechanics — than a
waste of time”. (For further discussions, see: [Farquhar, 1964; Sklar, 1973; Fried-
man, 1976; Malament and Zabell, 1980; Leeds, 1989; van Lith, 2001a; Frigg, 2004;
Berkovitz et al., 2006])
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This judgment is usually based on the problems already indicated above; i.e. the
difficulties of ascertaining that even the lowest property on the ergodic hierarchy
actually obtains for interesting physical models in statistical mechanics, the empir-
ical inaccessibility of infinite time averages, and the measure zero problem. Also,
one often appeals to the Kolmogorov-Arnold-Moser (KAM) results60 in order to
temper the expectations that ergodicity could be a generic property of Hamilto-
nian systems. These difficulties are serious, but they do not, in my opinion, justify
a definitive dismissal of ergodic theory.

Instead, it has been pointed out by [Khinchin, 1949; Malament and Zabell, 1980;
Pitowsky, 2001] that further progress may be made by developing the theory in
conditions in which (i) the equality of ensemble averages and time averages need
not hold for all integrable functions, but for only a physically motivated subclass,
(ii) imposing conditions that fix the rate of convergence in the infinite time limits
in (99) and (103) and (iii) relaxing the conditions on what counts as an equilibrium
state. Indeed important progress concerning (i) has been achieved in the ‘theory
of the thermodynamic limit’, described in paragraph 6.3. It is clear that further
alterations may be mathematically obstreperous; and that any results that might
be obtained will not be as simple and general as those of the existing ergodic theory.
But there is no reason why progress in these directions should be impossible. See
e.g. [Vranas, 1998; van Lith, 2001b].

The measure zero problem, I would argue, is unsolvable within any “merely”
measure-theoretic setting of the kind we have discussed above. The point is, that
any measure theoretic discussion of dynamical systems that differ only on mea-
sure zero sets are, in measure-theoretical terms, isomorphic and usually identified.
Measure theory has no way of distinguishing measure zero sets from the empty
set. Any attempt to answer the measure zero problem should call upon other
mathematical concepts. One can expect further light only by endowing the phase
space with further physically relevant structure, e.g. a topology or a symplectic
form (cf. [Butterfield, 2006; Belot, 2006]).

Furthermore, even if ergodic theory has little of relevance to offer to the ex-
planation of ‘why phase averaging works’ in the case of equilibrium statistical
mechanics, this does not mean it is a waste of time. Recall that the equality of
phase and time averages was only one of several points on which the Ehrenfests
argued that claims by Boltzmann could be substantiated by an appeal to the
ergodic hypothesis. Another point was his (1877) claim that a system initially
in a non-equilibrium macrostate should tend to evolve towards the equilibrium
macrostate.

60Quite roughly, the KAM theorems show that some Hamiltonian systems for which trajectories
are confined to an invariant set in phase space of small positive measure — and therefore not
metrically transitive — , will continue to have that property when a sufficiently small perturbation
is added to their Hamiltonian (for a more informative introduction, see [Tabor, 1989]). This
conclusion spoilt the (once common) hope that non-metrically transitive systems were rare and
idealized exceptions among Hamiltonian systems, and that they could always be turned into a
metrically transitive system by acknowledging a tiny perturbation from their environment. As we
have seen (p. 958), Boltzmann (1868) had already expressed this hope for the ergodic hypothesis.



Compendium of the Foundations of Classical Statistical Physics 1017

It is ironic that some critics of ergodic theory dismiss the attempt to show in
what sense and under which conditions the microstate does display a tendency
to wander around the entire energy hypersurface as irrelevant, while relying on
a rather verbal and pious hope that this will “typically” happen without any
dynamical assumption to fall back on. Clearly, the ergodic hierarchy might still
prove relevant here.

Still, it is undeniable that many concrete examples can be provided of systems
that are not ergodic in any sense of the word and for which equilibrium statistical
mechanics should still work. In a solid, say an ice cube, the molecules are tightly
locked to their lattice site, and the phase point can access only a minute region
of the energy hypersurface. Similarly, for a vapour/liquid mixture in a ∩-shaped
vessel in a gravity field, molecules may spend an enormously long proportion of
time confined to the liquid at the bottom of one leg of the vessel, even though the
region corresponding to being located in the other leg is dynamically accessible.
And still one would like to apply statistical mechanics to explain their thermal
properties.

Summing up, even admitting that ergodic theory cannot provide the whole
story in all desired cases does not mean it is irrelevant. I would argue that,
on a qualitative and conceptual level, one of the most important achievements of
ergodic theory is that it has made clear that strict determinism on the microscopic
level is not incompatible with random behaviour on a macroscopic level, even in
the strong sense of a Bernoulli system. This implies that the use of models with
a stochastic evolution like urn drawings, that Boltzmann used in 1877, or the
dog flea model of the Ehrenfests, (cf. §7.2), are not necessarily at odds with an
underlying deterministic dynamics.

6.3 Khinchin’s approach and the thermodynamic limit

In the ‘hard core’ version of ergodic theory, described in the previous two para-
graphs, one focuses on abstract dynamical systems, i.e. the only assumptions used
are about a measure space equipped with a dynamical evolution. It is not neces-
sary that this dynamics arises from a Hamiltonian. Further, it is irrelevant in this
approach whether the system has a large number of degrees of freedom. Indeed,
the ‘baker transformation’, an example beloved by ergodic theorists because it
provides a dynamical system that possesses all the properties distinguished in the
ergodic hierarchy, uses the unit square as phase space, and thus has only two de-
grees of freedom. On the other hand, Hamiltonian systems with large numbers of
degrees of freedom, may fail to pass even the lowest step of the ergodic hierarchy,
i.e. metric transitivity.

This aspect of ergodic theory is often criticized, because the thermal behaviour
of macroscopic systems that the foundations of statistical mechanics ought to
explain, arguably appears only when their number of degrees of freedom is huge.
As Khinchin puts it:

All the results obtained by Birkhoff and his followers [...] pertain to
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the most general type of dynamic systems [...]. The authors of these
studies have not been interested in the problem of the foundations of
statistical mechanics which is our primary interest in this book. Their
aim was to obtain the results in the most general form; in particular all
these results pertain equally to the systems with only a few degrees of
freedom as well as to the systems with a very large number of degrees
of freedom.

From our point of view we must deviate from this tendency. We would
unnecessarily restrict ourselves by neglecting the special properties of
the systems considered in statistical mechanics (first of all their funda-
mental property of having a very large number of degrees of freedom)
[...]. Furthermore, we do not have any basis for demanding the possibil-
ity of substituting phase averages for the time averages of all functions;
in fact the functions for which such substitution is desirable have many
specific properties which make such a substitution apparent in these
cases (Khinchin, 1949, p. 62).

Thus, partly in order to supplement, partly in competition to ergodic theory,
Khinchin explored an approach to the ergodic problem that takes the large number
of degrees of freedom as an essential ingredient, but only works for a specific class
of functions, the so-called sum functions.

In particular, consider a Hamiltonian dynamical system 〈Γ,A, T, μ〉 of N point
particles. That is, we assume: x = (�q1, �p1; . . . ; �qN , �pN ) ∈ Γ ⊂ R

6N . A function f
on Γ is a sum function if

(114) f(x) =
N∑
i=1

φi(xi)

where xi = (�pi, �qi) is the molecular state of particle i.61 Under the further as-
sumption that the Hamiltonian itself is a sum function, Khinchin proved:

Khinchin’s ergodic theorem: For all sum functions f there are
positive constants κ1, κ2 such that, for all N :

(115) μ

({
x ∈ Γ :

∣∣∣∣∣f(x)− 〈f〉μ
〈f〉μ

∣∣∣∣∣ ≥ κ1N
−1/4

})
≤ κ2N

−1/4

In words: as N becomes larger and larger, the measure of the set where f̄ and 〈f〉
deviate more than a small amount goes to zero.

This theorem, then, provides an alternative strategy to address the ergodic prob-
lem: it says that time average and microcanonical phase average of sum functions
will be roughly equal, at least in a very large subset of the energy hypersurface,

61Note that Khinchin does not demand that sum functions are symmetric under permutation
of the particles.
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provided that the number of particles is large enough. Of course, this ‘rough equal-
ity’ is much weaker than the strict equality ‘almost everywhere’ stated in the von
Neumann-Birkhoff ergodic theorem. Moreover, it holds only for the sum functions
(114). However, the assumption of metric transitivity is not needed here; nor is
any of the more stringent properties of the ergodic hierarchy.

The advantages of this approach to the ergodic problem are clear: first, one
avoids the problem that ergodic properties are hard to come by for physically
interesting systems. Second, an important role is allotted to the large number of
degrees of freedom, which, as noted above, seems a necessary, or at least welcome
ingredient in any explanation of thermal behaviour,62 and thirdly a physically
motivated choice for special functions has been made.

However, there are also problems and drawbacks. First, with regard to the
“infinite-times” problem (cf. p. 1010), Khinchin’s approach fares no better or worse
than the original ergodic approach. Second, since the rough equality does not hold
“almost everywhere” but outside of a subset whose measure becomes small when
N is large, the measure-zero problem of ergodic theory (p. 1010) is now replaced
by a so-called “measure-epsilon problem”: if we wish to conclude that in practice
the time average and the phase average are (roughly) equal, we should argue that
the set for which this does not hold, i.e. the set in the left-hand side of (115) is
negligible. This problem is worse than the o measure-zero problem. For example,
we cannot argue that ensembles whose density functions have support in such sets
are excluded by an appeal to absolute continuity or translation continuity (cf. the
discussion on p. 1003). Further, if we wish to apply the result to systems that are
indeed not metrically transitive, there may be integrals of the equations of motion
that lock the trajectory of the system into a tiny subset of Γ for all times, in which
case such a set cannot be neglected for practical purposes (cf. [Farquhar, 1964]).

Khinchin argued that the majority of physically important phase functions that
one encounters in statistical mechanics are sum functions (cf. [Khinchin, 1949,
p. 63,97]). However, this view is clearly too narrow from a physical point of view.
It means that all quantities that depend on correlations or interactions between
the particles are excluded.

Finally there is the ‘methodological paradox’ [Khinchin, 1949, p. 41–43]. This
refers to the fact that Khinchin had to assume that the Hamiltonian itself is
also a sum function. Let me emphasize that this assumption is not made just
for the purpose of letting the Hamiltonian be one of the functions to which the
theorem applies; the assumption is crucial to the very derivation of the theorem.
As Khinchin clearly notes, this is paradoxical because for an equilibrium state to
arise at all, it is essential that the particles can interact (e.g. collide), while this
possibility is denied when the Hamiltonian is a sum function.

In Khinchin’s view, the assumption should therefore not be taken literally. In-

62The point can be debated, of course. Some authors argue that small systems can show ther-
mal behaviour too, which statistical mechanics then ought explain. However, the very definition
of thermal quantities (like temperature etc.) for such small systems is more controversial [Hill,
1987; Feshbach, 1987; Rugh, 2001; Gross and Votyakov, 2000].
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stead, one should assume that there really are interaction terms in the Hamil-
tonian, but that they manifest themselves only at short distances between the
particles, so that they can be neglected, except on a tiny part of phase space.
Still, it remains a curious feature of his work that his theorem is intended to ap-
ply in situations that are inconsistent with the very assumptions needed to derive
it (cf. [Morrison, 2000, p. 46-47]). As we shall see in the next paragraph, later
work has removed this paradox, as well as many other shortcomings of Khinchin’s
approach.

The theory of the thermodynamic limit

The approach initiated by Khinchin has been taken further by van der Linde and
Mazur (1963), and merged with independent work of van Hove, Yang and Lee,
Fisher, Griffiths, Minlos, Ruelle, Lanford and others, to develop, in the late 60s
and early 70s, into what is sometimes called the ’rigorous results’ approach or the
‘theory of the thermodynamic limit’. The most useful references are [Ruelle, 1969;
Lanford, 1973; Martin-Löf, 1979]. The following is primarily based on [Lanford,
1973], which is the most accessible and also the most relevant for our purposes,
since it explicitly addresses the ergodic problem, and on [van Lith, 2001b].

As in Khinchin’s work, this approach aims to provide an explanatory programme
for the thermal behaviour of macroscopic bodies in equilibrium by relying mostly
on the following central points,

- One adopts the microcanonical measure on phase space.

- the observable quantities are phase functions F of a special kind (see below).

- The number of particles N is extremely large.

It is shown that, under some conditions, in the ‘thermodynamic limit’, to be
specified below, the microcanonical probability distribution for F/N becomes con-
centrated within an narrow region around some fixed value. This result is similar
to Khinchin’s ergodic theorem. However, as we shall see, the present result is more
powerful, while the assumptions needed are much weaker.

To start of, we assume a Hamiltonian, of the form

(116) H(x) =
N∑
i

�p2
i

2m
+ U(�q1, . . . , �qN ).

defined on the phase space Γ for N particles. For technical reasons, it is more con-
venient and simpler to work in the configuration space, and ignore the momenta.
Consider a sequence of functions F (�q1, . . . �qn), n = 1, 2, . . . with an indefinite num-
ber of arguments, or, what amounts to the same thing, a single function F defined
on

(117) ∪∞n=1(R
3)n.
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Such a function is called an ‘observable’ if it possesses the following properties:

(a). Continuity: For each n, F (�q1, . . . �qn) is a continuous function on R
3n

(b). Symmetry: For each n, F (�q1, . . . �qn) is invariant under permutation of its
arguments.

(c). Translation invariance: For each n, and each �a ∈ R
3, F (�q1 +�a, . . . �qn +�a) =

F (�q1, . . . �qn)

(d). Normalization: F (�q1) = 0

(e). Finite range: There exists a real number R ∈ R such that, for each n, the
following holds: Suppose we divide the n particles into two clusters labeled
by i = 1, . . . m, and i′ = 1, . . . m′, where m + m′ = n. If |�qi − �qi′ | > R for all
i, i′, then F (�q1, . . . �qm; �q1, . . . , �qm′) = F (�q1, . . . �qm) + F (�q1, . . . , �qm′).

For the most part, these conditions are natural and self-explanatory. Note that
the symmetry condition (b) is very powerful. It may be compared to Boltzmann’s
(1877b) combinatorial approach in which it was argued that macrostates occupy
an overwhelmingly large part of phases space due to their invariance under per-
mutations of the particles (see §4.4). Note further that condition (e) implies that
F reduces to a sum function if all particles are sufficiently far from each other.
It also means that the observables characterized by Lanford may be expected to
correspond to extensive quantities only. (Recall that a thermodynamical quantity
is called extensive if it scales proportionally to the size of the system, and intensive
if it remains independent of the system size.) In the present approach, intensive
quantities (like temperature and pressure) are thus not represented as observables,
but rather identified with appropriate derivatives of other quantities, after we have
passed to the thermodynamical limit.

Further, it is assumed that the potential energy function U in (116) also satisfies
the above conditions. In addition, the potential energy is assumed to be stable,63

i.e.:

(f). Stability: There is a number B ∈ R, such that, for all n and all �q1, . . . �qn:

(118) U(�q1, . . . �qn) ≥ −nB.

This condition — which would be violated e.g. for Newtonian gravitational inter-
action — avoids that as n becomes large, the potential energy per particle goes to
minus infinity, i.e., it avoids a collapse of the system.

For some results it is useful to impose an even stronger condition:
63Strictly speaking, condition (f) is not needed for the existence of the thermodynamic limit

for the configurational microcanonical measure. It is needed, however, when these results are ex-
tended to phase space (or when using the canonical measure). Note also that the term “stability’
here refers to an extensive lower bound of the Hamiltonian. This should be distinguished from
thermodynamic concept of stability, which is expressed by the concavity of the entropy function
(cf. p. 940).
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(f′.) Superstability: The potential energy U is called superstable if, for every
continuous function Φ of compact support in R

3:

(119) U(�q1, . . . �qN ) + λ
∑
i�=j

Φ(�qi − �qj)

is stable for a sufficiently small choice of λ > 0. In other words, a stable
potential is superstable if it remains stable when perturbed slightly by a
continuous finite-range two-body interaction potential.

As in Khinchin’s approach, the assumption (f) or (f′) is not just needed because
one would like to count the potential energy among the class of observables; rather
it is crucial to the proof of the existence of the thermodynamic limit. Of course,
the assumption that the interaction potential is continuous and of finite range is
still too restrictive to model realistic inter-molecular forces. As Lanford notes,
one can weaken condition (e) to a condition of ‘weakly tempered’ potentials,64,
dropping off quickly with distance (cf. [Fisher, 1964, p. 386; Ruelle, 1969, p. 32]
, although this complicates the technical details of the proofs. Again, it is clear,
however, that some such condition on temperedness of the long range interactions
is needed, if only to avoid another catastrophe, namely that the potential energy
per particle goes to +∞ as n increases, so that system might tend to explode. (As
could happen, e.g. for a system of charges interacting by purely repulsive Coulomb
forces.)

Now, with the assumptions in place, the idea is as follows. Choose a given
potential U and an observable F obeying the above conditions. Pick two numbers
u and ρ, that will respectively represent the (potential) energy per particle and
the particle density (in the limit as N gets large), a bounded open region Λ ⊂ R

3,
and a large integer N , such that N

V (Λ) ≈ ρ. ( Here, V (Λ) denotes the volume of
Λ.) Further, choose a small number δu > 0, and construct the (thickened) energy
hypersurface in configuration space, i.e. the shell:

(120) ΩΛ,N,u,δu =
{

(�q1, . . . �qN ) ∈ ΛN :
U(�q1, . . . �qN )

N
∈ (u− δu, u + δu)

}
.

Let μ denote the Lebesgue measure on ΛN ; its (normalized) restriction to the
above set may then be called the ‘thickened configurational microcanonical mea-
sure’. Note that

(121) ωcf(E) :=
∫

ΛN

d�q1 · · · �qN δ(U(�q1 . . . �qN )− E)

may be considered as the configurational analogue of the structure function (41).
Thus

64If, for simplicity, the potential U is a sum of pair interactions U =
P
i�=j φ(�qi − �qj), it

is weakly tempered iff there are real constants R, D, ε > 0, such that φ(�r) ≤ D‖�r‖3+ε when
‖�r‖ ≥ R.
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(122) μ(ΩΛ,N,u,δu) =
∫

ΛN

d�q1 · · · �qN11(u−δu,u+δu)(U/N) =
∫ N(u+δu)

N(u−δu
dE ωcf(E),

so that 1
2Nδuμ(ΩΛ,N,u,δu) provides a thickened or smoothened version of this con-

figurational structure function. The reason for working with this thickened hy-
pershell instead of the thin hypersurface is of course to circumvent singularities
that may appear in the latter. In any case, we may anticipate that, when δu is
small, this expression will represent the configurational part of the microcanonical
entropy (84. A further factor 1/N ! may be added to give this entropy a chance of
becoming extensive.65 (See also paragraph §5.2.

We are interested in the probability distribution of F/N with respect to this
thickened microcanonical measure on configuration space. For this purpose, pick
an arbitrary open interval J , and define

(123) V(Λ, N, u, δu, F, J) :=
1

N !
μ

({
(�q1, . . . , �qN ) ∈ Ωu,δu :

F (�q1, . . . , �qN )
N

∈ J

})
.

So,

(124)
1

μ(ΩΛ,N,u,δu)
V(Λ, N, u, δu, F, J) =

V(Λ, N, u, δu, F, J)
V(Λ, N, u, δu, F, R)

gives the probability that F/N lies in the interval J with respect to the above
microcanonical measure.

We wish to study the behaviour of this probability in the thermodynamic limit,
i.e. as N becomes large, and V (Λ) grows proportional to N , such that N/V (Λ) = ρ.
This behaviour will depend on the precise details of the limiting procedure, in
particular on the shape of Λ. Lanford chooses to take the limit in the sense of van
Hove: A sequence of bounded open regions Λ in R

3 is said to become infinitely
large in the sense of Van Hove if, for all r > 0, the volume of the set of all points
within a distance r from the boundary of Λ, divided by the volume of Λ, goes
to zero as N goes to infinity. In other words, the volume of points close to the
surface becomes negligible compared to the volume of the interior. This avoids
that surface effects could play a role in the limiting behaviour — and eliminates
the worry that interactions with the walls of the container should have been taken
into account.

Now, the first major result is:

(Existence of the thermodynamic limit.) As N −→ ∞, and Λ
becomes infinitely large in the sense of Van Hove, in such a way that
N/V (Λ) = ρ, then either of the following cases holds:

(α). V(Λ, N, u, δu, F, J) goes to zero faster than exponentially in N ,
or:

65For example, if the system is an ideal gas, i.e. if U(�q1, . . . , �qN ) ≡ 0, one will have ωcf(E) =

V N =
“
N
ρ

”N
, so that ln 1

N !
ωcf(E) scales proportionally to N , but ln ωcf(E) does not.
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(β). V(Λ, N, u, δu, F, J) ≈ eNs(ρ,u,δu,F,J) where s(ρ, F, J) does not de-
pend on Λ or N , except through the ration N

V (Λ) = ρ.

In other words, this result asserts the existence of

(125) s(ρ, u, δu, F, J) := lim
N−→∞

1
N

lnV(Λ, N, u, δu, F, J)

where s is either finite or −∞. (The possibility that s = −∞ for all values of
the arguments of s is further ignored.) This already gives some clue for how the
probability (123) behaves as a function of J . If J1 and J2 are two open intervals,
N is large, and we suppress the other variables for notational convenience, we
expect:

(126)
μ( FN ∈ J1)
μ( FN ∈ J2)

=
V(J1)
V(J2)

≈ eN(s(J1)−s(J2)).

If s(J2) > s(J1), this ratio goes to zero exponentially in N . Thus, for large systems,
the probability μ( FN ∈ J) will only be appreciable for those open intervals J for
which s(J) is large.

A stronger statement can be obtained as follows. Associated with the set func-
tion s(J) one may define a point function s:

(127) s(x) := inf
J�x
J open

s(J)

It can then be shown that, conversely, for all open J :

(128) s(J) = sup
x∈J

s(x)

Moreover, — and this is the second major result — one can show:

(129) s(x) is concave.

Further, s(x) is finite on an open convex subset of its domain [Lanford, 1973,
p. 26].

Now, it is evident that a concave function s(x) may have three general shapes:
It either achieves its maximum value: (i) never; (ii) exactly once, say in some
point x0; or (iii) on some interval. In case (i), F/N ‘escapes to infinity’ in the
thermodynamic limit; this case can be excluded by imposing the superstability
condition (f′). Case (ii) is, for our purpose, the most interesting one. In this case,
we may consider intervals J2 = (x0 − ε, x0 + ε), for arbitrarily small ε > 0 and J1

any open interval that does not contain x0; infer from (127,128) that s(J2) > s(J1),
and conclude from (126) that the relative probability for F/N to take a value in
J2 rather than J1 goes to zero exponentially with the size of the system.

Thus we get the desired result: As N becomes larger and larger, the proba-
bility distribution of F/N approaches a delta function. Or in other words, the
function F/N becomes roughly constant on an overwhelmingly large part of the
configurational energy-hypershell:
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(130) lim
N−→∞

μ

({
(�q1, . . . , �qN ) ∈ ΩΛ,N,u,δu : |F (�q1, . . . , �qN )

N
− x0| > ε

})
= 0

In case (iii), finally, one can only conclude that the probability distribution be-
comes concentrated on some interval, but that its behaviour inside this interval
remains undetermined. One can show, if this interval is bounded, that this case is
connected to phase transitions (but see [p. 12, 58 for caveats]). 66

Remarks.

1. Phase transitions. First, it is obviously an immense merit of the theory
of the thermodynamic limit that, in contrast to ergodic theory, it is, in principle,
capable of explaining and predicting the occurrence of phase transitions from a
model of the microscopic interaction, in further work often in conjunction with
renormalization techniques. Indeed, this capability is its major claim to fame,
quite apart from what it has to say about the ergodic problem. What is more, it is
often argued that phase transitions are strictly impossible in any finite system, and
thus absolutely require the thermodynamic limit [Styer, 2004; Kadanoff, 2000].

This argument raises the problem that our experience, including that of phase
transitions in real physical bodies, always deals with finite systems. A theory
that presents an account of phase transitions only in the thermodynamic limit,
must then surely be regarded as an idealization. This conclusion will not come as
a shock many physicists, since idealizations are ubiquitous in theoretical physics.
Yet a curious point is that this particular idealization seems to be ‘uncontrollable”.
See [Sklar, 2002] and [Liu, 1999; Callender, 2001; Batterman, 2005] for further dis-
cussion. I also note that an alternative approach has been proposed recently. In
this view phase transitions are associated with topology changes in the micro-
canonical hypersurface {x : H(x) = E} with varying E. The crucial distinction
from the theory of the thermodynamic limit is, of course, is that such topology
changes may occur in finite, — indeed even in small — systems (cf. [Gross, 1997;
Gross and Votyakov, 2000; Casetti et al, 2003]). However this may be, I shall focus
below on the virtues of the thermodynamic limit for the ergodic problem.

2. The ergodic problem revisited. When compared to ergodic theory or
Khinchin’s approach, the theory of the thermodynamic limit has much to speak in

66To see the connection (loosely), note that if one removes the condition F/N ∈ J from the
definition (123) — or equivalently, chooses J = R — , then s in (125) can be interpreted as the
(thickened, configurational) microcanonical entropy per particle. Considered now as a function
of the open interval (u − δu, u + δu), s has the same properties as established for s(J), since
U itself belongs to the class of observables. Thus, here too, there exists a point function s(u)
analogous to (127), and this function is concave (Actually, if we restore one more variable in the
notation, and write s(ρ, u), the function is concave in both variables). In case (iii), therefore,
this function is constant in u over some interval, say [u′

0.u′′
0 ]. This means that there is then a

range of thermodynamical states with the same temperature T = ( ∂s
∂u

)−1
ρ , for a range of values

of u and ρ, which is just what happens in the condensation phase transition in a van der Waals
gas.
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its favour. As in Khinchin’s work, the problem of establishing metric transitivity
for physically interesting systems does not arise, because the approach does not
need to assume it. Further, as in Khinchin’s work, the approach works only for
special functions. But the class of functions singled out by the assumptions (a–f.)
or (a–f′.) above is not restricted to (symmetric) sum functions, and allows for
short-range interactions between the particles. Thus, unlike Khinchin, there is no
methodological paradox (cf. p.1019).

Yet one might still question whether these assumptions are not too restrictive
for physically interesting systems. On the one hand, it is clear that some conditions
on temperedness and stability are needed to rule out catastrophic behaviour in the
thermodynamic limit, such as implosion or explosion of the system. One the other
hand, these assumptions are still too strong to model realistic thermal systems.
The Coulomb interaction, which according to [Lieb and Lebowitz, 1973, p. 138]
is “the true potential relevant for real matter”, is neither tempered nor stable.
A tour the force, performed by Lenard, Dyson, Lebowitz and Lieb, has been to
extend the main results of the theory of the thermodynamical limit to systems
interacting purely by Coulomb forces (if the net charge of the system is zero or
small), both classically and quantum mechanically (for fermions) (see [Lieb, 1976,
and literature cited therein]). This result, then, should cover most microscopic
models of ordinary matter, as long as relativistic effects and magnetic forces can
be ignored. But note that this extension is obtained by use of the canonical,
rather than the microcanonical measure, and in view of the examples of non-
equivalence of these ensembles (cf. p. 5.5) one might worry whether this result
applies to ordinary matter in metastable states (like supersaturated vapours, and
superheated or supercooled liquids).

Another remarkable point is that, unlike Khinchin’s result (115), the result
(130) does not refer to time averages at all. Instead, the instantaneous value
of F/N is found to be almost constant for a large subset of the configurational
energy hypersurface. Hence, there is also no problem with the infinite time limit
(cf. p. 1010. Indeed, dynamics or time evolutions play no role whatsoever in the
present results, and the contrast to the programme of ergodic theory is accordingly
much more pronounced than in Khinchin’s approach.

3. Problems left. What is left, in comparison to those two approaches to
the ergodic problem, are two problems. First, there is still the question of how
to motivate the choice for the configurational microcanonical measure (i.e. the
normalized Lebesgue measure restricted to the energy hypershell). Lanford is
explicit that the theory of the thermodynamic limit offers no help in this question:

It is a much more profound problem to understand why events which
are very improbable with respect to Lebesgue measure do not occur in
nature. I, unfortunately, have nothing to say about this latter problem.
[Lanford, 1973, p. 2].

For this purpose, one would thus have to fall back on other attempts at motivation
(cf. p. 1003).
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Secondly, there is the measure-epsilon problem (cf. p. 1019). The desired
equality F/N ≈ x holds, according to (130), if N is large, outside of a set of
small measure. Can we conclude that this set is negligible, or that its states do
not occur in nature? In fact, the result (130) instantaneous values is so strong
that one ought to be careful of not claiming too much. For example, it would be
wrong to claim that for macroscopical systems (i.e. with N ≈ 1027), the set in the
left-hand side of (130) does not occur in nature. Instead, it remains a brute fact
of experience that macroscopic systems also occur in non-equilibrium states. In
such states, observable quantities take instantaneous values that vary appreciably
over time, and thus differ from their microcanonical average. Therefore, their
microstate must then be located inside the set of tiny measure that one would like
to neglect. Of course, one might argue differently if N is larger still, say N = 10100

but this only illustrates the ‘uncontrollability’ of the idealization involved in this
limit, i.e. one still lacks control over how large N must be to be sure that the
thermodynamic limit is a reasonable substitute for a finite system.

Further points. Other points, having no counterpart in the approaches dis-
cussed previously, are the following. The approach hinges on a very delicately
construed sequence of limits. We first have to take the thickened energy shell,
then take N, Λ to infinity in the sense of van Hove, finally take δu to zero. But
one may ask whether this is clearly and obviously the right thing to do, since
there are alternative and non-equivalent limits (the sense of Fisher), the order of
the limits clearly do not commute (the thickness of the energy hypershell is pro-
portional to Nδu), and other procedures like the ‘continuum limit’ [Compagner,
1989] have also been proposed.

Finally, in order to make full contact to classical statistical mechanics, on still
has to lift restriction to configuration space, and work on phase space. [Lanford,
1973, p. 2] leaves this as a ”straightforward exercise” to the reader. Let’s see if we
can fill in the details.

Suppose we start from a thickened microcanonical measure on phase space, with
the same thickness 2Nδu, around a total energy value of E0 = Ne0. Its probability
density is then given by

ρNe0,Nδu(�p1, . . . �pN ; �q1 . . . �qN ) =
1

2Nδu

∫ E0+Nδu

E0−Nδu

1
ω(E)

δ(H(x)− E)dE(131)

For the Hamiltonian (116), the integral over the momenta can be performed (as
was shown by Boltzmann [1868] (cf. Eqn (43). This yields a marginal density

(132) ρNe0, Nδu(�q1, . . . , �qN ) =
1

2Nδu

2mπ3N/2

Γ( 3N
2 )∫ E0+Nδu

E0−Nδu

1
ω(E)

(2m(E − U(q)))(3N−2)/2
dE

This is not quite the normalized Lebesgue measure on configuration space em-
ployed by Lanford, but since the factor (2m(E − U(q))(3N−2)/2 is a continuous
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function of U , — at least if E0 −Nδu−U > 0 — it is absolutely continuous with
respect to the Lebesgue measure on the shell, and will converge to it in the limit
δu −→ 0.

But in a full phase space setting, the physical quantities can also depend on
the momenta, i.e., they will be functions F (�p1, . . . �pN ; �q1 . . . �qN ) and, even if one
assumes the same conditions (a–f) as before for their dependence on the second
group of arguments, their probability distribution cannot always be determined
from the configurational microcanonical measure. For example, let F1 and F2

be two observables on configuration space, for which F1/N and F2/N converge
to different values in the thermodynamical limit, say x1 and x2, and let G be
any symmetric function of the momenta that takes two different values each with
probability 1/2. For example, take

(133) G(�p1, . . . �pN ) =
{

1 if
∑
i �pi · �n ≥ 0,

0 elsewhere. ,

for some fixed unit vector �n. Now consider the following function on phase space:

(134) A(�p1, . . . �pN ; �q1 . . . �qN )) =
G(�p1, . . . �pN )F1(�q1 . . . �qN ) + G′(�p1, . . . �pN )F2(�q1 . . . �qN ),

where G′ = 1−G. If we first integrate over the momenta, we obtain Ã = 1
2 (F1+F2),

which converges in the thermodynamical limit to 1
2 (x1 + x2). However, it would

be wrong to conclude that A is nearly equal to 1
2 (x1 + x2) (x1 + x2)/2 in an

overwhelmingly large part of phase space. Instead, it is nearly equal to x1 on
(roughly) half the available phase space and nearly equal to x2 on the remaining
half.

The extension of (130) to phase space functions will thus demand extra as-
sumptions on the form of such functions; for example, that their dependence on
the momenta comes only as some function of the kinetic energy, i.e.

(135) A�p1, . . . �pN ; �q1, . . . �qN ) = ψ(
∑ �p2

i

2m
) + F (�q1, . . . , �qN )

for some continuous function ψ.

6.4 Lanford’s approach to the Boltzmann equation

We now turn to consider some modern approaches to non-equilibrium statistical
mechanics. Of these, the approach developed by Lanford and others (cf. [Lanford,
1975; Lanford, 1976; Lanford, 1981; Spohn, 1991; Cercignani et al., 1994]) deserves
special attention because it stays conceptually closer to Boltzmann’s 1872 work
on the Boltzmann equation and the H-theorem than any other modern approach
to statistical physics. Also, the problem Lanford raised and tried to answer is
one of no less importance than the famous reversibility and recurrence objections.
Furthermore, the results obtained are the best efforts so far to show that a sta-
tistical reading of the Boltzmann equation or the H-theorem might hold for the
hard spheres gas.
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The question Lanford raised is that of the consistency of the Boltzmann equation
and the underlying Hamiltonian dynamics. Indeed, if we consider the microstate
of a mechanical system such as a dilute gas, it seems we can provide two competing
accounts of its time evolution.

(1) On the one hand, given the mechanical microstate x0 of a gas, we can
form the distribution of state f(�r,�v), such that f(�r,�v)d3�vd3�r gives the relative
number of molecules with a position between �r and �r+d3�r and velocity between �v
and �v + d3�v. Presumably, this distribution should be uniquely determined by the
microstate x0. Let us make this dependence explicit by adopting the notation f [x0].
This function, then, should ideally serve as an initial condition for the Boltzmann
equation (48), and solving this equation — assuming, that is, that it, that it has a
unique solution — would give us the shape of the distribution function at a later
time, f

[x0]
t (�r,�v).

(2) On the other hand, we can evolve the microstate x0 for a time t with the
help of the Hamiltonian equations. That will give us xt = Ttx0. This later state
xt will then also determine a distribution of state f [xt](�r,�v).

It is a sensible question whether these two ways of obtaining a later distribution
of state from an initial microstate are the same, i.e. whether the two time evolu-
tions are consistent. In other words, the problem is whether the diagram below
commutes:

(136)
x0

Hamilton−→ xt
↓ ↓

f [x0] Boltzmann−→ f
[x0]
t

?= f [xt]

The first issue that has to be resolved here is the precise relation between a
microstate and the distribution of state f . It is obvious that, in so far as this
function represents the physical property of a gas system, it should be determined
by the momentary microstate x. It is also clear, that in so far as it is assumed to
be continuous and differentiable in time in order to obey the Boltzmann equation,
this cannot be literally and exactly true.

So let us assume, as Boltzmann did, that the gas consists of N hard spheres,
each of diameter d and mass m, contained in some fixed bounded spatial region Λ
with volume |Λ| = V . Given a microstate x of the system one can form the ‘exact’
distribution of state:

(137) F [x](�r,�v) :=
1
N

N∑
i

δ3(�r − �qi)δ3(�v − �pi
m

).

This distribution is, of course, not a proper function, and being non-continuous
and non-differentiable, clearly not a suitable object to plug into the Boltzmann
equation. However, one may reasonably suppose that one ought to be able to
express Boltzmann’s ideas in a limit in which the number of particles, N , goes to
infinity. However, this limit clearly must be executed with care.
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On the one hand, one ought to keep the gas dilute, so that collisions involving
three or more particles will be rare enough so that they can safely be ignored in
comparison to two-particle collisions. On the other hand, the gas must not be so
dilute that collisions are altogether too rare to contribute to a change of f . The
appropriate limit to consider, as Lanford argues, is the so-called Boltzmann-Grad
limit in which N −→∞, and:67

(138)
Nd2

V
= constant > 0.

Denote this limit as “N
BG−→∞”, where it is implicitly understood that d ∝ N−1/2.

The hope is then that in this Boltzmann-Grad limit, the exact distribution F [xN ]

will tend to a continuous function that can be taken as an appropriate initial
condition for the Boltzmann equation. For this purpose, one has to introduce a
relevant notion of convergence for distributions on the μ-space Λ×R

3. A reasonable
choice is to say that an arbitrary sequence of distributions fn (either proper density
functions or in the distributional sense) converges to a distribution f , fn −→ f ,
iff the following conditions hold:

For each rectangular parallelepiped Δ ⊂ Λ× R
3 :

lim
n−→∞

∫
Δ

fNd3�rd3�v =
∫

Δ

fd3�rd3�v,(139)

and lim
n−→∞

∫
�v2fnd

3�rd3�v =
∫

�v2fd3�rd3�v,(140)

where the second condition is meant to guarantee the convergence of the mean
kinetic energy.

It is also convenient to introduce some distance function between (proper or
improper) distributions that quantifies the sense in which one distribution is close
to another in the above sense. That is to say, one might define some distance
d(f, g) between density functions on Λ×R3 such that

(141) d(fn, f) −→ 0 =⇒ fn −→ f.

There are many distance functions that could do this job, but I won’t go into the
question of how to pick out a particular one.

The hope is then, to repeat, that F [xN ] −→ f in the above sense when N
BG−→∞,

where f is sufficiently smooth to serve as an initial condition in the Boltzmann
equation, and that with this definition, the Boltzmannian and Hamiltonian evolu-
tion become consistent in the sense that the diagram (136) commutes. But clearly
this will still be a delicate matter. Indeed, increasing N means a transition from
one mechanical system to another with more particles. But there is no obvious

67The condition can be explained by the hand-waving argument that Nd2/V is proportional to
the ‘mean free path’, i.e. a typical scale for the distance traveled by a particle between collisions,
or also by noting that the collision integral in the Boltzmann equation is proportional to Nd2/V ,
so that by keeping this combination constant, we keep the Boltzmann equation unchanged.
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algorithm to construct the state xN+1 from xN , and thus no way to enforce con-
vergence on the level of individual states.

Still, one might entertain an optimistic guess, which, if true, would solve the
consistency problem between the Boltzmann and the Hamiltonian evolution in an
approximate fashion if N is very large.

Optimistic Guess: If F [xN
0 ] is near to f then F [xN

t ] is near to ft for
all t > 0, and where ft is the solution of the Boltzmann equation with
initial condition f .

As [Lanford, 1976] points out, the optimistic guess cannot be right. This is an
immediate consequence of the reversibility objection: Indeed, suppose it were true
for all x ∈ Γ, and t > 0. (Here, we momentarily drop the superscript N from xN

to relieve the notation.) Consider the phase point Rx obtained from x by reversing
all momenta: R(�q1, �p1; . . . ; �qN , �pN ) = (�q1,−�p1; . . . , ; �qN ,−�pN ). If F [x](�r,�v) is near
to some distribution f(�r,�v), then F [Rx](�r,�v) is near to f(�r,−�v). But as x evolves
to xt, Rxt evolves to TtRxt = RT−txt = Rx. Hence F [TtRxt](�r,�v) = F [Rx](�r,�v)
is near to f(�r,−�v). But the validity of the conjecture for Rxt would require that
F [TtRxt](�r,�v) is near to ft(�r,−�v) and these two distributions of state are definitely
not near to each other, except in some trivial cases.

But even though the optimistic guess is false in general, one might hope that it
is ‘very likely’ to be true, with some overwhelming probability, at least for some
finite stretch of time. In order to make such a strategy more explicit, Lanford takes
recourse to a probability measure on Γ, or more precisely a sequence of probability
measures on the sequence of ΓN ’s.

Apart from thus introducing a statistical element into what otherwise would
have remained a purely kinetic theory account of the problem, there is a definite
advantage to this procedure. As mentioned above, there is no obvious algorithm to
construct a sequence of microstates in the Boltzmann-Grad limit. But for measures
this is different. The microcanonical measure, for example is not just a measure
for the energy hypersurface of one N -particles-system; it defines an algorithmic
sequence of such measures for each N .

In the light of this discussion, we can now state Lanford’s theorem as follows
[Lanford, 1975; 1976]:

Lanford’s Theorem: Let t �→ ft be some solution of the Boltzmann
equation, say for t ∈ [0, a) ⊂ R. For each N , let ΔN denote the set
in the phase space ΓN of N particles, on which F [xN ] is near to f0

(the initial condition in the solution of the Boltzmann equation) in the
sense that for some chosen distance function d and for tolerance ε > 0:

(142) ΔN = {xN ∈ ΓN : d(F [xN ], f0) < ε}.

Further, for each N , conditionalize the microcanonical measure μN on
ΔN :
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(143) μΔ,N (·) := μN (·|ΔN ).

In other words, μΔ,N is a sequence of measures on the various ΓN that
assign measure 1 to the set of microstates xN ∈ ΓN that are close to
f0 in the sense that d(F [xN ], f0) < ε.
Then: ∃τ , 0 < τ < a such that for all t with 0 < t < τ :

(144) μΔ,N ({xN ∈ ΓN : d(F [xN
t ], ft) < ε}) > 1− δ

where δ −→ 0 as both ε −→ 0 and N
BG−→∞.

In other words: as judged from the microcanonical measure on ΓN restricted to
those states xN that have their exact distribution of state close to a given initial
function f0, a very large proportion (1 − δ) evolve by the Hamiltonian dynamics
in such a way that their later exact distribution of state F [xN

t ] remains close to
the function ft, as evolved from f0 by the Boltzmann equation.

Remarks

Lanford’s theorem shows that a statistical and approximate version of the Boltz-
mann equation can be derived from Hamiltonian mechanics and the choice of an
initial condition in the Boltzmann-Grad limit. This is a remarkable achievement,
that in a sense vindicates Boltzmann’s intuitions. According to [Lanford, 1976,
p. 14], the theorem says that the approximate validity of the Boltzmann equation,
and hence the H-theorem, can be obtained from mechanics alone and a consider-
ation of the initial conditions.

Still the result established has several remarkable features, all of which are
already acknowledged by Lanford. First, there are some drawbacks that prevent
the result from having practical impact for the project of justifying the validity of
the Boltzmann equation in real-life physical applications. The density of the gas
behaves like N/d3, and in the Boltzmann-Grad limit this goes to zero. The result
thus holds for extremely rarified gases. Moreover, the length of time for which
the result holds, i.e. τ , depends on the constant in (138), which also provides a
rough order of magnitude for the mean free path of the gas . It turns out that,
by the same order of magnitude considerations, τ is roughly two fifths of the
mean duration between collisions. This is a disappointingly short period: in air
at room temperature and density, τ is in the order of microseconds. Thus, the
theorem does not help to justify the usual applications of the Boltzmann equation
to macroscopic phenomena which demand a much longer time-scale.

Yet note that the time scale is not trivially short. It would be a misunder-
standing to say that the theorem establishes only the validity of the Boltzmann
equation for times so short that the particles have had no chance of colliding: In
two fifths of the mean duration between collisions, about 40 % of the particles
have performed a collision.
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Another issue is that in comparison with Boltzmann’s own derivation no explicit
mention seems to have been of the Stoßzahlansatz. In part this is merely apparent.
In a more elaborate presentation (cf. Lanford 1975, 1976), the theorem is not
presented in terms of the microcanonical measure, but an arbitrary sequence of
measures νN on (the sequence of phase spaces) ΓN . These measures are subject
to various assumptions. One is that each νN should be absolutely continuous with
respect to the microcanonical measure μN , i.e. νN should have a proper density
function

(145) dνN (x) = nN (x1, . . . xN )dx1 · · ·xN
where xi = (�qi, �pi) denotes the canonical coordinates of particle i. Further, one
defines, for each N and m < N , the reduced density functions by

(146) n
(m)
N (x1, . . . xm) :=

N !
(N −m)!

1
Nm

∫
nN (x1, . . . xN )dxm+1 · · · dxN

i.e. as (slightly renormalized) marginal probability distributions for the first m
particles. The crucial assumption is now that

(147) lim
N

BG−→∞
n

(m)
N (x1, . . . xm) = n(1)(x1) · · ·n(1)(xm)

uniformly on compact subsets of (Λ × R
3)m. This assumption (which can be

shown to hold for the microcanonical measures) is easily recognized as a measure-
theoretic analogy to the Stoßzahlansatz. It demands, in the Boltzmann-Grad limit,
statistical independence of the molecular quantities for any pair or m-tuple of
particles at time t = 0. As Lanford also makes clear, it is assumption (146) that
would fail to hold if we run the construction of the reversibility objection; (i.e. if
we follow the states x in ΔN for some time t, 0t < τ , then reverse the momenta,
and try to apply the theorem to the set Δ′

N = {Rxt : x ∈ ΔN} ).
But another aspect is more positive. Namely: Lanford’s theorem does not need

to assume explicitly that the Stoßzahlansatz holds repeatedly. Indeed a remarkable
achievement is that once the factorization condition (146) holds for time t = 0 it
will also hold for 0 < t < τ , albeit in a weaker form (as convergence in measure,
rather than uniform convergence). This is sometimes referred to as “propagation
of chaos” [Cercignani et al., 1994].

But the main conceptual problem concerning Lanford’s theorem is where the
apparent irreversibility or time-reversal non-invariance comes from. On this is-
sue, various opinions have been expressed. [Lanford, 1975, p. 110] argues that
irreversibility is the result of passing to the Boltzmann-Grad limit. Instead, [Lan-
ford, 1976] argues that it is due to condition (146) plus the initial conditions (i.e.:
xN ∈ ΔN ).

However, I would take a different position. The theorem equally holds for
−τ < t < 0, with the proviso that ft is now a solution of the anti-Boltzmann
equation. This means that the theorem is, in fact, invariant under time-reversal.
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6.5 The BBGKY approach

The so-called BBGKY-hierarchy (named after Bogolyubov, Born, Green, Kirk-
wood and Yvon) is a unique amalgam of the description of Gibbs and the approach
of Boltzmann. The goal of the approach is to describe the evolution of ensembles
by means of reduced probability densities, and to see whether a Boltzmann-like
equation can be obtained under suitable conditions — and thereby an approach
to statistical equilibrium.

First, consider an arbitrary time-dependent probability density ρt. The evolu-
tion of ρ is determined via the Liouville-equation by the Hamiltonian:

(148)
∂ρt
∂t

= {H, ρ}.

Central in the present approach is the observation that for relevant systems in
statistical mechanics, this Hamiltonian will be symmetric under permutation of the
particles. Indeed, the Hamiltonian for a system of N indistinguishable particles
usually takes the form

(149) H(�q1, �p1; . . . ; �qN , �pN ) =
N∑
=1

�pi
2

2m
+

N∑
i

V (�qi) +
N∑
i<j

φ(‖qi − �qj‖)

where V is the potential representing the walls of the bounded spatial region Λ,
say:

(150) V (�q) =
{

0 if �q ∈ Λ
∞ elsewhere

and φ the interaction potential between particle i and j. This is not only symmetric
under permutation of the particle labels, but even has the more special property
that it is a sum of functions that never depend on the coordinates of more than
two particles. (cf. the discussion in §6.3.)

Let us again use the notation x = (�q1, �p1; . . . ; �qN , �pN ) = (x1, . . . , xN ); with
xi = (�qi, �pi), and consider the sequence of reduced probability density functions,
defined as the marginals of ρ:

ρ(1)(x1) :=
∫

ρt(x) dx2 · · ·xN
...(151)

ρ(m)(x1, . . . , xm) =
∫

ρt(x) dxm+1 · · · dxN

Here, ρ(m) gives the probability density that particles 1, . . . , m are located at
specified positions �q1, . . . �qm and moving with the momenta �p1, . . . �pm, whereas all
remaining particles occupy arbitrary positions and momenta.
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Symmetry of the Hamiltonian need not imply symmetry of ρ. But one might
argue that we may restrict ourselves to symmetric probability densities if all ob-
servable quantities are symmetric. In that case, it makes no observable difference
when two or more particles are interchanged in the microstate and one may replace
ρ by its average under all permutations without changing the expectation values
of any observable quantity. However this may be, we now assume that ρ is, in fact,
symmetric under permutations of the particle labels. In other words, from now
on ρ(m) gives the probability density that any arbitrarily chosen set of m particles
have the specified values for position and momentum.

The guiding idea is now that for relevant macroscopic quantities, we do not
need the detailed form of the time evolution of ρt. Rather, it suffices to focus on
no more than just a few marginals from the hierarchy (151). For example, suppose
a physical quantity represented as a phase function A is a symmetric sum function
on Γ:

(152) A(x) =
N∑
i=1

A(xi)

Then

(153) 〈A〉 = N

∫
A(x1)ρ(1)(x1) dx1

which is a considerable simplification. But this is not to say that we can compute
the evolution of 〈A〉 in time so easily.

Consider in particular ρ
(1)
t in (151). This is the one-particle distribution func-

tion: the probability that an arbitrary particle is in the one-particle state (�p, �q).
This distribution function is in some sense analogous to Boltzmann’s f . But note:
ρ1 is a marginal probability distribution; it characterizes an ensemble, whereas f
is (in this context) a stochastic variable, representing a property of a single gas:

(154) f(�r,�v)) =
1
N

∑
i

δ(�qi − �r)δ(�v − �pi
m

).

How does ρ
(1)
t evolve? From the Liouville-equation we get

∂ρ(1)(x1)
∂t

=
∫
{H, ρ}d3�p2 · · · �pNd�q2 · · · �qN .(155)

It is convenient here to regard the Poisson bracket as a differential operator on ρ,
usually called the Liouville operator L:

(156) Lρ :=
N∑
i=1

(
∂H

∂�qi
· ∂

∂�pi
− ∂H

∂�pi
· ∂

∂�qi

)
ρ.

For the Hamiltonian (149) this can be expanded as:
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(157) L =
N∑
i

L(1)
i +

N∑
i<j

L(2)
ij

where

(158) L(1)
i := �pi · ∂

∂�qi

and

(159) L(2)
ij :=

∂φij
∂�qi
·
(

∂

∂�pi
− ∂

∂ �pj

)

The evolution of ρ(1) is then given by:

∂ρ
(1)
t (x1)
∂t

= L(1)
1 ρ

(1)
t (x1) +

∫
dx2L(2)

12 ρ(2)(x1, x2)(160)

More generally, for higher-order reduced distribution functions ρ(m) (m ≥ 2), the
evolution is governed by the equations:

∂ρ
(m)
t (x1, . . . , xm)

∂t
=

m∑
i=1

L(1)
i ρ

(m)
t (x1, . . . xm) +

m∑
i<j=1

L(2)
ij ρ

(m)
t (x1, . . . , xm)

+
m∑
i

∫
dxm+1L(2)

i,m+1ρ
(m+1)
t (x1, . . . xm+1)(161)

The equations (160,161) form the BBGKY hierarchy. It is strictly equivalent to
the Hamiltonian formalism for symmetric ρ and H, provided that H contains no
terms that depend on three or more particles. As one might expect, solving these
equations is just as hard as for the original Hamiltonian equations. In particular,
the equations are not closed: in order to know how ρ

(1)
t evolves, we need to know

ρ
(2)
t . In order to know how ρ

(2)
t evolves, we need to know ρ

(3)
t etc.

The usual method to overcome this problem is to cut off the hierarchy, i.e.
to assume that for some finite m, ρ(m) is a functional of ρ() with � < m. In
particular, if we just consider the easiest case (m = 2) and the easiest form of the
functional, we can take ρ(2) to factorize in the distant past (t −→ −∞), giving:

(162) ρ
(2)
t (x1, x2) = ρ

(1)
t (x1)ρ

(1)
t (x2); if t −→ −∞

i.e., requiring that the molecular states of any pair of particles are uncorrelated
before their interaction. This is analogous to the Stoßzahlansatz (29), but now, of
course, formulated in terms of the reduced distribution functions of an ensemble.

It can be shown that for the homogeneous case, i.e. when ρ(2) is uniform over the
positions �q1 and �q2, i.e. when ρ(2)(x1, x2) = ρ(2)(�p1, �p2) and when φ is a interaction
potential of finite range, the evolution equation for ρ(1) becomes formally identical
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to the Boltzmann equation (48). That is to say, in (160) we may substitute L(1)
i = 0

and:

∂ρ
(1)
t (�p1)
∂t

=
∫
L(2)

12 ρ(�p1, �p2)d3 �p2

=
N

m

∫
bdbdφ

∫
d�p2‖�p2 − �p1‖(163) (

ρ
(1)
t (�p1

′)ρ(1)
t (�p2

′)− ρ
(1)
t (�p1)ρ

(1)
t (�p2)

)
(See [Uhlenbeck and Ford, 1963, p. 131] for more details.)

Remarks

The BBGKY approach is thoroughly Gibbsian in its outlook, i.e. it takes a prob-
ability density over phase space as its basic conceptual tool. An additional ingre-
dient, not used extensively by Gibbs, is its reliance on permutation symmetry. It
gives an enormous extension of Gibbs’ own work by providing a systematic hierar-
chy of evolution equations for reduced (or marginalized) density functions, which
can then be subjected to the techniques of perturbation theory. An ensemble-based
analogy of the Boltzmann equation comes out of this approach as a first-order ap-
proximation for dilute gases with collision times much smaller than the mean free
time. The Boltzmann equation for inhomogeneous gases cannot be obtained so
easily– as one might expect also on physical grounds that one will need extra
assumptions to motivate its validity.

It is instructive to compare this approach to Lanford’s. His analogy of the
Boltzmann equation is obtained for a different kind of function, namely the one-
particle distribution function F [x], i.e. the exact relative number of particles with
molecular state (�r,�v), instead of ρ(1). Of course, there is a simple connection
between the two. Noting that F [x] is a sum function (cf. equation (137), we see
that

(164) 〈F [x]〉 =
∫

ρ(1)(�p1, �q1)f(δ(�r − �q1)δ(�v − �p1

m
)dp1dq1 = ρ(1)(�r,�v).

In other words, the one-particle distribution function ρ(1) is the expected value of
the exact distribution of state. It thus appears that where Lanford describes the
probability of the evolution of the exact distribution of state, the BBGKY result
(164) describes the evolution of the average of the exact distribution of state.
Lanford’s results are therefore much more informative.

One might be tempted here to argue that one can justify or motivate that
that actual particle distribution might be taken equal to its ensemble average
by arguments similar to those employed in ergodic theory. In particular, we have
seen from Khinchin’s work (cf. §6.3) that for large enough systems, the probability
that a sum function such as F [x] deviates significantly from its expectation value is
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negligible. However, an important complication is that this reading of Khinchin’s
results holds for equilibrium, i.e. they apply with respect to the microcanonical
distribution ρmc, not to an arbitrary time-dependent density ρt envisaged here.

The time asymmetry of the resulting equation does not derive from the hier-
archy of equations, but from the ensemble-based analogy of the Stoßzahlansatz
(162). That is to say, in this approach time asymmetry is introduced via an initial
condition on the ensemble, i.e. the absence of initial correlations. It can be shown,
just like for the original Boltzmann equation, that when the alternative boundary
condition is imposed that makes the momenta independent after collisions, (i.e.
if (162) is imposed for t −→ ∞ instead) the anti-Boltzmann equation is obtained
(see [Uhlenbeck and Ford, 1963, p. 127]).

7 STOCHASTIC DYNAMICS

7.1 Introduction

Over recent decades, some approaches to non-equilibrium statistical mechanics,
that differ decidedly in their foundational and philosophical outlook, have never-
theless converged in developing a common unified mathematical framework. I will
call this framework ‘stochastic dynamics’, since the main characteristic feature of
the approach is that it characterizes the evolution of the state of a mechanical
system as evolving under stochastic maps, rather than under a deterministic and
time-reversal invariant Hamiltonian dynamics.68

The motivations for adopting this stochastic type of dynamics come from dif-
ferent backgrounds, and one can find authors using at least three different views.

1. “Coarse graining” (cf. [van Kampen, 1962; Penrose, 1970]): In this view
one assumes that on the microscopic level the system can be characterized as
a (Hamiltonian) dynamical system with deterministic time-reversal invariant dy-
namics. However, on the macroscopic level, one is only interested in the evolution
of macroscopic states, i.e. in a partition (or coarse graining) of the microscopic
phase space into discrete cells. The usual idea is that the form and size of these
cells are chosen in accordance with the limits of our observational capabilities. A
more detailed exposition of this view is given in §7.5.

On the macroscopic level, the evolution now need no longer be portrayed as
deterministic. When only the macrostate of a system at an instant is given, it is in
general not fixed what its later macrostate will be, even if the underlying micro-
scopic evolution is deterministic. Instead, one can provide transition probabilities,
that specify how probable the transition from any given initial macrostate to later
macrostates is. Although it is impossible, without further assumptions, to say
anything general about the evolution of the macroscopically characterized states,
it is possible to describe the evolution of an ensemble or a probability distribution
over these states, in terms of a stochastic process.

68Also, the name has been used in precisely this sense already by Sudarshan and coworkers,
cf. [Sudarshan et al., 1961; Mehra and Sudarshan, 1972].
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2. “Interventionism”, “tracing” or “open systems” (cf. [Blatt, 1959; Davies,
1976; Lindblad, 1976; Lindblad, 1983; Ridderbos, 2002]): On this view, one as-
sumes that the system to be described is not isolated but in interaction with the
environment. It is assumed that the total system, consisting of the system of inter-
est and the environment can be described as a (Hamiltonian) dynamical system
with a time-reversal invariant and deterministic dynamics. If we represent the
state of the system by x ∈ Γ(s) and that of the environment by y ∈ Γ(e), their
joint evolution is given by a one-parameter group of evolution transformations,
generated from the Hamiltonian equations of motion for the combined system:
Ut : (x, y) �→ Ut(x, y) ∈ Γ(s) × Γ(e). The evolution of the state x in the course of
time is obtained by projecting, for each t, to the coordinates of Ut(x, y) in Γ(s);
call the result of this projection xt. Clearly, this reduced time evolution of the
system will generally fail to be deterministic, e.g. the trajectory described by xt
in Γ(s) may intersect itself.

Again, we may hope that this indeterministic evolution can nevertheless, for
an ensemble of the system and its environment, be characterized as a stochastic
process, at least if some further reasonable assumptions are made.

3. A third viewpoint is to deny [Mackey, 1992; 2001], or to remain agnostic
about [Streater, 1995], the existence of an underlying deterministic or time-reversal
invariant dynamics, and simply regard the evolution of a system as described by
a stochastic process as a new fundamental form of dynamics in its own right.

While authors in this approach thus differ in their motivation and in the inter-
pretation they have of its subject field, there is, as we shall see, a remarkable unity
in the mathematical formalism adopted for this form of non-equilibrium statistical
mechanics. The hope, obviously, is to arrange this description of the evolution
of mechanical systems in terms of a stochastic dynamics in such a way that the
evolution will typically display ‘irreversible behaviour’: i.e. an ‘approach to equi-
librium’, that a Boltzmann-like evolution equation holds, that there is a stochastic
analogy of the H-theorem, etc. In short, one would like to recover the autonomy
and irreversibility that thermal systems in non-equilibrium states typically display.

We will see that much of this can be achieved with relatively little effort once
a crucial technical assumption is in place: that the stochastic process is in fact a
homogeneous Markov process, or, equivalently, obeys a so-called master equation.
Much harder are the questions of whether the central assumptions of this approach
might still be compatible with an underlying deterministic time-reversal invariant
dynamics, and in which sense the results of the approach embody time-asymmetry.
In fact we shall see that conflicting intuitions on this last issue arise, depending
on whether one takes a probabilistic or a dynamics point of view towards this
formalism.

From a foundational point of view, stochastic dynamics promises a new ap-
proach to the explanation of irreversible behaviour that differs in interesting ways
from the more orthodox Hamiltonian or dynamical systems approach. In that
approach, any account of irreversible phenomena can only proceed by referring to
special initial conditions or dynamical hypotheses. Moreover, it is well-known that
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an ensemble of such systems will conserve (fine-grained) Gibbs entropy so that the
account cannot rely on this form of entropy for a derivation of the increase of
entropy.

In stochastic dynamics, however, one may hope to find an account of irreversible
behaviour that is not tied to special initial conditions, but one that is, so to
say, built into the very stochastic-dynamical evolution. Further, since Liouville’s
theorem is not applicable, there is the prospect that one can obtain a genuine
increase of Gibbs entropy from this type of dynamics.

As just mentioned, the central technical assumption in stochastic dynamics is
that the processes described have the Markov property.69 Indeed, general aspects
of irreversible behaviour pour out almost effortlessly from the Markov property,
or from the closely connected “master equation”. Consequently, much of the
attention in motivating stochastic dynamics has turned to the assumptions needed
to obtain this Markov property, or slightly more strongly, to obtain a non-invertible
Markov process [Mackey, 1992]. The best-known specimen of such an assumption
is [van Kampen, 1962] “repeated randomness assumption”. And similarly, critics
of this type of approach [Sklar, 1993; Redhead, 1995; Callender, 1999] have also
focused their objections on the question just how reasonable and general such
assumptions are (cf. paragraph 7.5).

I believe both sides of the debate have badly missed the target. Many authors
have uncritically assumed that the assumption of a (non-invertible) Markov pro-
cess does indeed lead to non-time-reversal-invariant results. As a matter of fact,
however, the Markov property (for invertible or non-invertible Markov processes)
is time-reversal invariant. So, any argument to obtain that property need not pre-
suppose time-asymmetry. In fact, I will argue that this discussion of irreversible
behaviour as derived from the Markov property suffers from an illusion. It is due
to the habit of studying the prediction of future states from a given initial state,
rather than studying retrodictions towards an earlier state. As we shall see, for
a proper description of irreversibility in stochastic dynamics one needs to focus
on another issue, namely the difference between backward and forwards transition
probabilities.

In the next subsections, I will first (§7.2) recall the standard definition of a
homogeneous Markov process from the theory of stochastic processes. Subsection
7.3 casts these concepts in the language of dynamics, introduces the master equa-
tion, and discusses its analogy to the Boltzmann equation. In §7.4, we review
some of the results that prima facie display irreversible behaviour for homoge-
neous Markov processes. In subsection 7.5 we turn to the physical motivations
that have been given for the Markov property, and their problems, while §7.6 fo-
cuses on the question how seemingly irreversible results could have been obtained
from a time-symmetric assumptions. Finally, §7.7 argues that a more promising
discussion of these issues should start from a different definition of reversibility of
stochastic processes.

69Some authors argue that the approach can and should be extended to include non-Markovian
stochastic processes as well. Nevertheless I will focus here on Markov processes.
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7.2 The definition of Markov processes

To start off, consider an example. One of the oldest discussions of a stochastic
process in the physics literature is the so-called ‘dog flea model’ of P. and T.
Ehrenfest (1907).

Consider N fleas, labeled from 1 to N, situated on either of two dogs. The
number of fleas on dog 1 and 2 are denoted as n1 and n2 = N − n1. Further, we
suppose there is an urn with N lots carrying the numbers 1, . . . N respectively. The
urn is shaken, a lot is drawn (and replaced), and the flea with the corresponding
label is ordered to jump to the other dog. This procedure is repeated every second.

It is not hard to see that this model embodies an ‘approach equilibrium’ in some
sense: Suppose that initially all or almost all fleas are on dog 1. Then it is very
probable that the first few drawings will move fleas from dog 1 to 2. But as soon
as the number of fleas on dog 2 increases, the probability that some fleas will jump
back to dog 1 increases too. The typical behaviour of, say, |n1 − n2| as a function
of time will be similar to Boltzmann’s H-curve, with a tendency of |n1 − n2| to
decrease if it was initially large, and to remain close to the ‘equilibrium’ value
n1 ≈ n2 for most of the time. But note that in contrast to Boltzmann’s H-curve
in gas theory, the ‘evolution’ is here entirely stochastic, i.e. generated by a lottery,
and that no underlying deterministic equations of motion are provided.

In general, a stochastic process is, mathematically speaking, nothing but a
probability measure P on a measure space X, whose elements will here be denoted
as ξ, on which there are infinitely many random variables Yt, with t ∈ R (or
sometimes t ∈ Z). Physically speaking, we interpret t as time, and Y as the
macroscopic variable(s) characterizing the macrostate — say the number of fleas
on a dog, or the number of molecules with their molecular state in some cell of μ-
space, etc. Further, ξ represents the total history of the system which determines
the values of Yt(ξ). The collection Yt may thus be considered as a single random
variable Y evolving in the course of time.

At first sight, the name ‘process’ for a probability measure may seem somewhat
unnatural. From a physical point of view it is the realization, in which the random
variables Yt attain the values Yt(ξ) = yt that should be called a process. In the
mathematical literature, however, it has become usual to denote the measure that
determines the probability of all such realizations as a ‘stochastic process’.

For convenience we assume here that the variables Yt may attain only finitely
many discrete values, say yt ∈ Y = {1, . . . , m}. However, the theory can largely
be set up in complete analogy for continuous variables.

The probability measure P provides, for n = 1, 2, . . ., and instants t1, . . . , tn
definite probabilities for the event that Yt at these instants attains certain values
y1, . . . , yn:

P(1)(y1, t1)
P(2)(y2, t2; y1, t1)

...
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P(n)(yn, tn; . . . ; y1, t1)(165)
...

Here, P(n)(yn, tn; . . . ; y1, t1) stands for the joint probability that at times t1, . . . , tn
the quantities Yt attain the values y1, . . . yn, with yi ∈ Y. It is an abbreviation for

(166) P(n)(yn, tn; . . . ; y1, t1) := P ({ξ ∈ X : Ytn(ξ) = yn & · · · & Yt1(ξ) = y1})
Obviously the probabilities (165) are normalized and non-negative, and each P(n)

is a marginal of all higher-order probability distributions:

(167) P(n)(yn, tn; . . . ; y1, t1) =
∑
yn+m

· · ·
∑
yn+1

P(n+m)(yn+m, tn+m; . . . ; y1, t1).

In fact, the probability measure P is uniquely determined by the hierarchy (165).70

Similarly, we may define conditional probabilities in the familiar manner, e.g.:

(168) P(1|n−1)(yn, tn|yn−1, tn−1; . . . ; y1, t1) :=
P(n)(yn, tn; . . . ; y1, t1)

P(n−1)(yn−1, tn−1; . . . ; y1, t1)

provides the probability that Ytn attains the value yn, under the condition that
Ytn−1 , . . . , Yt1 have the values yn−1, . . . , y1.

In principle, the times appearing in the joint and conditional probability distri-
butions (165,168) may be chosen in an arbitrary order. However, we adopt from
now on the convention that they are ordered as t1 < · · · < tn.

A special and important type of stochastic process is obtained by adding the
assumption that such conditional probabilities depend only the condition at the
last instant. That is to say: for all n and all choices of y1, . . . yn and t1 < . . . < tn:

(169) P(1|n)(yn, tn|yn−1, tn−1; . . . ; yn, tn) = P(1|1)(yn, tn|yn−1, tn−1)

This is the Markov property and such stochastic processes are called Markov pro-
cesses.

The interpretation often given to this assumption, is that Markov processes
have ‘no memory’. To explain this slogan more precisely, consider the following
situation. Suppose we are given a piece of the history of the quantity Y : at the
instants t1, . . . , tn−1 its values have been y1, . . . , yn−1. On this information, we
want to make a prediction of the value yn of the variable Y at a later instant tn.
The Markov-property (169) says that this prediction would not have been better
or worse if, instead of knowing this entire piece of prehistory, only the value yn−1

of Y at the last instant tn−1 had been given. Additional information about the
past values is thus irrelevant for a prediction of the future value.

For a Markov process, the hierarchy of joint probability distributions (165) is
subjected to stringent demands. In fact they are all completely determined by:

70At least, when we assume that the σ-algebra of measurable sets in X is the cylinder algebra
generated by sets of the form in the right-hand side of (166).
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(a) the specification of P(1)(y, 0) at one arbitrary chosen initial instant t = 0, and
(b) the conditional probabilities P(1|1)(y2, t2|y1, t1) for all t2 > t1. Indeed,

P(1)(y, t) =
∑
y0

P(1|1)(y, t|y0, 0)P(1)(y0, 0);(170)

and for the joint probability distributions P(n) we find:

P(n)(yn, tn; . . . ; y1, t1) = P(1|1)(yn, tn|yn−1, tn−1)P(1|1)(yn−1, tn−1|yn−2, tn−2)×
× · · · × P(1|1)(y2, t2|y1, t1)P(1)(y1, t1).(171)

It follows from the Markov property that the conditional probabilities P(1|1) have
the following property, known as the Chapman-Kolmogorov equation:

(172) P(1|1)(y3, t3|y1, t1) =
∑
y2

P(1|1)(y3, t3|y2, t2)P(1|1)(y2, t2|y1, t1) for t1 < t2 < t3.

So, for a Markov process, the hierarchy (165) is completely characterized by
specifying P(1) at an initial instant and a system of conditional probabilities P(1|1)
satisfying the Chapman-Kolmogorov equation. The study of Markov processes
therefore focuses on these two ingredients.71

A following special assumption is homogeneity. A Markov process is called
homogeneous if the conditional probabilities P(1|1)(y2, t2|y1, t1) do not depend on
the two times t1, t2 separately but only on their mutual difference t = t2 − t1; i.e.
if they are invariant under time translations. In this case we may write

(173) P(1|1)(y2, t2|y1, t1) = Tt(y2, y1)

such conditional probabilities are also called transition probabilities.
Is the definition of a Markov process time-symmetric? The choice in (169) of

conditionalizing the probability distribution for Ytn on earlier values of Yt is of
course special. In principle, there is nothing in the formulas (165) or (168) that
forces such an ordering. One might, just as well, ask for the probability of a value
of Yt in the past, under the condition that part of the later behaviour is given (or,
indeed, conditionalize on the behaviour at both earlier and later instants.)

At first sight, the Markov property makes no demands about these latter cases.
Therefore, one might easily get the impression that the definition is time-asymmetric.
However, this is not the case. One can show that (169) is equivalent to:

(174) P(1|n−1)(y1, t1|y2, t2; . . . ; yn, tn) = P(1|1)(y1t1|y2, t2)

71Note, however, that although every Markov process is fully characterized by (i) an initial
distribution P(1)(y, 0) and (ii) a set of transition probabilities P(1|1) obeying the Chapman-
Kolmogorov equation and the equations (171), it is not the case that every stochastic process
obeying (i) and (ii) is a Markov process. (See [van Kampen, 1981, p. 83] for a counterexample).
Still, it is true that one can define a unique Markov process from these two ingredients by
stipulating (171).
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where the convention t1 < t2 < · · · < tn is still in force. Thus, a Markov process
does not only have ‘no memory’ but also ‘no foresight’. Some authors (e.g. [Kelly,
1979]) adopt an (equivalent) definition of a Markov process that is explicitly time-
symmetric: Suppose that the value yi at an instant ti somewhere in the middle of
the sequence t1 < · · · < tn is given. The condition for a stochastic process to be
Markov is then

P(n|1)(yn, tn; . . . ; y1, t1|yi, ti) =
P(n−i|1)(yn, tn; . . . ; yi+1, ti+1|yi, ti) P(i−1|1)(yi−1, ti−1; y1, t1|yi, ti)(175)

for all n = 1, 2, . . . and all 1 ≤ i ≤ n. In another slogan: The future and past are
independent if one conditionalizes on the present.

7.3 Stochastic dynamics

A homogeneous Markov process is for t > 0 completely determined by the specifica-
tion of an initial probability distribution P(1)(y, 0) and the transition probabilities
Tt(y2|y1) defined by (173). The difference in notation (between P and T ) also
serves to ease a certain conceptual step. Namely, the idea is to regard Tt as a
stochastic evolution operator. Thus, we can regard Tt(y2|y1) as the elements of a
matrix, representing a (linear) operator T that determines how an initial distribu-
tion P(1)(y, 0) will evolve into a distribution at later instants t > 0. (In the sequel
I will adapt the notation and write P(1)(y, t) as Pt(y).)

(176) Pt(y) = (TtP )(y) :=
∑
y′

Tt(y|y′)P0(y′).

The Chapman-Kolmogorov equation (172) may then be written compactly as

(177) Tt+t′ = Tt ◦ Tt′ for t, t′ ≥ 0

where ◦ stands for matrix multiplication, and we now also extend the notation to
include the unit operator:

(178) 11(y, y′) = T0(y, y′) := δy,y′

where δ denotes the Kronecker delta.
The formulation (177) can (almost) be interpreted as the group composition

property of the evolution operators T . It may be instructive to note how much
this is due to the Markov property. Indeed, for arbitrary conditional probabilities,
say, if Ai, Bj and Ck denote three families of complete and mutually exclusive
events (i.e. ∪iAi = ∪jBj = ∪kCk = Y; Ai ∩ Ai′ = Bj ∩ Bj′ = Ck ∩ Ck′ = ∅ for
i �= i′, j �= j′ and k �= k′), the rule of total probability gives :

(179) P (Ai|Ck) =
∑
j

P (Ai|Bj , Ck)P (Bj |Ck).
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In general, this rule can not be regarded as ordinary matrix multiplication or a
group composition! But the Markov property makes P (Ai|Bj , Ck) in (179) reduce
to P (Ai|Bj), and then the summation in (179) coincides with familiar rule for
matrix multiplication.

I wrote above: ‘almost’, because there is still a difference in comparison with
the normal group property: in the Chapman-Kolmogorov-equation (177) all times
must be positive. Thus, in general, for t > 0, Tt may not even be defined and so
it does not hold that

(180) T−t ◦ Tt = 11.

A family of operators {Tt, t ≥ 0} which is closed under a operation ◦ that obeys
(177), and for which T0 = 11 is called a semigroup. It differs from a group in the
sense that its elements Tt need not be invertible, i.e., need not have an inverse. The
lack of an inverse of Tt may be due to various reasons: either Tt does not possess
an inverse, i.e. it is not a one-to-one mapping, or Tt does possess an inverse matrix
T inv
t , which however is itself non-stochastic (e.g. it may have negative matrix-

elements). We will come back to the role of the inverse matrices in Sections 7.4
and 7.7.

The theory of Markov processes has a strong and natural connection with linear
algebra. Sometimes, the theory is presented entirely from this perspective, and
one starts with the introduction of a semigroup of stochastic matrices, that is to
say, m by m matrices T with Tij ≥ 0 and

∑
i Tij = 1. Or, more abstractly, one

posits a class of states P , elements of a Banach space with a norm ‖P‖1 = 1, and
a semigroup of stochastic maps Tt, (t ≥ 0), subject to the conditions that Tt is
linear, positive, and preserves norm: ‖TtP‖1 = ‖P‖1, (cf. [Streater, 1995]).

The evolution of a probability distribution P (now regarded as a vector or a
state) is then particularly simple when t is discrete ( t ∈ N):

(181) Pt = T tP0, where T t = T ◦ · · · ◦ T︸ ︷︷ ︸
t times

.

Homogeneous Markov processes in discrete time are also known as Markov chains.
Clearly, if we consider the family {Tt} as a semigroup of stochastic evolution op-

erators, or a stochastic form of dynamics, it becomes attractive to look upon P0(y)
as a contingent initial state, chosen independently of the evolution operators Tt.
Still, from the perspective of the probabilistic formalism with which we started,
this might be an unexpected thought: both P(1) and P(1|1) are aspects of a single,
given, probability measure P . The idea of regarding them as independent ingre-
dients that may be specified separately doesn’t then seem very natural. But, of
course, there is no formal objection against the idea, since every combination of a
system of transition probabilities Tt obeying the Chapman-Kolmogorov equation,
and an arbitrary initial probability distribution P0(y) = P(1)(y, 0) defines a unique
homogeneous Markov process (cf. footnote 71). In fact, one sometimes even goes
one step further and identifies a homogeneous Markov process completely with
the specification of the transition probabilities, without regard of the initial state
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P0(y); just like the dynamics of a deterministic system is usually presented without
assuming any special initial state.

For Markov chains, the goal of specifying the evolution of Pt(y) is now already
completely solved in equation (181). In the case of continuous time, it is more
usual to specify evolution by means of a differential equation. Such an equation
may be obtained in a straightforward manner by considering a Taylor expansion of
the transition probability for small times [van Kampen, 1981, p.101–103] — under
an appropriate continuity assumption.

The result (with a slightly changed notation) is:

(182)
∂Pt(y)

∂t
=
∑
y′

(W (y|y′)Pt(y′)−W (y′|y)Pt(y))

Here, the expression W (y|y′) is the transition probability from y′ to y per unit
of time. This differential equation, first obtained by Pauli in 1928, is called the
master equation. (This name has become popular because an equation of this type
covers a great variety of processes.)

The interpretation of the equation is suggestive: the change of the probability
Pt(y) is determined by making up a balance between gains and losses: the proba-
bility of value y increases in a time dt because of the transitions from y′ to y, for
all possible values of y′. This increase per unit of time is

∑
y′ W (y|y′)Pt(y′). But

in same period dt there is also a decrease of Pt(y) as a consequence of transitions
from the value y to all other possible values y′. This provides the second term.

In this “balancing” aspect, the master equation resembles the Boltzmann equa-
tion (48), despite the totally different derivation, and the fact that Pt(y) has
quite another meaning than Boltzmann’s ft(v). (The former is a probability dis-
tribution, the latter a distribution of particles.) Both are first-order differential
equations in t. A crucial mathematical distinction from the Boltzmann equation
is that the master equation is linear in P , and therefore much easier to solve.

Indeed, any solution of the master equation can formally be written as:

(183) Pt = etLP0,

where L represents the operator

(184) L(y|y′) := W (y|y′)−
∑
y′′

W (y′′|y′)δy,y′ .

The general solution (183) is similar to the discrete time case (181), thus showing
the equivalence of the master equation to the assumption of a homogeneous Markov
process in continuous time.

A final remark(not needed for later paragraphs). The analogy with the Boltz-
mann equation can even be increased by considering a Markov process for particle
pairs, i.e. by imagining a process where pairs of particles with initial states (i, j)
make a transition to states (k, l) with certain transition probabilities (cf. [Al-
berti and Uhlmann, 1982, p. 30]) Let W (i, j|k, l) denote the associated transition
probability per unit of time. Then the master equation takes the form:
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(185)
∂Pt(i, j)

∂t
=
∑
k,l

(W (i, j|k, l)Pt(k, l)−W (k, l|i, j)Pt(i, j)) .

Assume now that the transitions (i, j) −→ (k, l) and (k, l) −→ (i, j) are equally
probable, so that the transition probability per unit of time is symmetric: W (i, j|k, l) =
W (k, l|i, j), and, as an analogue to the Stoßzahlansatz, that P (i, j) in the right-
hand side may be replaced by the product of its marginals:

(186) P (i, j) −→
∑
j

P (i, j) ·
∑
i

P (i, j) = P ′(i)P ′′(j)

Summing the above equation (185) over j, we finally obtain

(187)
∂P ′

t (i)
∂t

=
∑
j

∂Pt(i, j)
∂t

=
∑
j,k,l

T (i, j|k, l)
(
P ′
t (k)P ′′

t (l)− P ′
t (i)P

′′
t (j)

)
,

i.e., an even more striking analogue of the Boltzmann equation (48). But note
that although (185) describes a Markov process, the last equation (187) does not:
it is no longer linear in P , as a consequence of the substitution (186).

7.4 Approach to equilibrium and increase of entropy?

What can we say in general about the evolution of Pt(y) for a homogeneous Markov
process? An immediate result is this: the relative entropy is monotonically non-
decreasing. That is to say, if we define

(188) H(P,Q) := −
∑
y∈Y

P (y) ln
P (y)
Q(y)

as the relative entropy of a probability distribution P relative to Q, then one can
show (see e.g. Moran 1961; Mackey 1991, p. 30):

(189) H(Pt, Qt) ≥ H(P,Q)

where Pt = TtP , Qt = TtQ, and Tt are elements of the semigroup (181) or (183).
One can also show that a non-zero relative entropy increase for at least some pair

probability distributions P and Q, the stochastic matrix Tt must be non-invertible.
The relative entropy H(P |Q) can, in some sense, be thought of as a measure of

how much P and Q “resemble” each other.72 Indeed, it takes its maximum value
(i.e. 0) if and only if P = Q; it may become −∞ if P and Q have disjoint support,
(i.e. when P (y)Q(y) = 0 for all y ∈ Y.) Thus, the result (189) says that if the
stochastic process is non-invertible, pairs of distributions Pt and Qt will generally
become more and more alike as time goes by.

Hence it seems we have obtained a general weak aspect of “irreversible be-
haviour” in this framework. Of course, the above result does not yet imply that

72Of course, this is an asymmetric sense of “resemblance” because H(P, Q) = H(Q, P ).
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the ‘absolute’ entropy H(P ) := −∑y P (y) lnP (y) of a probability distribution is
non-decreasing. But now assume that the process has a stationary state. In other
words, there is a probability distribution P ∗(y) such that

(190) TtP
∗ = P ∗.

The intention is, obviously, to regard such a distribution as a candidate for the
description of an equilibrium state. If there is such a stationary distribution P ∗,
we may apply the previous result and write:

(191) H(P, P ∗) ≤ H(TtP, TtP
∗) = H(Pt, P ∗).

In other words, as time goes by, the distribution TtP will then more and more
resemble the stationary distribution than does P . If the stationary distribution is
also uniform, i.e.:

(192) P ∗(y) =
1
m

,

then not only the relative but also the absolute entropy H(P ) := −∑y P (y) lnP (y)
increases, because

(193) H(P, P ∗) = H(P )− lnm.

In order to get a satisfactory description of an ‘approach to equilibrium’ the
following questions remain:

(i) is there such a stationary distribution?
(ii) if so, is it unique?
(iii) does the monotonic behaviour of H(Pt) imply that limt−→∞ Pt = P ∗?

Harder questions, which we postpone to the next subsection 7.5, are:
(iv) how to motivate the assumptions needed in this approach or how to make

judge their (in)compatibility with an underlying time deterministic dynamics; and
(v) how this behaviour is compatible with the time symmetry of Markov pro-

cesses.

Ad (i). A stationary state as defined by (190), can be seen as an eigenvector
of Tt with eigenvalue 1, or, in the light of (183), an eigenvector of L for the
eigenvalue 0. Note that T or L are not necessarily Hermitian (or, rather, since we
are dealing with real matrices, symmetric), so that the existence of eigenvectors is
not guaranteed by the spectral theorem. Further, even if an eigenvector with the
corresponding eigenvalue exists, it is not automatically suitable as a probability
distribution because its components might not be positive.

Still, it turns out that, due to a theorem of Perron (1907) and Frobenius (1909),
every stochastic matrix indeed has a eigenvector, with exclusively non-negative
components, and eigenvalue 1 (see e.g. [Gantmacher, 1959; Van Harn and Holewijn,
1991]). But if the set Y is infinite or continuous this is not always true.

A well-known example of the latter case is the so-called Wiener process that
is often used for the description of Brownian motion. It is characterized by the
transition probability density:
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(194) Tt(y|y′) =
1√
2πt

exp
(y − y′)2

2t
, y, y′ ∈ R.

The evolution of an arbitrary initial probability density ρ0 can be written as a
convolution:

(195) ρt(y) =
∫

Tt(y|y′)ρ0(y′)dy′;

which becomes gradually lower, smoother and wider in the course of time, but
does not approach any stationary probability density. Because this holds for every
choice of ρ0, there is no stationary distribution in this case.

However, it is not reasonable to see this as a serious defect. Indeed, in thermo-
dynamics too one finds that a plume of gas emitted into free space will similarly
diffuse, becoming ever more dilute without ever approaching an equilibrium state.
Thermodynamic equilibrium is only approached for systems enclosed in a vessel
of finite volume.

However, for continuous variables with a range that has finite measure, the
existence of a stationary distribution is guaranteed under the condition that the
probability density ρy is at all times bounded, i.e. ∃M ∈ R such that ∀t ρt ≤ M ;
(see [Mackey, 1992, p. 36]).

Ad (ii). The question whether stationary solutions will be unique is somewhat
harder to tackle. This problem exhibits an analogy to that of metric transitivity
in the ergodic problem (cf. paragraph 6.1).

In general, it is very well possible that the range Y of Y can be partitioned in two
disjoint regions, say A and B, with Y = A ∪B, such that there are no transitions
from A to B or vice versa (or that such transitions occur with probability zero).
That is to say, the stochastic evolution Tt might have the property

(196) Tt(Y ∈ A|Y ∈ B) = Tt(Y ∈ B|Y ∈ A) = 0

In other words, its matrix may, (perhaps after a conventional relabeling of the
outcomes) be written in the form:

(197)
(

TA 0
0 TB

)
.

The matrix is then called (completely) reducible. In this case, stationary distribu-
tions will generally not be unique: If P ∗

A is a stationary distribution with support
in the region A, and P ∗

B is a stationary distribution with support in B, then every
convex combination

(198) αP ∗
A(y) + (1− α)P ∗

B(y) with 0 ≤ α ≤ 1.

will be stationary too. In order to obtain a unique stationary solution we will
thus have to assume an analogue of metric transitivity. That is to say: we should
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demand that every partition of Y into disjoint sets A and B for which (196) holds
is ‘trivial’ in the sense that P (A) = 0 or P (B) = 0.

So, one may ask, is the stationary distribution P ∗ unique if and only if the
transition probabilities Tτ are not reducible? In the ergodic problem, as we saw in
6.1, the answer is positive (at least if P ∗ is assumed to be absolutely continuous
with respect to the microcanonical measure). But not in the present case!

This has to do with the phenomenon of so-called ‘transient states’, which has
no analogy in Hamiltonian dynamics. Let us look at an example to introduce this
concept. Consider a stochastic matrix of the form:

(199)
(

TA T ′

0 TB

)

where T ′ is a matrix with non-negative entries only. Then:

(200)
(

TA T ′

0 TB

)(
PA
0

)
=
(

TAPA
0

)
,

(
TA T ′

0 TB

)(
0

PB

)
=(

T ′PB
TBPB

)

so that here transitions of the type a −→ b have probability zero, but transitions
of the type b −→ a occur with positive probability. (Here, a, b stand for arbitrary
elements of the subsets A and B.) It is clear that in such a case the region B
will eventually be ‘sucked empty’. That is to say: the total probability of being
in region B (i.e. ‖T tPB‖) will go exponentially to zero. The distributions with
support in B are called ‘transient’ and the set A is called ‘absorbing’ or a ‘trap’.

It is clear that these transient states will not play any role in the determination
of the stationary distribution, and that for this purpose they might be simply
ignored. Thus, in this example, the only stationary states are those with a support
in A. And there will be more than one of them if TA is reducible.

A matrix T that may be brought (by permutation of the rows and columns) in
the form (199), with TA reducible is called incompletely reducible [van Kampen,
1981, p. 108]. Further, a stochastic matrix is called irreducible if it is neither
completely or incompletely reducible. An alternative (equivalent) criterion is that
all states ‘communicate’ with each other, i.e. that for every pair of i, j ∈ Y there
is some time t such that Pt(j|i) > 0.

The Perron-Frobenius theorem guarantees that as long as T irreducible, there
is a unique stationary distribution. Furthermore, one can then prove an analogue
of the ergodic theorem:[Petersen, 1983, p. 52]

Ergodic theorem for Markov processes: If the transition prob-
ability Tt is irreducible, the time average of Pt converges to the unique
stationary solution:

(201) lim
τ→∞

1
τ

∫ τ

0

TtP (y)dt = P ∗(y).
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Ad (iii). If there is a unique stationary distribution P ∗, will TtP converge to
P ∗, for every choice of P? Again, the answer is not necessarily affirmative. (Even
if (201) is valid!) For example, there are homogeneous and irreducible Markov
chains for which Pt can be divided into two pieces: Pt = Qt+Rt with the following
properties [Mackey, 1992, p. 71]:

1. Qt is a term with ‖Qt‖ −→ 0. This is a transient term.

2. The remainder Rt is periodic, i.e. after some finite time τ the evolution
repeats itself: Rt+τ = Rτ .

These processes are called asymptotically periodic. They may very well occur in
conjunction with a unique stationary distribution P ∗, and show strict monotonic
increase of entropy, but still not converge to P ∗. In this case, the monotonic
increase of relative entropy H(Pt, P ∗) is entirely due to the transient term. For
the periodic piece Rt, the transition probabilities are permutation matrices, which,
after τ repetitions, return to the unit operator.

Besides, if we arrange that P ∗ is uniform, we can say even more in this example:
The various forms Rt that are attained during the cycle of permutations with
period τ all have the same value for the relative entropy H(Rt, P

∗), but this
entropy is strictly lower than H(P ∗, P ∗) = 0. In fact, P ∗ is the average of the
Rt’s, i.e.: P ∗ = 1

τ

∑t=τ
t=1 Rt, in correspondence with (201).

Further technical assumptions can be introduced to block examples of this kind,
and thus enforce a strict convergence towards the unique stationary distribution,
e.g. by imposing a condition of ‘exactness’ [Mackey, 1992]. However, it would take
us too far afield to discuss this in detail.

In conclusion, it seems that a weak aspect of “irreversible behaviour”, i.e. the
monotonic non-decrease of relative entropy is a general feature for all homogeneous
Markov processes, (and indeed for all stochastic processes), and non-trivially so
when the transition probabilities are non-invertible. Stronger versions of that
behaviour, in the sense of affirmative answers to the questions (i), (ii) and (iii),
can be obtained too, but at the price of additional technical assumptions.

7.5 Motivations for the Markov property and objections against them

Ad (iv). We now turn to the following problem: what is the motivation behind
the assumption of the Markov property? The answer, of course, is going to depend
on the interpretation of the formalism that one has in mind, and may be different
in the ‘coarse-graining’ and the ‘open systems’ or interventionist approaches (cf.
Section 7.1). I shall discuss the coarse-graining approach in the next paragraph
below, and then consider the similar problem for the interventionist point of view.



1052 Jos Uffink

Coarse-graining and the repeated randomness assumption

In the present point of view, one assumes that the system considered is really
an isolated Hamiltonian system, but the Markov property is supposedly obtained
from a partitioning of its phase space. But exactly how is that achieved?

One of the clearest and most outspoken presentations of this view is [van Kam-
pen, 1962]. As in paragraph 5.4, we assume the existence of some privileged
partition of the Hamiltonian phase space Γ — or of the energy hypersurface ΓE
— into disjoint cells: Γ = ω1 ∪ · · · ∪ ωm. Consider an arbitrary ensemble with
probability density ρ on this phase space. Its evolution can be represented by an
operator

(202) U∗
t ρ(x) := ρ(U−tx),

where, — in order to avoid conflation of notation — we now use Ut to denote
the Hamiltonian evolution operators, previously denoted as Tt, e.g. in (68) and
throughout section 6. Let transition probabilities between the cells of this partition
be defined as

(203) Tt(j|i) := P (xt ∈ ωj |x ∈ ωi) = P (Utx ∈ ωj |x ∈ ωi) =

∫
(U−tωj)∩ωi

ρ(x)dx∫
ωi

ρ(x)dx
,

Obviously such transition probabilities will be homogeneous, due to the time-
translation invariance of the Hamiltonian evolution Ut. Further, let p̂0(i) := P (x ∈
ωi) =

∫
ωi

ρ(x)dx, i ∈ Y = {1, . . . , m}, be an arbitrary initial coarse-grained prob-
ability distribution at time t=0.

Using the coarse-graining map defined by (92), one may also express the coarse-
grained distribution at time t as

(204) CGU∗
t ρ(x) =

∑
ji

Tt(j|i)p̂0(i)
1

μ(ωj)
11ωj

(x)

where μ is the canonical measure on Γ, or the microcanonical measure on ΓE . This
expression indicates that, as long as we are only interested in the coarse grained
history, it suffices to know the transition probabilities (203) and the initial coarse
grained distributions.

But in order to taste the fruits advertised in the previous paragraphs, one needs
to show that the transition probabilities define a Markov process, i.e., that they
obey the Chapman-Kolmogorov equation (172),

(205) Tt′+t(k|i) = Tt′(k|j)Tt(j|i); for all t, t′ > 0.

Applying (204) for times t, t′ and t + t′, it follows easily that the Chapman-
Kolmogorov equation is equivalent to

(206) CGU∗
t′+t = CGU∗

t′ CGU∗
t , for all t, t′ > 0.
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In other words, the coarse-grained probability distribution at time t + t′ can be
obtained by first applying the Hamiltonian dynamical evolution during a time t,
then performing a coarse-graining operation, next applying the dynamical evolu-
tion during time t′, and then coarse-graining again. In comparison to the relation
U∗
t′+t = U∗

t′U
∗
t , we see that the Chapman-Kolmogorov condition can be obtained

by demanding that it is allowed to apply a coarse-graining, i.e. to reshuffle the
phase points within each cell at any intermediate stage of the evolution. Of
course, this coarse-graining halfway during the evolution erases all information
about the past evolution apart from the label of the cell where the state is located
at that time; and this ties in nicely with the view of the Markov property as having
no memory (cf. the discussion on p. 1042).

What is more, the repeated application of the coarse-graining does lead to a
monotonic non-decrease of the Gibbs entropy: If, for simplicity, we divide a time
interval into m segments of duration τ , we have

(207) ρmτ = CGU∗
τ CGU∗

τ · · · CGU∗
τ︸ ︷︷ ︸

m times

ρ

and from (96):

(208) σ[ρmτ ] ≥ σ[ρ(m−1)τ ] ≥ . . . ≥ σ[ρτ ] ≥ σ[ρ0].

But since the choice of τ is arbitrary, we may conclude that σ[ρt] is monotonically
non-decreasing.

Thus, van Kampen argues, the ingredient to be added to the dynamical evolu-
tion is that, at any stage of the evolution, one should apply a coarse-graining of
the distribution. It is important to note that it is not sufficient to do that just
once at a single instant. At every stage of the evolution we need to coarse-grain
the distribution again and again. Van Kampen [1962, p. 193] calls this the repeated
randomness assumption.

What is the justification for this assumption? Van Kampen points out that it is
“not unreasonable” (ibid., p. 182), because of the brute fact of its success in phe-
nomenological physics. Thermodynamics and other phenomenological descriptions
of macroscopic systems (the diffusion equation, transport equations, hydrodynam-
ics, the Fokker-Planck equation, etc.) all characterize macroscopic systems with
a very small number of variables. This means that their state descriptions are
very coarse in comparison with the microscopic phase space. But their evolution
equations are autonomous and deterministic: the change of the macroscopic vari-
ables is given in terms of the instantaneous values of those very same variables.
The success of these equations shows, apparently, that the precise microscopic
state does not add any relevant information beyond this coarse description. At
the same time, van Kampen admits that the coarse-graining procedure is clearly
not always successful. It is not difficult to construct a partition of a phase space
into cells for which the Markov property fails completely.

Apparently, the choice of the cells must be “just right” [van Kampen, 1962,
p. 183]. But there is as yet no clear prescription how this is to be done. Van



1054 Jos Uffink

Kampen [1981, p. 80] argues that it is “the art of the physicist” to find the right
choice, an art in which he or she succeeds in practice by a mixture of general
principles and ingenuity, but where no general guidelines can be provided. The
justification of the repeated randomness assumption is that it leads to the Markov
property and from there onwards to the master equation, providing a success-
ful autonomous, deterministic description of the evolution of the coarse-grained
distribution.

It is worth noting that van Kampen thus qualifies the ‘usual’ point of view
(cf. p. 977 above, and paragraph 5.4) on the choice of the cells; namely, that the
cells are chosen in correspondence to our finite observation capabilities. Observ-
ability of the macroscopic variables is not sufficient for the success of the repeated
randomness assumption. It is conceivable (and occurs in practice) that a particu-
lar partition in terms of observable quantities does not lead to a Markov process.
In that case, the choice of observable variables is simply inadequate and has to
be extended with other (unobservable) quantities until we (hopefully) obtain an
exhaustive set, i.e. a set of variables for which the evolution can be described au-
tonomously. An example is the spin-echo experiment: the (observable) total mag-
netization of the system does not provide a suitable coarse-grained description. For
further discussion of this theme, see: [Blatt, 1959; Ridderbos and Redhead, 1998;
Lavis, 2004; Balian, 2005].

Apart from the unsolved problem for which partition the repeated randomness
assumption is to be applied, other objections have been raised against the repeated
randomness assumption. Van Kampen actually gives us not much more than the
advice to accept the repeated randomness assumption bravely, not to be distracted
by its dubious status, and firmly keep our eyes on its success. For authors as [Sklar,
1993], who refers to the assumption as a ”rerandomization posit”, this puts the
problem on its head. They request a justification of the assumption that would
explain the success of the approach. (Indeed, even [van Kampen, 1981, p. 80]
describes this success as a “miraculous fact”!). Such a request, of course, will not
be satisfied by a justification that relies on its success. (But that does not mean,
in my opinion, that it is an invalid form of justification.)

Another point that seems repugnant to many authors, is that the repeated
coarse-graining operations appear to be added ‘by hand’, in deviation from the true
dynamical evolution provided by Ut. The increase of entropy and the approach to
equilibrium would thus apparently be a consequence of the fact that we shake up
the probability distribution repeatedly in order to wash away all information about
the past, while refusing a dynamical explanation for this procedure. [Redhead,
1995, p. 31] describes this procedure as “one of the most deceitful artifices I have
ever come across in theoretical physics” (see also [Blatt, 1959] [Sklar, 1993] and
[Callender, 1999] for similar objections).

One might ask whether the contrast between the repeated randomness assump-
tion and the dynamical evolution need be so bleak as Van Kampen and his critics
argue. After all, as we have seen in paragraph 6.2, there are dynamical systems
so high in the ergodic hierarchy that they possess the Bernoulli property for some
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partition of phase space (cf. paragraph 6.2). Since the Markov property is weaker
than the Bernoulli property, one may infer there are also dynamical systems whose
coarse grained evolutions define a homogeneous Markov process.73 Thus one might
be tempted to argue that the Markov property, or the repeated randomness as-
sumption proposed to motivate it, need not require a miraculous intervention from
an external ‘hand’ that throws information away; a sufficiently complex determin-
istic dynamics on the microscopic phase space of the system might do the job all by
itself. However, the properties distinguished in the ergodic hierarchy all rely on
a given measure-preserving evolution. Thus, while some dynamical systems may
have the Markov property, they only give rise to stationary Markov processes.
Its measure-preserving dynamics still implies that the Gibbs entropy remains con-
stant. Thus, the result (208) can only be obtained in the case when all inequality
signs reduce to equalities. To obtain a non-trivial form of coarse-graining, we
should indeed suspend the measure-preserving dynamics.

In conclusion,!!! although the choice of a privileged partition remains an un-
solved problem, there need not be a conflict between the repeated randomness
assumption and the deterministic character of the dynamics at the microscopic
level. However, whether the assumption (206) might actually hold for Hamilto-
nian systems interesting for statistical mechanics is, as far as I know, still open.

Interventionism or ‘open systems’

Another approach to stochastic dynamics is by reference to open systems. The
idea is here that the system in continual interaction with the environment, and
that this is responsible for the approach to equilibrium.

Indeed, it cannot be denied that in concrete systems isolation is an unrealistic
idealization. The actual effect of interaction with the environment on the micro-
scopic evolution can be enormous. A proverbial example, going back to [Borel,
1914], estimates the gravitational effect caused by displacing one gram of matter
on Sirius by one centimeter on the microscopic evolution of an earthly cylinder
of gas. Under normal conditions, the effect is so large, that, roughly and for a
typical molecule in the gas, it may be decisive for whether or not this molecule
will hit another given molecule after about 50 intermediary collisions. That is
to say: microscopic dynamical evolutions corresponding to the displaced and the
undisplaced matter on Sirius start to diverge considerably after a time of about
10−6 sec. In other words, the mechanical evolution of such a system is so extremely
sensitive for disturbances of the initial state that even the most minute changes
in the state of the environment can be responsible for large changes in the micro-
scopic trajectory. But we cannot control the state of environment. Is it possible
to regard irreversible behaviour as the result of such uncontrollable disturbances

73Strictly speaking this is true only for discrete dynamical systems. For continuous time, e.g.
for Hamiltonian dynamics, the Markov property can only be obtained by adding a time smoothing
procedure to the repeated randomness assumption [Emch, 1965],[Emch and Liu, 2001, pp. 484–
486].
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from outside?74

Let (x, y) be the state of a total system, where, as before, x ∈ Γ(s) represents
the state of the object system and y ∈ Γ(e) that of the environment. We assume
that the total system is governed by a Hamiltonian of the form

(209) Htot(x, y) = H(s) + H(e) + λHint(x, y),

so that the probability density of the ensemble of total systems evolves as

(210) ρt(x, y) = U∗
t ρ0(x, y) = ρ (U−t(x, y))

i.e., a time-symmetric, deterministic and measure-preserving evolution.
At each time, we may define marginal distributions for both system and envi-

ronment:

(211) ρ
(s)
t (x) =

∫
dy ρt(x, y),

(212) ρ
(e)
t (x) =

∫
dx ρt(x, y).

We are, of course, mostly interested in the object system, i.e. in (211). Assume
further that at time t = 0 the total density factorizes:

(213) ρ0(x, y) = ρ
(s)
0 (x)ρ(e)

0 (y).

What can we say about the evolution of ρ
(s)
t (x)? Does it form a Markov process,

and does it show increase of entropy?
An immediate result (see e.g. [Penrose and Percival, 1962]) is this:

(214) σ[ρ(s)
t ] + σ[ρ(e)

t ] ≥ σ[ρ(s)
0 ] + σ[ρ(e)

0 ],

where σ denotes the Gibbs fine-grained entropy (90). This result follows from the
fact that σ[ρt] is conserved and that the entropy of a joint probability distribution
is always smaller than or equal to the sum of the entropies of their marginals; with
equality if the joint distribution factorizes. This gives a form of entropy change for
the total system, but it is not sufficient to conclude that the object system itself
will evolve towards equilibrium, or even that its entropy will be monotonically
increasing. (Notice that (214) holds for t ≤ 0 too.)

Actually, this is obviously not to be expected. There are interactions with an
environment that may lead the system away from equilibrium. We shall have to
make additional assumptions about the situation. A more or less usual set of
assumptions is:

(a). The environment is very large (or even infinite); i.e.: the dimension of Γ(e)

is much larger than that of Γ(s), and H(s) � H(e).

74Note that the term ‘open system’ is employed here for a system in (weak) interaction with
its environment. This should be distinguished from the notion of ‘open system’ in other branches
of physics where it denotes a system that can exchange particles with its environment.
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(b). The coupling between the system and the environment is weak, i.e. λ is very
small.

(c). The environment is initially in thermal equilibrium, e.g., ρ(e)(y) is canonical:

(215) ρ
(e)
0 =

1
Z(β)

e−βH
(e)

(d). One considers time scales only that are long with respect to the relaxation
times of the environment, but short with respect to the Poincaré recurrence
time of the total system.

Even then, it is a major task to obtain a master equation for the evolution of
the marginal state (211) of the system, or to show that its evolution is generated
by a semigroup, which would guarantee that this forms a Markov process (under
the proviso of footnote 71). Many specific models have been studied in detail (cf.
[Spohn, 1980]). General theorems were obtained (although mostly in a quantum
mechanical setting) by [Davies, 1974; Davies, 1976a; Lindblad, 1976; Gorini et al.,
1976]. But there is a similarly to the earlier approach: it seems that, here too, an
analogue of ‘repeated randomness’ must be introduced. [Mehra and Sudarshan,
1972; van Kampen, 1994; Maes and Netočný, 2003].

At the risk of oversimplifying and misrepresenting the results obtained in this
analysis, I believe they can be summarized as showing that, in the so-called ‘weak
coupling’ limit, or some similar limiting procedure, the time development of (211)
can be modeled as

(216) ρ
(s)
t (x) = Ttρ

(s)(x) t ≥ 0,

where the operators Tt form a semigroup, while the environment remains in its
steady equilibrium state:

(217) ρ
(e)
t (y) = ρ

(e)
0 (y) t ≥ 0.

The establishment of these results would also allow one to infer, from (214), the
monotonic non-decrease of entropy of the system.

To assess these findings, it is convenient to define, for a fixed choice of ρ
(e)
0 the

following linear map on probability distributions of the total system:

(218) T R : ρ(x, y) �→ T Rρ(x, y) =
∫

ρ(x, y)dy · ρ0(y)

This map removes the correlation between the system and the environment, and
projects the marginal distribution of the environment back to its original equilib-
rium form.

Now, it is not difficult to see that the Chapman-Kolmogorov equation (which
is equivalent to the semigroup property) can be expressed as

(219) T RU∗
t+t′ = T RU∗

t′T RU∗
t for all t, t′ ≥ 0



1058 Jos Uffink

which is analogous to (206).
There is thus a strong formal analogy between the coarse-graining and the open-

systems approaches. Indeed, the variables of the environment play a role compa-
rable to the internal coordinates of a cell in the coarse graining approach. The
exact microscopic information about the past is here translated into the form of
correlations with the environment. This information is now removed by assuming
that at later times, effectively, the state may be replaced by a product of the form
(213), neglecting the back-action of the system on the environment. The map-
pings CG and T R are both linear and idempotent mappings, that can be regarded
as special cases of the projection operator techniques of Nakajima and Zwanzig,
which allows for a more systematical and abstract elaboration, sometimes called
subdynamics.

Some proponents of the open systems approach, (e.g. [Morrison, 1966; Red-
head, 1995]), argue that in contrast to the coarse-graining approach, the present
procedure is ‘objective’. Presumably, this means that there is supposed to be a
fact of the matter about whether the correlations are indeed ‘exported to the en-
vironment’. However, the analogy between both approaches makes one suspect
that any problem for the coarse-graining approach is translated into an analogous
problem of the open systems approach. Indeed, the problem of finding a privileged
partition that we discussed in the previous paragraph is mirrored here by the ques-
tion where one should place the division between the ‘system’ and ‘environment’.
There is no doubt that it practical applications this choice is also arbitrary.

7.6 Can the Markov property explain irreversible behaviour?

Ad (v). Finally, I turn to what may well be the most controversial and surprising
issue: is the Markov property, or the repeated randomness assumption offered to
motivate it, responsible for the derivation of time-reversal non-invariant results?

We have seen that every non-invertible homogeneous Markov process displays
“irreversible behaviour” in the sense that different initial probability distributions
will tend to become more alike in the course of time. Under certain technical con-
ditions, one can obtain stronger results, e.g. an approach to a unique equilibrium
state, monotonic non-decrease of absolute entropy, etc. All these results seem to
be clearly time-asymmetric. And yet we have also seen that the Markov property
is explicitly time symmetric. How can these be reconciled?

To start off, it may be noted that it has often been affirmed that the Markov
property is the key towards obtaining time-asymmetric results. For example, Pen-
rose writes:

“ . . . the behaviour of systems that are far from equilibrium is not
symmetric under time reversal: for example: heat always flows from
a hotter to a colder body, never from a colder to a hotter. If this be-
haviour could be derived from the symmetric laws of dynamics alone
there would, indeed, be a paradox; we must therefore acknowledge the
fact that some additional postulate, non-dynamical in character and
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asymmetric under time reversal must be adjoined to the symmetric
laws of dynamics before the theory can become rich enough to explain
non-equilibrium behaviour. In the present theory, this additional pos-
tulate is the Markov postulate” (Penrose 1970, p. 41).

In the previous paragraph, we have already questioned the claim expressed here
that the Markov property is “non-dynamical”. But now we are interested in the
question whether postulating the Markov property would be asymmetric under
time-reversal. Many similar statements, e.g. that the repeated randomness as-
sumption is “the additional element by which statistical mechanics has to be sup-
plemented in order to obtain irreversible equations” [van Kampen, 1962, p. 182],
or that the non-invertibility of a Markov process provides the origin of thermo-
dynamic behaviour [Mackey, 1992] can be found in the works of advocates of this
approach.

But how can this be, given that the Markov property is explicitly time-symmetric?
In order to probe this problem, consider another question. How does a given proba-
bility distribution P (y, 0) evolve for negative times? So, starting again from (170),
let us now take t ≤ 0. We still have:

(220) P (y, t) =
∑
y′

P (y, t, |y′, 0)P (y′, 0).

These conditional probabilities P (y, t, |y′, 0) satisfy the ‘time-reversed’ Markov
property (174), that says that extra specification of later values is irrelevant for
the retrodiction of earlier values. As a consequence, we get for t ≤ t′ ≤ t′′, 0:

P (y, t|y′′, t′′) =
∑
y′

P (y, t|y′, t′)P (y′, t′|y′′, t′′)(221)

i.e., a time-reversed analogue of the Chapman-Kolmogorov equation.
We may thus also consider these conditional probabilities for negative times

as backward evolution operators. If we could assume their invariance under time
translation, i.e. that they depend only on the difference τ = t− t′, we could write

(222) Sτ (y|y′) := P (y, t|y, t′) with τ = t− t′ ≤ 0,

and obtain a second semigroup of operators Sτ , obeying

(223) Sτ+τ ′ = Sτ ◦ Sτ ′ τ, τ ′ ≤ 0

that generate stochastic evolutions towards the past.
Further, these backward conditional probabilities are connected to the forward

conditional probabilities by means of Bayes’ theorem:

(224) P(1|1)(y, t|y′, t′) =
P(1|1)(y′, t′|y, t)P (y, t)

P (y′, t′)
;

and if the process, as before, is homogeneous this becomes
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(225) P(1|1)(y, t|y′, t′) =
T−τ (y′|y)Pt(y)

Pt′(y′)
; τ = t− t′ < 0.

The matrix P(1|1)(y, t|y′, t′) always gives for t < t′ the correct ‘inversion’ of Tt.
That is to say:

(226)
∑
y′

P (y, t|y′, t′)(Tt′−tPt)(y′) = Pt(y)

Note firstly that (225) is not the matrix-inverse of Tt! Indeed, the right-hand side
of (225) depends on Pt and Pt′ as well as T . Even if the matrix-inverse T (inv) does
not exist, or is not a bona fide stochastic matrix, the evolution towards the past
is governed by the Bayesian inversion, i.e. by the transition probabilities (225).

Note also that if the forward transition probabilities are homogeneous, this is
not necessarily so for the backward transition probabilities. For example, if in
(225) one translates both t and t′ by δ, one finds

P (y, t + δ|y′, t′ + δ) =
T−τ (y′|y)P (y, t + δ)

P (y′, t′ + δ)
.

Here, the right-hand side generally still depends on δ. In the special case that
the initial distribution is itself stationary, the backward transition probabilities
are homogeneous whenever the forward ones are. If P (y, t) is not stationary, we
might still reach the same conclusion, as long as the non-stationarity is restricted
to those elements y or y′ of Y for which Tt(y|y′) = 0 for all t. Otherwise, the two
notions become logically independent.

This gives rise to an unexpected new problem. Usually, an assumption of ho-
mogeneity (or time translation invariance) is seen as philosophically innocuous, as
compared to time reversal invariance. But here we see that assuming time trans-
lation invariance for a system of forward transition probabilities is not equivalent
to assuming the same invariance for the backward transition probabilities. If one
believes that one of the two is obvious, how will one go about explaining the fail-
ure of the other? And how would one explain the preference for which one of the
two is obvious, without falling into the “double standards” accusation of the kind
raised by [Price, 1996]?

But what about entropy increase? We have seen before that for every non-
invertible Markov process the relative entropy of the distribution P with respect
to the equilibrium distribution increases, and that the distribution evolves towards
equilibrium. (Homogeneity of the process is not needed for this conclusion.) But
the backward evolution operators form a Markov process too, for which exactly the
same holds. This seems paradoxical. If TtP0 = Pt, we also have Pt = S−tP0. The
entropy of Pt can hardly be both higher and lower than that of P0! An example may
clarify the resolution of this apparent problem: namely, the stationary solutions
of S are not the same as the stationary solutions of T !

Example Consider a Markov chain with Y = {1, 2} and let
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(227) T =
(

1
2

1
2

1
2

1
2

)
.

Choose an initial distribution P0 =
(

α
1− α

)
. After one step we already get

(228) TP =
(

1
2
1
2

)

which is also the (unique) stationary distribution P ∗. The backward transition
probabilities are given by Bayes’ theorem, and one finds easily:

(229) S =
(

α α
1− α 1− α

)
.

The stationary distribution for this transition probability is

(230) P̃ ∗ =
(

α
1− α

)
.

That is to say: for the forward evolution operator the transition

(231)
(

α
1− α

)
T−→
(

1
2
1
2

)

is one for which a non-stationary initial distribution evolves towards a station-
ary one. The relative entropy increases: H(P0, P

∗) ≤ H(TP, P ∗). But for the
backward evolution, similarly:

(232)
(

1
2
1
2

)
S−→
(

α
1− α

)

represents an evolution from a non-stationary initial distribution to the stationary
distribution P̃ ∗ and, here too, relative entropy increases: H(P1, P̃

∗) ≤ H(P0, P̃
∗).

The illusion that non-invertible Markov processes possess a built-in time-
asymmetry is (at least partly) due to the habit of regarding Tτ as a fixed evo-
lution operator on an independently chosen distribution P0. Such a view is of
course very familiar in other problems in physics, where deterministic evolution
operators generally do form a group and may be used, at our heart’s desire, for
positive and negative times.

Indeed, the fact that these operators in general have no inverse might seem to
reflect the idea that Markov processes have no memory and ‘loose information’
along the way and that is the cause of the irreversible behaviour, embodied in
the time-asymmetric master equation, increase of relative or absolute entropy or
approach to equilibrium. But actually, every Markov process has apart from a
system of forward, also a system of backward transition probabilities, that again
forms a semigroup (when they are homogeneous). If we had considered them as
given we would get all conclusions we obtained before, but now for negative times.
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I conclude that irreversible behaviour is not built into the Markov property, or in
the non-invertibility of the transition probabilities, (or in the repeated randomness
assumption75, or in the Master equation or in the semigroup property). Rather
the appearance of irreversible behaviour is due to the choice to rely on the forward
transition probabilities, and not the backward. A similar conclusion has been
reached before [Edens, 2001] in the context of proposals of Prigogine and his
coworkers. My main point here is that the same verdict also holds for more
‘mainstream’ approaches as coarse-graining or open systems.

7.7 Reversibility of stochastic processes

In order not to end this chapter on a destructive note, let me emphasize that I do
not claim that the derivation of irreversible behaviour in stochastic dynamics is
impossible. Instead, the claim is that motivations for desirable properties of the
forward transition probabilities are not enough; one ought also show that these
properties are lacking for the backward transitions.

In order to set up the problem of irreversibility in this approach to non-equilibrium
statistical mechanics for a more systematic discussion, one first ought to provide a
reasonable definition for what it means for a stochastic process to be (ir)reversible;
a definition that would capture the intuitions behind its original background in
Hamiltonian statistical mechanics.

One general definition that seems to be common (cf. [Kelly, 1979 p. 5]) is to
call a stochastic process reversible iff, for all n and t1, . . . , tn and τ :

(233) P(n)(y1, t1; . . . ; yn, tn) = P(n)(y1, τ − tn; . . . ; yn, τ − tn).

See [Grimmett and Stirzaker, 1982, p. 219] for a similar definition restricted to
Markov processes) The immediate consequence of this definition is that a stochas-
tic process can only be reversible if the single-time probability P(1)(y, t) is sta-
tionary, i.e. in statistical equilibrium. Indeed, this definition seems to make the
whole problem of reconciling irreversible behaviour with reversibility disappear.
As [Kelly, 1979, p. 19] notes in a discussion of the Ehrenfest model: “there is
no conflict between reversibility and the phenomenon of increasing entropy — re-
versibility is a property of the model in equilibrium and increasing entropy is a
property of the approach to equilibrium”

But clearly, this view trivializes the problem, and therefore it is not the appropri-
ate definition for non-equilibrium statistical mechanics. Recall that the Ehrenfest
dog flea model (§7.2) was originally proposed in an attempt of showing how a ten-
dency of approaching equilibrium from a initial non-equilibrium distribution (e.g.

75In recent work, van Kampen acknowledges that the repeated randomness assumption by
itself does not lead to irreversibility: “This repeated randomness assumption [. . . ] breaks the
time symmetry by explicitly postulating the randomization at the beginning of the time interval
Δt. There is no logical justification for this assumption other than that it is the only thing
one can do and that it works. If one assumes randomness at the end of each Δt coefficients for
diffusion, viscosity, etc. appear with the wrong sign; if one assumes randomness at the midpoint
no irreversibility appears” [van Kampen, 2002, p.475, original emphasis].
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a probability distribution that gives probability 1 to the state that all fleas are lo-
cated on the same dog) could be reconciled with a stochastic yet time-symmetric
dynamics.

If one wants to separate considerations about initial conditions from dynam-
ical considerations at all, one would like to provide a notion of (ir)reversibility
that is associated with the stochastic dynamics alone, independent of the initial
distribution is stationary.

It seems that an alternative definition which would fulfill this intuition is to say
that a stochastic process is reversible if, for all y and y′ and t′ > t,

(234) P(1|1)(y, t|y′, t′) = P(1|1)(y, t′|y′, t).

In this case we cannot conclude that the process must be stationary, and indeed,
the Ehrenfest model would be an example of a reversible stochastic process. I
believe this definition captures the intuition that if at some time state y′ obtains,
the conditional probability of the state one time-step earlier being y is equal to
that of the state one time-step later being y.

According to this proposal, the aim of finding the “origin” of irreversible be-
haviour or “time’s arrow”, etc. in stochastic dynamics must then lie in finding
and motivating conditions under which the forward transition probabilities are
different from the backwards transition probabilities, in the sense of a violation
of (234). Otherwise, irreversible behaviour would essentially be a consequence of
the assumptions about initial conditions, a result that would not be different in
principle from conclusions obtainable from Hamiltonian dynamics.
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molekülen. Wiener Berichte, 66, 275–370, 1872. In [Boltzmann, 1909] Vol. I, paper 23.

[Boltzmann, 1877a] L. Boltzmann. . Bermerkungen über einige Probleme der mechanische
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[Boltzmann, 1897b] L. Boltzmann. Über einige meiner weniger bekannte Abhandlungen über
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Annalen, 100, 253-280, 1857. English translation in [Brush, 1966], Vol.1. pp. 111–134.

[[, Clausius] 1862]Clausius62 R. Clausius. ‘Ueber die Anwendung des Satzes von der Aequivalenz
der Verwandlungen auf die innere Arbeit’, Viertelsjahrschrift der Züricher naturforschenden
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Flüssigkeitsgemischen in der Nähe des kritischen Zustandes Annalen der Physik, 33, 1275–
1298, 1910.

[Ellis, 1850] R. L. Ellis. Remarks on an alleged proof of the method of least squares, contained in
a late number of the Edinburgh Review, in W.Walton (Ed.), Mathematical and other Writings
of R.L. Ellis. Cambridge: Cambridge University Press, 1863, pp. 53–61.

[Emch, 1965] G. G. Emch. On the Markov character of master-equations. Helvetica Physica
Acta, 38, 164–171, 1965.

[Emch, 2005] G. G. Emch. Probabilistic issues in statistical mechanics. Studies In History and
Philosophy of Modern Physics 36, 303–322, 2005.

[Emch, 2006] G. G. Emch. This volume, chapter 10, 2006.
[Emch and Liu, 2001] G. G. Emch and C. Liu, The Logic of thermostatistical physics. Berlin:

Springer, 2001.
[Farquhar, 1964] I. E. Farquhar. Ergodic theory in statistical mechanics, London, Interscience,

1964.
[Feshbach, 1987] H. Feshbach. Small systems: when does thermodynamics apply? Physics To-

day, 40, 9–11, 1987.
[Fine, 1973] T. L. Fine. Theories of probability: An examination of foundations. New York:

Academic Press, 1973.
[Fisher, 1964] M. E. Fisher. The free energy of a macroscopic system. Archive for Rational

Mechanics and Analysis 17 377–410, 1964.
[Fowler and Guggenheim, 1939] R. H. Fowler and E. Guggenheim. Statistical Thermodynamics.

Cambridge: Cambridge University Press, 1939.
[Fox, 1971] R. Fox. The caloric theory of gases: from Lavoisier to Regnault. Oxford: Clarendon

Press, 1971.
[Friedman, 1976] K. S. Friedman. A Partial vindication of ergodic theory. Philosophy of Science,

43, 151-162, 1976.
[Frigg, 2004] R. Frigg. In what sense is the Kolmogorov-Sinai entropy a measure for chaotic

behaviour? — bridging the gap between dynamical systems theory and communication theory.
British Journal for the Philosophy of Science, 55, 411–434, 2004.

[Galavotti, 2004] M. C. Galavotti. A philosophical introduction to probability. Chicago: Univer-
sity of Chicago Press, 2004.

[Gallavotti, 1994] G. Gallavotti. Ergodicity, ensembles, irreversibility in Boltzmann and beyond
http: arXiv:chao-dyn/9403004. Journal of Statistical Physics, 78, 1571–1589, 1994.

[Gallavotti, 1999] G. Gallavotti. Statistical mechanics: A short treatise. Berlin: Springer, 1999.
[Gantmacher, 1959] F. R. Gantmacher. Matrizenrechnung Vol 2. Berlin: Deutscher Verlag der

Wissenschaften, 1959.
[Garber et al., 1986] E. Garber, S. G. Brush, and C. W. F. Everitt, (Eds.). Maxwell on molecules

and gases Cambridge Mass.: MIT Press, 1986.
[Garber et al., 1995] E. Garber, S. G. Brush, and C. W. F. Everitt, (Eds.). Maxwell on heat

and statistical mechanics Bethlehem: Lehigh University Press, 1995.



1068 Jos Uffink

[Gearhart, 1990] C. A. Gearhart. Einstein before 1905: The early papers on statistical mechanics
American Journal of Physics, 58, 468–480, 1990.

[Gibbs, 1875] J. W. Gibbs. equilibrium of heterogenous substances. Transactions of the Con-
necticut Academy, 3, 103–246 and 343–524 (1878). Also in [Gibbs, 1906, pp. 55–353].

[Gibbs, 1902] J. W. Gibbs. Elementary principles in statistical mechanics, New York, Scribner
etc, 1902.

[Gibbs, 1906] J. W. Gibbs. The Scientific Papers of J. Willard Gibbs, Vol. 1, Thermodynamics,
Longmans, London, 1906. Reissued by Ox Bow Press, Woodbridge, Connecticut, 1993.

[Giles, 1964] R. Giles. Mathematical foundations of thermodynamics Oxford: Pergamon, 1964.
[Gold, 1956] T. Gold. Cosmic processes and the nature of time. In R. Colodny (Ed.), Mind and

Cosmos. Pittsburgh: University of Pittsburgh Press, pp. 311–329, 1956.
[Goldstein, 2001] S. Goldstein. Boltzmann’s approach to statistical mechanics. In J. Bricmont,
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Mercader & W.H. Zurek (Eds.). Physical origins of time asymmetry. Cambridge: Cambridge
University Press, pp. 131–146, 1994.

[Lebowitz, 1999] J. L. Lebowitz. Statistical mechanics: A selective review of two central issues.
Reviews of Modern Physics, 71, S346–S357, 1999. math-ph/0010018.

[Lebowitz and Penrose, 1973] J. Lebowitz and O. Penrose. Modern ergodic theory. Physics To-
day, 26 23–29, 1973.

[Leeds, 1989] S. Leeds. Discussion: D. Malament and S. Zabell on Gibbs phase averaging. Phi-
losophy of Science, 56, 325–340, 1989.

[Leff and Rex, 1987] H. S. Leff and A. F. Rex. Maxwell’s Demon 2. Bristol: Institute of Physics,
1987.

[Leinaas and Myrheim, 1977] J. M. Leinaas and J. Myrheim. On the theory of identical particles.
Il Nuovo Cimento, 37B, 1–23, 1977.

[Lieb, 1976] E. H. Lieb. The stability of matter. Reviews of Modern Physics, 48, 553–569, 1976.
[Lieb and Lebowitz, 1973] E. H. Lieb and J. L. Lebowitz. Lectures on the thermodynamic limit

for Coulomb systems. In A. Lenard (Ed.) Statistical mechanics and mathematical problems.
Berlin: Springer-Verlag, pp. 136–162, 1973.

[Lieb and Yngvason, 1999] E. Lieb and J. Yngvason. The phyics and mathematics of the second
law of thermodynamics, Physics Reports, 310, 1–96; erratum 314, (1999), p. 669, 1999. Also
as e-print: http://xxx.lanl.gov/abs/cond-mat/9708200.

[Lindblad, 1976] G. Lindblad. On the generators of quantum dynamical semigroups. Commu-
nications in Mathematical Physics, 48, 119–130, 1976.

[Lindblad, 1983] G. Lindblad. Non-equilibrium entropy and irreversibility Dordrecht: Reidel,
1983.

[van Lith, 2001a] J. van Lith. Ergodic theory, interpretations of probability and the foundations
of statistical mechanics Studies in History and Philosophy of Modern Physics, 32, 581–594,
2001.

[van Lith, 2001b] J. van Lith. Stirr in Stillness. Ph.D. Thesis, Utrecht University, 2001.
[Liu, 1999] C. Liu. Explaining the emergence of cooperative phenomena. Philosophy of Science

66 (Proceedings), S92–S106, 1999.
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[Szilard, 1925] L. Szilard. Über die Ausdehnung der phänomenologischen Thermodynamik auf

die Schwankungserscheinungen. Zeitschrift für Physik, 32, 753–788, 1925.
[Tabor, 1989] M. Tabor. Chaos and integrability in nonlinear dynamics: an introduction. New

York: Wiley, 1989.
[Thomsen and Hartka, 1962] J. S. Thomsen and Th. J. Hartka. Strange Carnot cycles; ther-

modynamics of a system with a density extremum American Journal of Physics 30, 26–33,
1962.

[Thompson, 1972] C. Thompson. Mathematical Statistical Mechanics. Princeton: Princeton
University Press, 1972.

[Tisza, 1966] L. Tisza. Generalized Thermodynamics. Cambridge, Mass.: MIT Press, 1966.
[Tisza and Quay, 1963] L. Tisza and P. M. Quay. The statistical thermodynamics of equilibrium.

Annals of Physics, 25, 48–90, 1963. Also in [Tisza, 1966, pp. 245–287].
[Tolman, 1938] R. C. Tolman. The principles of statistical mechanics. London: Oxford Univer-

sity Press, 1938.
[Touchette, 2003] H. Touchette. Equivalence and nonequivalence of the microcanonical and

canonical ensembles: a large deviations study. Ph.D Thesis, McGill University, Montréal,
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QUANTUM STATISTICAL PHYSICS

Gérard G. Emch

1 INTRODUCTION

In search for the headwaters of the Missouri during their 1804–1806 expedition,
Lewis and Clark decreed that the river begins at the confluence of three streams
— the Jefferson, Gallatin, and Madison rivers — and ends as a main tributary to
the mighty Mississippi.

Similarly, and with some of the same arbitrariness, three major headings can
be used to mark the beginnings of quantum statistical physics (QSP): Planck’s
“quantum hypothesis” following his 1900 papers [Planck, 1900a; Planck, 1900b],
Gibbs’ 1902 book on “statistical mechanics” [Gibbs, 1902], and what is now known
as Einstein’s 1905 “Brownian motion” [Einstein, 1905b]. Pushing the metaphor
into our own days, the power of QSP is manifest in the landscape of condensed
matter physics (from solid state physics to astrophysics). The navigation there,
albeit often tentative, has brought to shore predictions that have been confirmed
with a precision impressive enough to clamor for a consistent explanation. The
purpose of this chapter is to point to directions along which such explanations may
be found. I begin this search by tracing briefly the course of the three tributaries
mentioned above, thus by identifying the initial motivations for QSP.

Planck’s long-lasting hesitations indicate how much in advance he was, not only
of his own time, but perhaps even of himself; e.g., at first, he had put forward his
black-body radiation law on account of the nature of the body — little oscillators in
the walls — rather than on account of the nature of the radiation. As Planck was
transposing to the description of electromagnetic waves the counting arguments
Boltzmann used in the thermal physics of material bodies, he initially left open
the question of whether this was a mere formal analogy, or whether it was one
that could be justified from putative interactions between radiation and matter;
or whether, yet, this speculative analogy had deeper roots. Planck’s reluctance still
shows through in the recommendation he wrote in 1913 to support young Einstein’s
early election to the Prussian Academy of Sciences: “That he may sometimes
have missed the target of his speculations, as for example in his hypothesis of
the light quanta, cannot really be held against him.” While this may be seen as
a barb directed to [Einstein, 1905a], note nevertheless that Planck’s reference to
a quantum hypothesis is not a passing accident: he was meticulous in his use of
words; consider, for instance the use of “theory”, “theorem”, and “hypothesis”

c
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in the title of his 1911 address to the German Chemical Society [Planck, 1911].
Soon thereafter, the rest of the world overcame his scruples: the Nobel prize was
awarded to Planck in 1918 for “his discovery of energy quanta”; and to Einstein
in 1921 for “his discovery of the law of the photoelectric effect.” For each of them,
the laudatio calls attention to their respective contributions to the nascent QSP,
specifically: the black body radiation for Planck and the specific heat of solids for
Einstein; see subsections 2.1 and 2.3 below.

Gibbs’ book [Gibbs, 1902] focuses on classical statistical physics. While the
basic concepts had been apprehended differently by the German Clausius, the
Austrian Boltzmann and the British Maxwell, the American Gibbs proposes that
the field has reached the modicum of maturity necessary for a consolidation of
the foundations; for axiomatization in other fields, compare with Hilbert [Hilbert,
1900; Hilbert, 1899; Hilbert, 1918], and Einstein [Einstein, 1921]. Even in the
classical context, Gibbs’ reluctance to invoke Boltzmann’s ergodic postulate points
to the persistence of unresolved issues regarding what Gibbs calls in the very title
of his book “the rational foundation of thermodynamics”; for a brief presentation
of those aspects of Gibbs’ work that may be most relevant to my purpose here,
see [Uffink, 2006, section 5]. It pertains to the present chapter to examine how
much of this dichotomy persists in the quantum realm, and the extent to which
whatever persists is relevant to the explanatory purposes of QSP.

Einstein’s papers on Brownian motion still reside conceptually in the realm
of classical physics. In spite of the neglect in which many mathematicians still
held the foundations of probabilistic theories around the turn of the twentieth
century (cf. e.g. [Hilbert, 1900, Problem 6]), Einstein’s approach stands as a
witness to the fact that stochastic arguments — i.e. arguments involving ran-
dom processes — had gained currency in the physicists’ marketplace. Einstein’s
conclusions were widely (if not universally) accepted at face value as empirical
proof of the existence of molecules, as not just computationally convenient small
entities or units, but as objects with definite dimensions [Einstein, 1906b]. Fur-
thermore, Einstein’s papers were not the isolated manifestation of a singular genius
that the cumbersome title of his first paper might suggest [Einstein, 1905b]. On
the one hand, from the physicist’s perspective, it must be noted that Einstein
begins his second paper in the sequence with an ackowledgment that he had ig-
nored the earlier contributions of Siedentopf and Gouy who had interpreted the
“so-called Brownian motion” [Einstein dixit ] as caused by the irregular thermal
motions of the molecules [Einstein, 1906c; Gouy, 1888]. On the other hand, the
modern mathematician will recognize, with the hindsight of practitioners such
as Kac and Chandrasekhar, that Smolukowski simultaneously distilled from the
same empirical sources the mathematical intuition allowing him to post a claim
on what was to become the theory of stochastic processes [Smolukowski, 1906a;
Smolukowski, 1916]. Yet, it was only in 1933 that Kolmogorov made precise the
essentials of the underlying syntax, namely the mathematical theory of probability
[Kolmogorov, 1933]. Even so, an unresolved issue remains to this day as to the
proper semantics: von Mises’ collectives [von Mises, 1928] or de Finetti’s subjec-
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tive assignments [de Finetti, 1937]. I post my stakes — see subsection 3.1 — on
the latter issue when considering the extension of the theory of probability to the
quantum realm, with special regard to the specific demands of QSP.

As this essay opens, the question arises as to whether the confluence of three
streams of interest compounds the foundational problems of each of them or, on the
contrary, whether they can be brought to inform one another. I aim my argument
towards the latter view, although I am not oblivious to such ubiquitous problems
as questioning what elements of reality should — or should not — be ascribed
to individual microscopic quantum systems. As part of the larger problem of the
reduction of thermodynamics by statistical mechanics, I consider specifically the
question whether and how QSP can claim to explain the collective properties of
many-body systems: it does postulate a quantum description at the microscopic
level, while it has not obtained as yet an ontological grasp of the individual compo-
nents of these systems. In my presentation I follow Einstein’s admonition: “If you
want to find out anything from the theoretical physicists about the methods they
use ... don’t listen to their words, fix your attention on their deeds.” [Einstein,
1933].

2 EARLY SUCCESSES

In [Jammer, 1966] Max Jammer provides much of the specific historical documen-
tation pertaining to the beginnings of quantum theory; and he discusses some of
the ensuing debates in [Jammer, 1974]. Here, I start with a discussion of the early
pragmatic successes of QSP, with special attention to two aspects: their classical
mooring in the high temperature regime; and the understanding QSP gives of the
particle-wave duality. Both of these aspects illustrate the added insight gained
from the contextual differences coloring the answers to the same questions when
asked in QSP rather than in the quantum theories of, say, the Bohr atom or scat-
tering processes; compare with Mara Beller’s perspective on the making of the
quantum revolution [Beller, 1999].

2.1 Planck’s interpolating formula for black-body radiation

The experimental evidence available to Planck was the spectral density ρT (ν)
of the energy per unit volume of electromagnetic radiation, as a function of its
frequency ν , when electromagnetic radiation is in equilibrium with a black-body
at temperature T . In [Planck, 1900a; Planck, 1900b], Planck proposes to fit these
data with the formula

(1) ρT (ν) = A
hν

e
hν
kT − 1

with A =
8πν2

c3

where c is the speed of light, k = R/NAv is the Boltzmann constant, R is the
universal gas constant and NAv is the Avogadro number. In addition, a new
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constant enters the formula, h , known nowadays as the Planck constant. While
Planck himself would pretend that (1) had been a “lucky guess” such a formula
could not have come into existence in a conceptual vacuum.

Two qualitative laws had been identified by Wien [1894], Stefan [1879] and
Boltzmann [1884]. The Wien displacement law states that

(2) ρT (ν) = ν3 f(
ν

T
)

where f is some undetermined function, satisfying the condition that the following
integral converges

(3)
1
V

E(T ) =
∫ ∞

o

dνρT (ν)

which expresses the density, per unit volume, of the energy of the radiation at
temperature T . Upon inserting (2) in (3), one receives immediately the Stephan–
Boltzmann law:

(4) E(T ) = σT 4

where σ is a constant. Planck’s proposal complies with these laws.
Two analytic expressions (or “laws”) had been proposed, which specify the

function f in (2). One law, due to Wien [1896], reads:

(5) ρT (ν) = α ν3 exp−γ ν
T .

With α and γ being two constants, this law had been confirmed empirically in the
range where ν/T is large. In contrast, the other law, due to Rayleigh [1900], see
also Jeans [1905a], is:

(6) ρT (ν) =
8π

c3
ν2 kT

which had been confirmed empirically in the range where ν/T is small.
Clearly, (1) interpolates analytically between the Wien and Rayleigh–Jeans for-

mulas; and it gives a quantitative meaning to the conditions that ν/T be “large”
(resp. “small”), namely ν/T � k/h (resp. ν/T � k/h ). In the intermedi-
ate range, Planck’s interpolating formula fits experimental results very well, both
qualitatively and quantitatively.

Planck’s colleagues could not fail to be impressed and Planck’s triumph would
have been complete had he been able to explain his formula from first principles,
at least to the considerable extent with which (2) to (6) could be understood.
Instead, Planck has to resort to “an act of desperation” — his own words [Jammer,
1966] — and he constructs, after several attempts, a heuristic model in which
the radiation exchanges energy in discrete quanta with putative “resonators” in
thermodynamical equilibrium within the walls. The model suffers from several
shortcomings — among them Planck’s adaptation of Boltzmann’s counting —
and much uncertainty concerning its theoretical status:
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Walter Nernst ... initially disliked quantum theory, claiming that it
was ‘really nothing else than an interpolation formula ... only a rule
for calculations ... but has proven so fruitful by the work of Planck ...
and ... of Einstein that the duty of science is to take it seriously and
to subject it to careful investigations’. [Jammer, 1966, p. 59]

The consensus that later settled in the physics community is that any attempt
— Planck’s included — to derive (1) from first principles would be doomed to
failure: (1) is a fundamental or primary law, i.e. one that is not to be explained,
but the consequences of which ought to be explored.

2.2 Einstein’s fluctuation formula and the particle-wave
duality

For a start, Einstein notes two shortcomings in Planck’s derivation. The first is
formal, but nevertheless essential: Planck’s account does not conform to Boltz-
mann’s statistical counting as closely as Planck suggests. The second is pointed
out in [Einstein, 1906a]: Planck’s treatment involves an inconsistency between:
(a) his use of the (classical) Maxwell theory of electromagnetism to compute the
average energy of a resonator in a radiation field; and (b) the assumption that
the energy of a resonator can change only discontinuously. Together with other
empirical problems — among which the photoelectric effect [Einstein, 1905a] —
these difficulties led Einstein to propose that, while Planck’s radiation formula (1)
has incontestable empirical merits, the “quantization” itself is to be looked for
in the radiation field rather than in a dubious mechanism of interaction with the
walls. Einstein’s criticism raises, in the same volley, the question of whether light
is wave-like as accounted for by Maxwell’s electromagnetic theory; or whether
it is particle-like as Newton’s theory had it before its purported falsification in
interference experiments conducted in the early nineteenth century .

Einstein’s fluctuation formula [Einstein, 1909a] proposes that light should be
viewed simultaneously as both particle and wave; specifically:

SCHOLIUM 1. Let the Planck’s spectral density ρT (ν) in (1) be interpreted as
the average energy 〈uT (ν)〉 of quantum oscillators of frequency ν of the radiation
in thermal equilibrium at temperature T . Then for all values of hν/kT , the energy
fluctuation 〈(∆u)2〉 = kT 2∂T 〈uT (ν)〉 is the sum of two terms

(7)

〈(∆u)2〉 = 〈(∆u)2〉p + 〈(∆u)2〉w where



〈(∆u)2〉p = 〈uT (ν)〉hν

〈(∆u)2〉w = 〈uT (ν)〉2 c3

8πν2


 and 〈(∆u)2〉p / 〈(∆u)2〉w = exp

hν
kT −1

Hence, the particle-like contribution 〈(∆u)2〉p dominates when hν/kT >> 1 , and
the wave-like contribution 〈(∆u)2〉w dominates when hν/kT << 1 . In this in-
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terpretation, the particle-wave duality is thus a matter of degree, rather than an
alternative between the two mutually exclusive horns of a dilemma.

Less of a conceptual problem in QSP, this duality becomes more difficult to
master in other empirical contexts where one may prefer to view a photon either
as a particle or as a wave packet. Moreover, this duality has since been extended
to all (sub-atomic) particles; e.g. phenomena usually associated with waves, such
as diffraction of beams of light, have been observed as well with beams of electrons
and then neutrons; cf. e.g. [Jammer, 1966, pp. 249-253]; or for an update [Rauch,
2005]. In other circumstances, one prefers to use a particle language, as for in-
stance in the description of the photo-electric effect [Einstein, 1905a]; as reported
in most QM textbooks, a photon impinging on a metallic surface causes an elec-
tron to be expelled; or in atomic spectroscopy, a particle — the atom — emits a
beam of light; cloud- and bubble-chambers have since let us visualize interparticle
collisions; and yet their description in scattering theory uses the so-called wave
operator; cf. e.g. [Amrein et al., 1977]. In the light of this duality, and follow-
ing upon the speculations of Einstein and de Broglie, physicists have learned to
adapt their language to the aspect they wish to emphasize. Yet, the persistent
arguments about “self-interference” show that some residual ambiguities have yet
to be resolved; cf. the long debate extending from [Taylor, 1909] to [Aichele et al.,
2005], and surely beyond.

Upon returning to the early manifestations of QSP, one ought to mention that
the Einstein fluctuation formula (7) above, as well as the explanation of the tem-
perature dependence of the specific heat of solids — see subsection 2.3 below —
motivate the Ehrenfests’ suggestion [Ehrenfest and Ehrenfest, 1911] that in statis-
tical mechanics, quantum behaviour manifests itself mostly at low temperatures,
whereas classical behaviour emerges at high temperatures. The fact is that in
many expressions, such as the Planck distribution (1), the Planck constant h and
the temperature T appear together in a factor h/T , or in the form used in the
sequel, � β ; hence in these expressions the “classical limit” h→ 0 and the “high-
temperature limit” T →∞ are included in (� β)→ 0 . All refer to cases where the
relevant energies, or energy densities, are extremely large when measured in the
scale determined by the numerical value of the Planck constant.

2.3 Debye’s specific heat of solids below the classical regime

For the purpose of this subsection, the situation down in the field is that Dulong
& Petit (1819) had proposed an argument to the effect that the specific heat —
measured in calories per mole per degree — ought to be the same for all solids:
3R where R is the universal gas constant. Yet, it later became apparent that this
“constant” could decrease dramatically with temperature, so much so that by the
end of the nineteenth century, the experimental data led to the conjecture that the
specific heat of solids becomes vanishingly small as the temperature approaches
absolute 0K . In the meantime, the discovery of X-rays by Roentgen (1895) had
allowed several experimentalists — Ewald (1911), and at the suggestion of von
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Laue, Friedrich and Knipping (1912) — to obtain diffraction patterns corroborat-
ing speculations that crystalline solids are regular lattices, at the vertices of which
sit the atoms.

As no classical explanation of the observed drastic temperature dependence of
the specific heat seemed forthcoming, Einstein and Debye offered the following
model; cf. [Einstein, 1907; Einstein, 1911b; Debye, 1912].

The starting point is (1) above, the Planck formula for black-body radiation,
now reinterpreted in terms of the vibrational modes of a solid at temperature T :

(8) U(T ) =
∫

dν g(ν)U(ν, T ) with U(ν, T ) =
hν

e
hν
kT − 1

and
∫

0

∞
dν g(ν) =

3N

where N is the number of 3-dimensional oscillators in the solid. Where Einstein
had assumed that g is concentrated on a fixed frequency νo , Debye chooses for
g the simplest vibrational distribution that takes into account that in a crystal,
say of volume V , the vibrations have a minimal wavelength of the order of the
interatomic distance in the lattice:

(9) g(ν) = G

{
1 if 0 ≤ ν ≤ νo
0 if ν > νo

}
with G =

12πν2

s3
V .

G takes into account that vibrations are now sound waves rather than electromag-
netic waves — compare with A = 8πν2

c3 in (1) — thus s is now the speed of sound,
instead of the speed c of light; and the replacement of 8π = 2·4π by 12π = (2+1)·4π
reflects the fact that sound-waves in solids have, in addition to the two transverse
polarizations also present in light, a third degree of freedom, namely longitudinal
modes. These hypotheses entail the following consequence.

SCHOLIUM 2. There exists a temperature Θ , such that the specific heat satisfies

(10) CV �



3R for T � Θ

12
5 π4R(TΘ )3 for T � Θ

.

Hence, the Debye model differentiates between two regimes: at high temperatures
it recovers the Dulong–Petit law; and it predicts that as the temperature ap-
proaches 0 K , the specific heat vanishes according to CV ∼ T 3 . In this model, the
temperature Θ , now called the Debye temperature, depends on the solid consid-
ered through the cut-off frequency νo , and thus on the speed of sound in that solid
and on its density N/V . The numerical value of Θ gives a quantitative estimate
— for details, see subsection 6.1 — of what is meant by high and low temperature
regimes for the specific heat of crystalline solids. Moreover, in Debye’s model, CV
decreases monotonically and continuously over the whole range of temperatures
T ∈ IR+ .

As a last comment on the passage from (1) to (8), note that by analogy with
the photons as the quanta of light, the elementary sound vibrations in solids are
viewed as quanta, now known as phonons .
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2.4 BE-condensation: the long haul

When taking seriously the idea that the microscopic picture of the macroscopic
world may be a quantum one, the most immediate question is to obtain the cor-
responding description of a quantum ideal gas; this came to be known as the
Bose—Einstein gas, or simply the Bose gas [Bose, 1924; Einstein, 1924]. The
starting point is the grand canonical partition function Z(Λ, T, µ) of an assem-
bly of identical massive particles of mass m in equilibrium at temperature T and
chemical potential µ ; this assembly is enclosed in a cubical box of volume Λ ⊂ IR3 ,
with periodic boundary conditioms. As these particles are non-interacting, the to-
tal energy is the sum of their individual energies εk = �

2|k|2/2m, where k ∈ Z3 .
The quantum hypothesis is that the Planck distribution (1) applies here so as to
entail (with β = 1/kT ) :

(11) Z(Λ, T, µ) =
∏
k∈Z3

(1− exp−β(εk−µ))−1 .

From this formula, one computes the specific volume v and the pressure P , ac-
cording to the rules learned in classical statistical mechanics; the so-called activity
is defined as z = exp(βµ) :

(12) v−1 = z∂z
1
|Λ| ln Z(Λ, T, µ) and β P =

1
|Λ| ln Z(Λ, T, µ) .

The problem is thus stated completely, although the consequences of (11–2.12)
are not easy objects to compute directly. The solution involves a mathematical
excursion through some classical analysis, and the reward is a nice physical bounty:
a phase transition with the onset of a condensed phase at very low temperatures;
not your classical ideal gas!

The necessary classical analysis — now widely available, cf. e.g. [Whittaker and
Watson, 1927, p.280, ex. 7], [Erdélyi, 1953, I, pp. 27–30], or for some historical
perspective [Truesdell, 1945] — was already known to our pioneers, and they did
recognize that in the limit Λ ↑ IR3 , these sums reduce to:

(13)
v−1 = 4π

∫∞
o

dp p2 z[exp(�2p2/2mkT )− z]−1

β P = 4π
∫∞
o

dp p2 ln[1− z exp(−�
2p2/2mkT )]




which are known in classical analysis as Appell integrals, namely

(14)
v−1 = λ−3g( 3

2 , z)

β P = λ−3g( 5
2 , z)


 with




λ2 = 2π�
2/mkT

g(s, z) = z
Γ(s)

∫∞
o

dt ts−1

expt −z

.

For every s with Re(s) > 0 , g defines a function of z which is analytic in the cut
complex plane C\[1,∞) . For |z| < 1 and Re(s) > 0 , one receives the well-studied
Lerch zeta functions which can be expanded in power series
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(15) g(s, z) = z ζ(s, z) with ζ(s, z) =
∞∑
n=0

zn (n + 1)−s .

For z = 1 and Re(s) > 1 the above series converges to the Riemann zeta function
ζ(s) . Note that the values s = 3

2 and s = 5
2 — which are needed in (14) — fall

within this range. Moreover g(3
2 , ·) : z ∈ (0, 1) → R+ is smooth, strictly increasing,

with limz→1 g( 3
2 , z) = ζ( 3

2 ) = 2.612 . . . . The problem is thus mathematically under
complete control.

Now to the physics. This divides into two steps.
The first step is easy: it considers the high temperature and low density regime,

where λ3 v−1 < g( 3
2 , 1) = ζ( 3

2 ) . In particular, by straightforward 1st-order power
expansion:

(16) for λ3 v−1 << 1 : P v = kT [1− 2−5/2(λ3 v−1) + . . . ] .

Hence, in this high temperature and low density regime, the quantum gas behaves
asymptotically like the classical ideal gas of Boyle/Mariotte/Gay–Lussac. This is
yet another confirmation of the Ehrenfests’ remark according to which the classical
limit obtains in QSP as a high temperature limit; note indeed that the so-called
thermal wavelength λ that appears in (14) satisfies λ ∼ � β

1
2 , i.e. in this problem

again, the limits T →∞ (⇔ β → 0) and �→ 0 have formally the same effect.
The second step in the treatment of the problem is where the bounty is to

be found. The question is how to go beyond the above regime, i.e. beyond the
unnatural limit

(17) λ3v−1 = ζ(
3
2
) ,

a restriction no actual gas should be expected to respect. Mathematically, this
limiting condition seems to appear as the consequence of the breakdown of ana-
lyticity in (14) that begins at z = 1 . Physically, the problem appears because the
limit |Λ| → ∞ has been taken too carelessly.

Let us therefore return to the expression of v−1 when |Λ| <∞ . We have then,
with 〈nk〉 denoting the average number of particles in mode k :

(18)
1
|Λ|

∑
k∈Z3

〈nk〉 =
1
|Λ|

∑
k∈Z3,k �=0

〈nk〉+ 1
|Λ|

z

1− z
.

As the 〈nk〉 with k �= 0 are well-behaved as z → 1 , the separation of (18) into
two terms suggests that we take simultaneously the limits |Λ| → ∞ and z → 1 in
such a manner that the second term in (18) approaches a finite limit, say vo

−1 ,
resulting in the replacement of (14) by:

(19)
v−1 = λ−3 ζ( 3

2 ) + vo
−1

β P = λ−3 ζ( 5
2 )


 .

The above limiting procedure, interpreted as
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(20) vo
−1 = lim

|Λ|
1
|Λ| 〈no〉 ,

leads to a macroscopic occupation of the ground state k = 0 ; the theory does
not predict the value of vo : it may depend on the temperature. Note that the
pressure P in (19) depends on temperature only (namely through λ ). The state
of the system described by (19) is called its condensed phase; the transition to this
phase from the normal phase λ3v−1 < ζ( 3

2 ) is referred to as the Bose–Einstein
condensation, (or BEC ) and its appearance at low temperature is a prediction of
purely quantum origin, one that has no equivalent in the classical world.

This begs for an instantiation in the world of the laboratory. At low temperature
a superfluid phase appears in 4He. The density at the onset of this phenomenon
is about ρ � .178 g/cm3 . Upon taking into account the value of the Avogadro
number, one receives v−1 � 2.7 · 1023 cm−3 , from which (17) gives a thermal
wavelength λ � 4.6 ·10−8 cm which is not unreasonable for a quantity that is to be
interpretated as a measure of the interparticle distance. To this value corresponds,
via the definition of λ in (14), a temperature T � 3.2K . The experimental value of
the temperature at the onset of the superfluid phase in 4He is T � 2.2K , a rather
remarkable fit, considering how crude the model is. Moreover, the thermodynamics
of the model can be worked out — cf. e.g. [Huang, 1965] — and shows that the
specific heat Cv(T ) at first increases monotonically from Cv(0) = 0 to exceed the
classical value 3/2 but then experiences a sharp peak — a discontinuity in the
first derivative — from which it decreases monotonically to limT→∞ Cv(T ) = 3/2 .
The specific heat of 4He also exhibits such a singularity, albeit more pronounced:
it is logarithmic; hence its name λ − point, as the graph of the specific heat as a
function of temperature looks like the Greek lower case letter lambda.

All this represented a great success in the the mid-1920s. The next batch
of problems appeared when the theory tried to account for the fact that 4He
is not a gas, but a liquid; for this, the ideal gas assumption of the model is
quite unrealistic: a liquid is not made of non-interacting particles. Putting the
interactions into the theory proved to be a formidable problem, long compounded
by the experimental fact that 4He was the only substance recognized to exhibit
Bose–Einstein condensation: theoreticians had no variable parameter to guide and
adjust their speculations. Following up on a proposal made in the late 1950s, the
situation changed drastically during the 1980s and 1990s with the advent of micro-
Kelvin technology which allowed BEC to be observed in atomic gases in harmonic
traps; for two deep, but very different, reviews, cf. [Lieb, 2001] and [Pitaevskii and
Stringari, 2003]; and for a brief overview [Emch and Liu, 2002, subsection 14.2.2].

The account in this subsection was limited mostly to the macroscopic, thermo-
dynamical aspects of BEC in its infancy; in subsection 5.2 below, a C∗−algebraic
treatment of the Bose–Einstein model is discussed in connection with the appear-
ance in QSP of the modular structures to be associated to the equilibrium KMS
condition.
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2.5 Beyond the Bohr atom: the Thomas–Fermi model

The entry in quantum mechanics of Schrödinger wave-mechanics (1926) was
marked by a resounding success: the physics community could recognize immedi-
ately the application of a then already well-established method to a new realm; the
theoretical explanation of the energy spectrum of the hydrogen atom was reduced
to solving an eigenvalue problem in a differential equation. Every entry-level text
in quantum mechanics presents this derivation.

And yet, beyond the Bohr atom, the solution of the Schrödinger equation for an
atom with even a few electrons turned to be an insurmontable task: the electrons
are charged particles and while the interaction between a single electron and the
nucleus had been rigorously accounted for in the hydrogen atom, one could not deal
analytically with the mutual electromagnetic interactions between the electrons.

Very soon thereafter, Thomas [1927] and Fermi [1927] came up with a semi-
classical model in which two ingredients enter. The first is the ground state electron
density ρ which is assumed to be spherically symmetric and normalized by the
condition

(21) 4π
∫ ∞

o

drr2ρ(r) = Z

where eZ is the charge of the nucleus. The second is the average electric potential
Φ(r) in the atom. These two ingredients are assumed to satisfy the classical
equation, the Poisson equation of electrostatics

(22) ∆Φ ≡ 1
r

d2

dr2
(rΦ) = 4πeρ with lim

r→0
Φ(r) = eZ .

And yet the model has a quantum aspect to account for the Pauli exclusion prin-
ciple; this is the so-called Fermi–Dirac statistics that had been proposed just the
previous year [Fermi, 1926]. Here, this shows up in:

(23) n(r, p) =
{

2h−3 if ε := 1
2m − eΦ < εo

0 if ε > εo
.

from which one gets, by integration over p (upon putting εo = 0), that ρ satisfies

(24) ρ(r) =
{

8π
3h3 (2meΦ)3/2 if Φ > 0
0 if Φ < 0

.

Clearly, the model is conceptually inconsistent, with stakes in each of the classi-
cal and the quantum realms. Yet, in my student days this model was a routine sta-
ple of the quantum mechanics curriculum [Schiff, 1955; Landau and Lifshitz, 1958a;
Messiah, 1960] as it can be solved without any further assumptions than those
listed above; the solution is exact up to the fact that it requires a numerical com-
putation well within the realm of a controllable approximation.

Upon using the numerical values of the Planck constant h , the charge e and
the mass m of the electron, the model predicts that the radius of the atom, taken
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to be the radius of the sphere that contains all the electrons but one increases
monotonically from 2.2 · 10−8 cm for Z = 25 , to 2.8 · 10−8 cm for Z = 100 . The
order of magnitude is correct. This can be counted therefore as an early success
of quantum theory.

However, one should expect that such a crude model does not tell the whole
story. Indeed: (1) the predicted increase stops at Z = 55 (corresponding to the
cesium atom) after which the radius decreases, albeit slowly; (2) when looked at
more closely, the model yields an electron density that has unreasonable properties
both very close and very far from the nucleus. Besides, the model needs serious re-
considerations to explain the existence of stable molecules or to accommodate a rel-
ativistic treatment. These problems never completely left the scene of theoretical
physics, but remained somewhat in the background for about half-a-century, until
rigorous analytic methods clarified the sense in which the model is asymptotically
exact and may be used to study the stability of atoms, molecules and even stars;
cf. [Lieb and Simon, 1977; Lieb, 1982a; Lieb, 1990]; see also [Catto et al., 1998;
Le Bris and Lions, 2005].

2.6 White dwarfs: the Chandrasekhar bound

Returning to the quantum ideal gas discussed in subsection 2.4, let us examine
now the Fermi gas. Instead of (11), start with the partition function

(25) Z(Λ, T, µ) =
∏
k∈Z3

(1 + exp−β(εk−µ))

which now entails in the limit Λ ↑ Z3 , instead of (13):

(26)
v−1 = 4π

∫∞
o

dp p2 z[exp(�2p2/2mkT ) + z]−1

β P = 4π
∫∞
o

dp p2 ln[1 + z exp(−�
2p2/2mkT )]


 .

In the high temperature and low density regime — λ3v−1 � 1 — one recovers
again an asymptotic expansion, the leading term of which is the classical ideal gas:

(27) for λ3 v−1 << 1 : P v � kT [1 + 2−5/2(λ3 v−1) + . . . ] .

Again, up to the sign of the correction, this is very similar to the Bose–Einstein re-
sult (16): it also coincides asymptotically with the classical ideal gas as T becomes
large.

In the low temperature and high density regime — λ3v−1 � 1 — the situation
differs drastically from what it was in subsection 2.4: whereas bosons tend to
congregate, no two fermions are allowed in the same state on account of the Pauli
exclusion principle. Recall that in chemistry, this is the principle that underpins
a quantum explanation for the Mendeleev table of elements. In QSP the Pauli
principle is visible through (26): in the ground state of the system, the fermions
occupy the lowest possible energy states up to a finite energy, called the Fermi–
energy



Quantum Statistical Physics 1087

(28) εF =
�

2

2m

[
(3π2) v−1

] 2
3 .

For temperatures such that kT � εF the momentum distribution will be

(29) < np >=




1 for (|p|2/2m)
∼
< εF

0 for (|p|2/2m)
∼
> εF

with a steep sigmoid of narrow breadth kT around εF . This regime is called the
degenerate Fermi gas. To characterize this regime, rewrite kT � εF , with εF as
in (28), as:

(30) β v−
2
3 �

[
�

2

2m
(3π2)

2
3

]−1

which gives a quantitative meaning to the expression low temperature and high
density regime; for instance, this yields a useful first approximation for the gas of
electrons in metals at usual temperatures. The condition kT � εF corresponds to
λ3v−1 � 1 and in this regime (26) entails

(31) Pv � 2
5
εF

[
1 +

5π2

12
(
kT

εF
)2 + . . .

]
i.e. lim

kT
εF

→0
Pv

5
3 =

2
5
(3π2)

2
3

�
2

2m
.

Hence, at fixed density, the pressure approaches a strictly positive constant as
T → 0 , in marked contrast with the behaviour of the classical ideal gas (see (27))
where T → 0 implies P → 0 .

Less mundane examples are provided by celestial objects, white dwarfs and
neutron stars. With a temperature similar to that of the sun, i.e. 107K to 108K
in the center, and a mass of the same order of magnitude as the sun, the white
dwarfs have a very high density, about 106 to 107 times that of the sun. They are
stars where all the hydrogen fuel has been burned, and thus they are constituted of
completely ionized helium atoms. From these hypotheses on the composition and
condition of a white dwarf, one computes the density of the electron gas, and then
from (28) the corresponding Fermi energy εF which, when expressed in terms of
TF = εF /k , turns out to give TF � 1011K . Hence T � TF and it is consistent to
assume — as R.H. Fowler did already in 1926 [Fowler, 1926] — that the electron
assembly in the white dwarfs may be described as a degenerate Fermi gas, and that
it is the enormous pressure in such a gas that prevents the star from gravitational
collapse. It is however true that at such density and pressure, electrons must be
treated relativistically, i.e. ε =

√
(pc)2 + (mc2)2 instead of ε = p2/2m. This brings

about all sorts of analytic difficulties, among which is a change from 5/3 towards
4/3 in the power of v in (31). In the course of his computations of this effect,
Chandrasekhar [1931a] remarked that since the gravitational pressure is governed
by the mass of the star, the latter would collapse if the mass were to become too
large; he actually evaluated this critical mass Mmax to be
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(32) Mmax � (3π)
1
2 (

�c

G
)3/2(µmN )−2 � 1.4M�

where (in cgs units) � = h/2π with h � 6.62 × 10−27 ergs cm is the Planck
constant, c � 3 × 1010 cm/sec is the speed of light, G � 6.67 × 10−8 dyn cm2

g−2 is Newton’s gravitational constant, mN � 1.66 × 10−24 g, µ is the number
of nucleons per electron; here µ = 2 since the star is supposed to have used its
hydrogen supply, and be made of 4

2He. Finally, to reduce the result in astronomic
units, M� � 1.99× 1033 g is the mass of the sun. Astronomers today refer to the
maximum mass Mmax as the Chandrasekhar limit [where mathematicians would
speak of a “bound”].

Chandrasekhar’s original derivation is mathematically correct, yet somewhat
cumbersome. Already by the end of 1932, L.D. Landau [1932] presented a more
elementary argument, and in addition, upon hearing of the discovery of the neu-
tron, he applied the above formula to then putative neutron stars.

To have included these predictions here among the early “successes” of QSP
may be justified only by hindsight. When they appeared in the early 1930s they
and their consequences caused quite a wave, on the crest of which rode A.S. Ed-
dington, an astronomer of commanding authority, who spoke of a reductio ab
absurdum calling for the interposition of an as yet unknown fundamental theory:
for him a massive star (M > Mmax) collapsing to a black hole was heresy, and
he was in a position not to mince his words about it. Eddington’s fierce attack
on a junior colleague did not cause Chandrasekhar to recant; unconvinced, Chan-
dra nevertheless decided to turn to other astronomical problems until the late
1950s [Chandrasekhar, 1958] and early 1960s, when his speculations, and Lan-
dau’s, found observational confirmations.

For the unfolding of the resolution of the Chandrasekhar–Eddington conflict, cf.
e.g. [Shapiro and Teukolsky, 1983], the title of which already indicates the complete
extent to which Chandrasekhar was ultimately vindicated. A pristine, yet non-
technical presentation of the physics of the Chandrasekhar bound may be read in
[Thorne, 1994, chapter 4]; the story of the neutron stars, albeit more involved is
also told there in [Thorne, 1994, chapter 5]; for the fundamental technical support,
cf. [Weinberg, 1972, chapter 11].

3 AXIOMATIC PRUNINGS

Usually, either one of two reasons prompts the process of axiomatization. The
first is the search for the soul — some would say the skeleton — hidden inside the
aleatory appearances of the body: a ritual of purification. The second is the need
for fundamental changes when a theory faces increasingly insuperable limitations.
Both of these reasons motivate the developments I retrace in the present section;
as I write this I am reminded of the essential tensions described elsewhere in [Segal,
1990].

It is an interesting coincidence that the early 1930s saw the almost simultane-
ous — albeit independent — axiomatizations of two of the ingredients of QSP:
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Quantum mechanics with von Neumann’s treatise [von Neumann, 1932c]; and
Statistics, a.k.a. probability and stochastic processes, with Kolmogorov’s paper
[Kolmogorov, 1933]. As both of these belong to other chapters of this Handbook,
only a few words will suffice here.

3.1 Kolmogorov’s and von Neumann’s formalisms compared

In a nutshell, Kolmogorov’s syntax for probability starts with a seminal description
of measure theory: a triple {Ω, E , µ} is given where E is a σ−algebra of measurable
subsets of a set Ω, and µ is a countably additive function

(33) µ : E ∈ E → µ(E) ∈ IR+ with µ(Ω) = 1

i.e. µ is a probability measure on {Ω, E}. µ naturally extends to a functional on
the algebra A = L∞(Ω, E , µ) of all essentially bounded functions A : Ω→ |C :

(34) µ : A ∈ A → µ(A) =
∫∫

Ω

dµ(ω)A(ω) ∈ |C .

Hereafter, I will refer to this extension as a classical state.
Similarly, von Neumann’s syntax involves a triple: {H,P, ψ} where P is the

orthomodular lattice of all closed subspaces of a Hilbert space H , ψ is a countably
additive positive function

(35)
ψ : P ∈ P → ψ(P ) ∈ IR+ with ψ(I) = 1 and

ψ(
∑
n Pn) =

∑
n ψ(Pn) ∀ {Pn} ⊂ P such that n �= m |= Pn ⊥ Pm


 .

I shall refer to any such funtion ψ as a quantum state. Gleason’s theorem asserts
in particular — see below for a complete statement — that for every quantum state
ψ there exists a density operator, i.e. a positive operator ρ of unit trace, such that
ψ extends to the W ∗−algebra B = B(H) of all bounded linear operators from H
into itself:

(36) ψ : B ∈ B → ψ(B) = TrρB ∈ IR .

When working within the von Neumann formalism, I will identify any closed
subspace P ⊆ H and the projector P ∈ B(H) on this subspace; I will indifferently
refer to ψ or to ρ as a state on B ; and I will refer to the restriction of ψ to P as
a quantum measure. I will also follow the physicist’s custom of referring to ρ as a
density matrix, thus ignoring the mathematician’s distinction between an operator
and its expression in a specified (orthonormal) basis.

The mathematical similarities and differences between the classical and quan-
tum realms are emphasized by the Koopman formalism of classical mechanics; cf.
e.g. [Emch and Liu, 2002, pp. 255, 267]. This formalism — actually a precursor of
the GNS construction — associates to {Ω, E , µ} the Hilbert space H = L2(Ω, E , µ)
of all functions Ψ : ω ∈ Ω → Ψ(ω) ∈ |C that are square-integrable with respect to
µ . Every element A ∈ A = L∞(Ω, E , µ) is then viewed as an element of B = B(H),
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namely under the identification of the function A : ω ∈ Ω → A(ω) ∈ |C with the
multiplication operator A : Ψ ∈ H → AΨ ∈ H where (AΨ)(ω) = A(ω)Ψ(ω) .
Under this identification A becomes a maximal abelian W ∗− subalgebra of B ;
while the center of B , namely {C ∈ B | ∀B ∈ B : [B,C] = 0} is trivial, i.e. con-
sists of the multiples of the identity operator. Note further that every element
B ∈ B(H) can be viewed as a continuous linear functional on the Banach space
T (H) of all trace-class operators, spanned by the countably additive states; namely
B : T ∈ T (H) → Tr TB ∈ |C ; conversely every norm-continuous linear functional
on B(H) obtains in this manner; i.e. B(H) is the Banach space dual of T (H) ;
equivalently, T (H) is the predual of B(H) . Similarly, the predual of L∞(Ω, E , µ) is
the Banach space of L1(Ω, E , µ) , spanned by the probability distributions which
are absolutely continuous with respect to µ .

The interpretation of a quantum state ψ in terms of classical probabilities ob-
tains upon reading (35) separately for each family {Pn} of mutually compatible
quantum events. The bijective equivalence between the objects described by (35)
and (36) is the pragmatic content of Gleason’s theorem; cf. e.g. [Emch and
Liu, 2002, p. 225]: every quantum state can be uniquely written in the form
(36), and every density operator ρ defines through (36) a function ψ satisfying
(35), i.e. a quantum state ψ . For the semantic, i.e. the empirical (frequen-
tist vs. subjective) interpretations of states, first in classical probability theo-
ries, and then in quantum theories, cf. e.g. [Jaynes, 1967; Emch and Liu, 2002;
Emch, 2005]; in particular, see [Uffink, 2006] for the evolution in CSP of the
primacy of one over the other of these interpretations of probabilities.

Again in a nutshell, I believe that it serves my purpose well, in most of this essay,
to espouse the ‘subjective’ rather than their ‘frequentist’ interpretation, namely to
view the state of a physical system — be it classical or quantum, macroscopic or
microscopic — as a faithful summary of the knowledge one has of the process by
which this system has been prepared. In particular, this semantic view of the quan-
tum state shall translate well from the case of systems with finitely many degrees
of freedom considered in von Neumann’s quantum mechanics, to the systems with
infinitely many degrees of freedom to be considered in QSP; see subsections 3.4
to 6.3. In particular, while von Neumann’s beams or ‘ensembles’, of independent,
identically prepared systems — [von Neumann, 1932c, note 156] — are adequate
to describe scattering experiments or the atomic spectroscopy of his time, the view
of quantum states that I choose to adopt here accomodates better the description
of single macroscopic systems — such as a cup of coffee or a measuring apparatus.

3.2 QSP in von Neumann’s formalism

The centerpiece of equilibrum QSP in von Neumann’s formalism is the following
result [von Neumann, 1932c]:

THEOREM 3. Let H be a Hilbert space, H be a self-adjoint operator acting in H
and such that for all β > 0 : the partition function Z := Tr exp(−βH) be finite.
And, with k > 0 fixed, let for any state ρ on B(H)
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(37) S[ρ] = −k Trρ log ρ .

As H has discrete spectrum and is bounded below, let εo be its smallest eigenvalue;
and let s denote either the largest eigenvalue of H if H is bounded above, or ∞
if it is not. Then, for any given εo < E < s , the maximum of S[ρ] , subject to the
constraint TrρH = E is reached on the state

(38) ρ = Z−1 e−βH with Z = Tre−βH

where the value of β is determined by the value E of the constraint.

The first part of the proof consists in showing that the maximum occurs on the
class of states of the form ρ =

∑
n λn Pn where

∑
n εn Pn is the spectral resolution

of H . After this, the result follows from the classical argument using Lagrange
multipliers with respect to the collection of variables Λ = {λn} ⊂ IR+ , namely
from determining the maximum of the function S[Λ] = −k

∑
n λn log λn subject

to the simultaneous constraints
∑
n λnεn = E and

∑
n λn = 1 .

Note that this variational principle could have been rephrased as defining the
state ρ in (38) as the state that minimizes — now under the single constraint
Trρ = 1 , i.e.

∑
n λn = 1 — the Helmholtz free-energy defined as F := E − TS

with E and S as in the theorem, and β = kT where k is known as the Boltzmann
constant (see below).

Note also that, in either of these two forms, this variational principle has its
root in the classical statistical physics (CSP) of Boltzmann and Gibbs; cf. [Uffink,
2006]. Conceptually, and very much as in CSP, the von Neumann QSP result
involves a consensus on two questions. The first question is to justify the inter-
pretation of S as an entropy. There are two ways to do this.

(i) Firstly, as in CSP, one may identify S with the equilibrium entropy of macro-
scopic thermal physics upon computing S for well-controlled model(s), such
as the ideal gas and finding — for in each of the specific cases considered —
that the value of Smax obtained through the above theorem coincides with the
value of the thermodynamical entropy. It is only at that stage that k may be
identified with the universal Boltzmann constant k � 1.3810−23 J/deg ; note
the units, namely [energy]/[temperature], as is proper for the thermal entropy
where T is the integrating factor that allows one to pass from the “heating”
differential η to the exact differential dS = η/T . As fine as that may be for
equilibrium CSP/QSP, this identification leaves open the interpretation of S
as entropy in non-equilibrium situations.

(ii) The second route to an interpretation of S is to show that I(ρ) = −S(ρ) is
a measure of the information content of the state ρ , namely to find empir-
ically meaningful conditions that express the intuitive concept of “informa-
tion content” and to show that — up to a multiplicative constant — there
exists exactly one S that satisfies these conditions. The argument offered by
Khinchin [1957] for classical probability distributions involves — inter alia —
the axiom of consistency under refinements. This argument was transposed
to the quantum case by Thirring [1983b] to give:
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THEOREM 4. S[ρ] = −k Trρ log ρ is the only functional satisfying:

1. S[ρ] is continuous in ρ , in the sense that it is a continuous function of the
eigenvalues of ρ .

2. For every finite probability distribution P = {pn |n = 1, 2, . . . , N} and every
finite collection of states {ρn |n = 1, 2, . . . , N} on a finite collection of Hilbert
spaces {Hn |n = 1, 2, . . . , N} , let ρ be the state defined on H = ⊕Nn=1Hn by
ρ = ⊕Nn=1pnρn . One has then: S[ρ] = S[P ] +

∑N
n=1 pnS[ρn] where S[P ] is

the value of the Khinchin functional for the probability distribution P .

3. S

[(
1
2 0
0 1

2

)]
= k log 2.

The first of the three conditions of theorem 4 is clear: an arbitrarily small
change in the state should result in an arbitrarily small change in the information
it conveys. The second condition expresses refinement under a particular class of
partitionings; while the third is only a normalization. Just as in CSP, the quantum
information content (−S), uniquely specified by these conditions, is formally used
to define the quantum entropy S .

The second question concerning the conceptual relevance of theorem 3 is to
justify the very use of a variational principle; compare with [Uffink, 1995]. In
my view, for both the classical and the quantum cases, this comes most naturally
when one opts for the subjective interpretation of states rather than the frequentist
interpretation. Indeed, if one wants the state to account for the knowledge one
has of the system, it seems consistent to select for ρ the state that assumes no
more information than that expressed explicitly by the constraint.

When the operator H in theorem 3 is taken to represent the energy of the
system, the state (38) is called — by analogy to the Gibbs canonical equilibrium
state of CSP — the quantum canonical equilibrium state for the natural tempera-
ture β = 1/kT . Note in particular that, in the Schrödinger picture, the evolution
generated by H , namely:

(39) ∀ t ∈ IR : ρ(t) = U(t)ρU(−t) with U(t) = exp−i 1
�
Ht

leaves the canonical equilibrium state invariant, as is to be expected when one
wishes to identify the energy-operator with the Hamiltonian of the system.

At first sight, the von Neumann formalism affords a good start for the develop-
ment of a quantum ergodic theory. To keep things as simple as possible, consider
the Hilbert space L = {X ∈ B(H) |Tr X∗X <∞} equipped with the scalar prod-
uct (X,Y ) = Tr X∗Y . This space is known to mathematicians as the space of
Hilbert–Schmidt operators acting on H . In particular, every density matrix is an
element of L ; and thus this space is also known to physicists as the Liouville space
of the quantum system described on H . The advantage of restricting attention to
this space is that (39) extends to a unitary action on L :

(40) V : (t,X) ∈ IR× L → V (t)[X] = U(t)XU(−t) ∈ L .
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In the same way as the self-adjoint generator H of the continuous unitary group
{U(t)|t ∈ IR} is called the Hamiltonian of the quantum system considered, the
self-adjoint generator L of the continuous unitary group {V (t)|t ∈ IR} is called the
Liouvillian of this system. One has then

THEOREM 5. Let H ∈ B have purely discrete spectrum, i.e. H can be written in
the form H =

∑
n εnPn where the Pn are mutually orthogonal projectors adding

to I . Then the following limit exists

(41) Eerg[X] = lim
T→∞

1
T

∫ T

0

dt V (t)[X] with X ∈ L ;

and

Eerg[X] =
∑
n

PnXPn and ∀ t ∈ IR : V (t)[Eerg[X]] = Eerg[X].

In particular, the ergodic average Eerg[ρ] of a density matrix ρ exists, is again a
density matrix, and is time-invariant.

It is tempting to try and consider theorem 5 as proper quantum version of the
classical ergodic theorems of Birkhoff [1931] or von Neumann [1932a]. Indeed,
the conclusions of these classical theorems and of theorem 5 are similar when one
reads them in terms of (countably additive) ‘states’ respectively defined as:

• A ∈ L∞(Ω, µ) → ∫
Ω
dµ fA ∈ |C where f ∈ L1(Ω, µ) , f positive with f

normalized by
∫
Ω
dµ f = 1 (for the classical case);

• A ∈ B(H) → Tr ρA ∈ |C where ρ is a density matrice, i.e. a positive trace-
class operator with ρ normalized by Trρ = 1 (for the quantum case);

and similarly for their respective time-averages.
Note that while the classical theorems are usually followed by a corollary in-

volving the (quasi-)ergodic hypothesis and some discussion of the relevance of the
results for the foundations of CSP — for a critical presentation see e.g. [Uffink,
2006, section 6.1] — I do not intend to try and follow suit here, in view of theorems
7 and 8 below which, for the purposes of QSP, cast a shadow on the adequacy of
the assumptions theorem 5 makes on the Hamiltonian H . For a quantum ergodic
theorem better adapted to the needs of QSP, see theorem 25 below.

Nevertheless, two related interesting comments may be made about theorem 5.

(i) If, in this theorem, H is non-degenerate, i.e. if ∀n : dimPn = 1 , then Eerg[ρ]
coincides with

(42) Qo[ρ] =
∑
n

Tr(ρPn)Pn =
∑
n

(ρΨn,Ψn)Pn

where PnΨn = Ψn with (Ψn,Ψm) = δmn , and where Qo[ρ] is thus the density
matrix resulting from the von Neumann quantum measuring process [von
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Neumann, 1932c, p. 351]; see also subsection 6.3 below. In particular, if ρ
is a pure state, i.e. is a projector PΨ on some vector Ψ =

∑
n cnΨn , then

Qo[PΨ] =
∑
n |cn|2Pn has lost all the information encoded in the relative

phases of the coefficients cn .

(ii) In [von Neumann, 1932c, pp. 380 ff] von Neumann shows that the entropy S
of a state does not decrease — and in the generic case does increase — as the
result of a measurement, whereas it is constant under the unitary evolution
(40). He thus sees in

(43) S[Qo[ρ]] ≥ S[ρ]

a confirmation that quantum measurements are generically irreversible pro-
cesses. Similarly then, the information encoded in a (non-degenerate) density
matrix ρ may only decrease as a result of taking its time-average, a reasonable
feature indeed.

Yet, while theorem 5 could have been regarded as the germ of a quantum ergodic
theory, the occurrence of monotonic irreversibility in QSP is significantly more
elusive, as the next subsection demonstrates.

3.3 Some reasons to go beyond von Neumann’s formalism

Some of the problems non-equilibrium QSP has to face are illustrated in a simple
spin-lattice model that was originally suggested to me by an actual experiment,
the so-called nuclear free-induction relaxation; cf. [Emch and Liu, 2002, section
15.3].

The system consists of a linear chain of N interacting spins {σk = (σxk , σ
y
k , σ

n
k )

|k = 1, . . . , N} with N even (and large, in a sense to be specified later on), and let

(44) σxk =
(

0 1
1 0

)
, σyk =

(
0 −i
i 0

)
, σzk =

(
1 0
0 −1

)

be the Pauli matrices acting on Hk � C2 . The Hilbert space of the system is
then H = ⊗kHk � |C2N

. In this chain, two spins on sites k and k + n interact
with an energy −Jnσ

z
kσ

z
k+n , with Jn > 0 so that a lower energy is ascribed to

configurations in which the z−components of these spins are parallel rather than
anti-parallel. The whole system is plunged in a homogeneous magnetic field B in
the direction z . The total Hamiltonian is chosen to be

(45) HN = −B
N∑
k=1

σzk −
N∑
k=1

N/2∑
n=1

Jnσ
z
kσ

z
k+n with Jn = 2−nJo > 0 .

The system is initially prepared in the state

(46) ρN = Z−1
N exp−βBPN

k=1 σ
x
k with ZN = Tr exp−βBPN

k=1 σ
x
k .

For the three “macroscopic” observables
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(47) SαN =
1
N

N∑
k=1

σαk with α standing for x, y, z

one computes easily from (39–40) with H = HN given by (45):

(48)
Tr (VN (t)[ρN ]SxN ) = Tr (ρN SxN ) cos(2Bt)fN (t)
Tr (VN (t)[ρN ]SyN ) = Tr (ρN SyN ) sin(2Bt)fN (t)
Tr (VN (t)[ρN ]SzN ) = Tr (ρN SzN )




where

(49)
fN (t) = f(t)/WN (t) with

f(t) =
[ sin(Jot)

Jo t

]2 and WN (t) =
[ sin(2−N/2Jot)

2−N/2Jo t

]2

 .

REMARKS 6.

1. For the purpose of discussing the putative irreversibility of the model, the
(conservative) Larmor precession {cos(Bt), sin(Bt)} of the magnetization
around the direction z of the magnetic field B is of little or no interest.

2. In favour of the “irreversibility” of the model, one first notes that

(50) ∀ t with |t| << TN = 2N/2πJ−1
o : fN (t) � f(t)

and then the decay of |TrVN (t)[ρ]SαN | is governed by t−2 . Therefore, in
this time frame, the magnetization (48) exhibits an apparent approach to
equilibrium.

3. However, against the statement that the model would show an irreversible
approach to equilibrium, one observes that

(51) lim
t→TN

fN (t) = 1 = fN (0)

and thus, over the long run the system is periodic in time. This quantum
model therefore would seem to confirm the classical Zermelo recurrence ob-
jection, or Wiederkehreinwand ; for the latter, see [Uffink, 2006, section 4.5].

4. The saving grace, nevertheless, is that the period TN increases exponentially
with the size N of the system; see (50). This exponential behaviour is al-
ready encountered is CSP, as demonstrated by the Ehrenfest dog-flea model
briefly mentioned in subsection 6.1 below. Thus, a modern Galileo would
have his Simplicio argue that for macroscopically large systems, unaccount-
able perturbations would set in before TN is approached, thus irremediably
masking this periodicity; compare this to Boltzmann’s responses to the Zer-
melo objection; see again [Uffink, 2006, section 4.5].
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5. Upon taking stock of this objection Salviati would invoke some modern ver-
sion of the apocryphal commandment to the effect that “Thou shalt not
interchange limits” since:

(52) lim
N→∞

lim
t→∞ fN (t) does not exist but lim

t→∞ lim
N→∞

fN (t) exists and is 0 .

6. The present model presents also a quantum manifestation of the classical
Loschmidt reversibility objection, or Umkehreinwand — cf. [Uffink, 2006,
section 4.3] — as one has, here also:

(53) fN (−t) = fN (t) and even f(−t) = f(t)

confirming the classical Janus dictum according to which the security of a
postdiction is the same as that of a prediction. Hence, this model indicates
that, if the Umkehreinwand were indeed a genuine objection to QSP —
which I do not believe it is — the thermodynamical limit would not avoid
it, whereas remarks (4) and (5) above show how it may respond to the
Wiederkehreinwand.

7. Finally, one serious shortcoming of the present model — not as a model of
the particular experiment considered above, but as a model for the approach
to equilibrium in a QSP accounting for transport coefficients — is that, even
in the limit of N → ∞ , the evolution is monitored by an inverse power
law in time, rather than an exponential law, as would be required for the
type of behaviour encountered in such macroscopic situations as described
by Newton’s cooling law, Fourier’s heat equation, or more generally any
macroscopic differential transport equation with linear coefficients.

The model illustrates explicitly some of the essential limitations of the von Neu-
mann formalism for QSP, as manifested in the following two general results. The
main assumption of theorems 3 and 5, namely that the Hamiltonian operator H
has discrete spectrum, though seemingly innocuous — and actually necessary —
when dealing with equilibrium QSP, has one potentially disastrous consequence
when one attempts to extend the formalism to non-equilibrium situations: metas-
tases of the classical objections spread into the quantum realm, as we shall now
see.

The first result is a quantum version of the classical recurrence theorem of Zer-
melo. To be mathematically precise recall, in the words of Besicovitch’s standard
text [Besicovitch, 1954], that a function f : t ∈ IR → f(t) ∈ |C is said to be almost
periodic in the sense of Harald Bohr, if f(t + T ) is approximately equal to f(t)
— with an arbitrary degree of accuracy — for infinitely many values of T , these
values being spread over the whole real line, in such a way as not to leave empty
intervals of arbitrarily great length.

THEOREM 7. If the Hamiltonian H = H∗ ∈ B(H) has purely discrete spectrum,
i.e. if H =

∑
n εnPn ; and if {V (t) | t ∈ IR} is the unitary action in the Liouville

space L defined in (40), then
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(54) ∀X,Y ∈ L : fX,Y (t) = Tr (V (t)[X]Y )

is an almost periodic function in t in the sense of H. Bohr.

Proof. f(t) is a Fourier series
∑
n,m an,m exp−i 1

�
(εn−εm)t with an,m = Tr(PnX

Pm y) ; by the Schwartz inequality in L :
∑
n,m |an,m|2 converges and thus — cf.

[Besicovitch, 1954] — f is an almost periodic function of t in the sense of H. Bohr.
�

One might then attempt to get rid of recurrences by assuming — as is certainly
allowed in the von Neumann formalism of quantum mechanics, provided dimH =
∞ — that the spectrum of the Hamiltonian is purely continuous. From the point
of view of QSP, however, this cure would raise the following new difficulty, namely
that ergodic states may not be countably additive, i.e. may not be representable
by density matrices.

To describe this phenomenon, consider the Banach space B = B(H) equipped
with its usual operator norm; and denote by B∗ its dual, i.e. the Banach space of
all continuous, linear functionals on B . Then

(55) B∗ = A∗ ⊕A⊥

where

i. A is the space of compact operators on H , i.e. A = {A ∈ B(H) | Ψn ⇀
Ψ ⇒ AΨn → AΨ} ; here, ⇀ and → respectively denote weak- and strong-
convergences in H . When the ∗−algebra A is equipped with the operator
norm it inherits from B(H) , A is closed in B(H) and thus is a Banach space
on its own; in fact A is the only non-trivial closed two-sided ∗−ideal of B .

ii. For every ϕ ∈ A∗ , the dual of A , there exists a unique trace-class operator
R ∈ T = {B ∈ B |Tr (B∗B)

1
2 < ∞} such that ∀A ∈ A : ϕ(A) = Tr(R A) .

In particular, to every positive, continuous linear functional ψ on A such
that supA∈A,‖A‖≤1 ‖ψ(A)‖ = 1 there corresponds a unique density matrix,
and conversely.

iii. A⊥ = {ϕ ∈ B |A ∈ A ⇒ ϕ(A) = 0} .
Note that each of the inclusions T ⊆ L ⊆ A ⊆ B is strict iff H is infinite-
dimensional, a condition that is required whenever one wants to avoid recurrences,
since dimH <∞ obviously entails that the spectrum of H is purely discrete, and
then theorem 7 applies.

We can now make precise the above mentioned difficulty concerning the descrip-
tion of ergodic states within the context of countably additive states:

THEOREM 8. Let H ∈ B(H) be the self adjoint generator of any strongly con-
tinuous unitary group {U(t) | t ∈ R} acting on H ; and, with t running over
IR , let ρ ∈ T → ρ(t) = U(t)ρU(−t) ∈ T describe the evolution of any den-
sity matrix ρ ; further, let ψt denote the corresponding (countably additive!) state
ψt : B ∈ B(H) → ψt(B) = Tr(ρ(t)B) ∈ |C. Then, it follows that:
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a. For every compact observable A ∈ A the ergodic limit

(56) lim
T→∞

1
T

∫ T

o

dt ψt(A)

exists and defines a positive linear functional E∞[ψ] on A .

b. If, moreover, the spectrum of H is purely continous, then E∞[ψ] cannot be
extended to a countably additive state on B(H) .

Proof. For the part (a), the economical strategy is to take advantage of two
density theorems, namely: (i) when L is equipped with its Hilbert-Schmidt norm,
it contains T as a dense subspace; and (ii) when A is equipped with the operator
norm it inherits from B(H) , it contains L as a dense subspace. Hence, one can
uniquely lift the evolution from T (H) to a unique unitary evolution on the Hilbert
space L where one can use the classical ergodic theorem — [von Neumann, 1932a],
or [Emch and Liu, 2002; Uffink, 2006] — to assert the existence of the ergodic limit
for any pair (X,Y ) ∈ L×L , and in particular for any pair (ρ,A) ∈ T ×L . Upon
recalling the duality A = T ∗ , the ergodic result is then extended by continuity
from T × L to (ρ,A) ∈ T ×A .

To prove part (b), one notices that, on the one hand, this limit is given, for every
A ∈ A by Eo[ψ](A) = Tr(

∑
n(Pn ρPn A) where {Pn} is the set of all the projectors

corresponding to the discontinuous jumps in the spectral family of H . Hence, when
H has continuous spectrum, this set is empty and thus ∀A ∈ A : Eo[ψ](A) = 0 .
On the other hand, Eo[ψ] certainly extends further thanA ; for instance the ergodic
limit obviously exists for any X ∈ {H}′ , i.e. for all bounded observables that are
constants of the motion; in particular E[ψo](I) = 1 . Hence, even if E[ψo] could be
extended to a state on B , this state would belong to A⊥ and thus would have no
countably additive component in the direct sum decomposition (55). �

The proof of the theorem shows that the same objection can be raised with any
Hamiltonian the spectrum of which contains even only one interval of continuity.
Taking Hamiltonians that are still self-adjoint, but not bounded above would only
raise more technical problems without providing a solution to the basic limitation
exposed in theorem 8.

Hence, von Neumann’s formalism for QSP leads non-equilibrium QSP into the
horns of a dilemma: either the evolution is almost periodic or the ergodic states
are not countably additive. In particular, non-equilibrium states cannot approach
asymptotic states that can be described by density matrices.

To make a bad situation even worse, Zeh discovered — admittedly, long after von
Neumann’s treatise had appeared and yet relevant to the thrust of this section —
that there are serious empirical difficulties with the concept of an isolated quantum
system [Zeh, 1970; Wigner, 1984]. Could certainty be fading out? [Prigogine,
1997]. Zeh’s original observation has led to the development of the concept of
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decoherence; cf. Landsman [Landsman, 2006, section 7.1]. I very briefly address
this and some related issues in section 6 below.

Even in equilibrium QSP, the anchor provided by von Neumann was slipping:
the formalism cannot account for the coexistence of thermodynamical phases; for
a response to this objection, see subsection 5.7 below.

In counterpoint to these questions, one fundamental problem needs to be ad-
dressed: namely that the von Neumann formalism is not adequate to describe
typical many-body systems where an infinite number of degrees of freedom are
brought into the picture. The prescribed remedy is discussed in the next subsec-
tion.

3.4 Haag–Kastler’s axioms and Takeda’s inductive limits

This subsection outlines a formalism proposed to deal effectively with the non-
relativistic many-body problems in QSP. This formalism was born out of the
axiomatic responses prompted by the diagnosis of a mid-life crisis in relativis-
tic Quantum Field Theory [QFT] [van Hove, 1952; Friedrichs, 1953; Wightman
and Schweber, 1955]; the nail in the coffin was driven by Haag [1955]; cf. e.g. the
famous Haag theorem and its embalmings in [Barton, 1963, section 14], [Streater
and Wightman, 1964, section IV.5], and/or [Emch, 1972a, section 3.d]. The al-
gebraic axiomatization is presented here with sufficiently elementary details, yet
with enough restraint to eschew the “imperialistic” label sometimes attached to
it.

The main idea is to account for the local structure of infinitely extended systems.
In their original proposal, Haag and Kastler [1964] mention several precedents in
axiomatic QFT; among these [Haag, 1959a; Haag and Schroer, 1962]; see also
[Haag, 1959b]. (I first heard of the algebraic approach in seminars in Geneva,
where Araki presented some aspects of his Zurich lectures [Araki, 1961/2].) Segal’s
early advocacy of an algebraic approach [Segal, 1947] ought also to be mentioned.

This subsection is divided in two complementary parts: the first part presents
a description of the general structure; the second illustrates this structure with an
example, the 1-dimensional quantum spin-lattice.

Part I. The general structure.
One begins by selecting an absorbing directed net F of regions Λ of finite extension
in space; usually, the space is the Minkowski space M

n+1 for relativistic QFT, the
Euclidean space IRn or a lattice Z

n for non-relativistic QSP. The case of immediate
physical interest is n = 3 , but exploratory models are often constructed with
n = 1, 2 . Recall that a directed net is a partially ordered set — here the order
relation is the usual set-theoretical inclusion — such that for every pair of elements
Λ1,Λ2 in F there is at least one element Λ ∈ F such that Λ1 ⊆ Λ and Λ2 ⊆ Λ .
To say that this net is absorbing is to say that for every point x in space there
exists at least one element Λ ∈ F such that x ∈ Λ . The symbol Λ1 �� Λ2 will be
used to signify that two regions Λ1 and Λ2 are causally disjoint, i.e. in QFT, these
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regions are spacelike to one another; and in non-relativistic QSP, they are disjoint
in the set-theoretical sense, i.e. Λ1 ∩ Λ2 = ∅ . G denotes a group of rigid motions
in the space, namely the inhomogeneous Lorentz group for M

n+1 ; the Euclidean
group for IRn ; or the group of lattice translations for Z

n .
Secondly, to every Λ ∈ F one assigns a C∗−algebra AΛ ; without loss of gener-

ality, one may assume that AΛ has an identity IΛ . This assignment is subject to
the following three postulates.

POSTULATE 9 (Isotony). Whenever Λ1 ∈ F and Λ2 ∈ F satisfy Λ1 ⊆ Λ2 , one
is given an injective ∗−homomorphism i21 : AΛ1 → AΛ2 such that

1. i21(IΛ1) = IΛ2

2. Λ1 ⊆ Λ2 ⊆ Λ3 ⇒ i32 ◦ i21 = i31 .

The following result was proven by Takeda [1955].

THEOREM 10. Let F be a directed net, and {AΛ | Λ ∈ F} satisfy the isotony
postulate. Then there exist: a C∗−algebra A with unit I ; and a family of injective
∗ −homomorphisms {iΛ : AΛ → A | Λ ∈ F} such that

1. ∀Λ ∈ F : iΛ(IΛ) = I ;

2. Λ1 ⊆ Λ2 ⇒ iΛ1(AΛ1) ⊆ iΛ2(AΛ2) ;

3.
⋃

Λ∈F iΛ(AΛ) is a norm-dense sub−∗algebra of A .

The C∗−algebra A is called the C∗−inductive limit of the net {AΛ | Λ ∈ F} . We
will use hereafter the notations

Ao :=
⋃

Λ∈F
iΛ(AΛ) and A =

nAo.

POSTULATE 11 (Local commutativity). Whenever Λ1,Λ2 ∈ F satisfy Λ1 �� Λ2 ,
and Λ3 ∈ F is such that both Λ1 ⊆ Λ3 and Λ2 ⊆ Λ3 :

A1 ∈ AΛ1 and A2 ∈ AΛ2 ⇒ i31(A1) i32(A2) = i32(A2) i31(A1) .

The following result is then immediate.

COROLLARY 12. If Λ1 �� Λ2 , then

A1 ∈ AΛ1 and A2 ∈ AΛ2 ⇒ iΛ1(A1) iΛ2(A2) = iΛ2(A2) iΛ1(A1) .

For the aspects of QSP considered here, it will be an innocent abuse of language
to refer to the above postulate as simply the postulate of locality.
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POSTULATE 13 (Covariance). An action ν : (g,A) ∈ G × Ao → νg[A] ∈ Ao
is given so that for every region Λ ∈ F , νg induces a ∗−isomorphism between
AΛ and Ag[Λ] , where g[Λ] denotes the image of the region Λ under the point
transformation g .

Upon using theorem 10, this can be lifted toA , namely νg[iΛ(AΛ)] = ig[Λ](Ag[Λ]) :

COROLLARY 14. The action of G extends by continuity to a norm-continuous
group representation ν : g ∈ G→ Aut(A) .

DEFINITION 15. With the above notations, Ao is called the algebra of local
observables; and A is called the algebra of quasi-local observables. Moreover, if ϕ
is a state on A such that ∀ g ∈ G : ϕ ◦ νg = ϕ , let πϕ be the corresponding GNS
representation. The von Neumann algebra Nϕ = πϕ(A)′′ is called the algebra of
global observables relative to the state ϕ .

Note that quasi-local observables involve norm limits; they are therefore general,
algebraic objects that can be defined abstractly, i.e. without reference to any
particular Hilbert space representation. In contrast, global observables that are
not quasi-local involve weak-operator limits, and thus depend on the Hilbert space
representation in which these limits are taken; for the purposes of QSP these
observables depend, via the GNS construction, on the physical situation for which
they are defined, i.e. on the state with respect to which they are considered. This
aspect of the theory will be discussed in details in subsection 3.5 — see in particular
the preliminaries to scholium 23, and remark 26(1) — and it will be essential for the
treatment of phase transitions, inasmuch as these involve averages of observables,
for instance the spontaneous magnetization in ferromagnets; see subsection 5.7
below.

Part II. A concrete example of a net of observable-algebras.
This example exhibits the construction of the algebra of observables for an infinite
quantum spin-lattice system that obtains in the thermodynamical limit of finite
systems such as the one treated in subsection 3.3 above. Consider indeed an infinite
1-dimensional lattice Z with a quantum 1

2−spin sitting at each node (or “site”);
hence a copy Ak of the C∗−algebraM(2, |C) of 2×2 matrices with complex entries
is associated to each site k ∈ Z ; i.e. Ak is generated by the Pauli matrices (44),
i.e. by the three observables corresponding to the three components of a 1

2−spin
sitting at site k .

Let now F be the net of all finite subsets Λ ⊂ Z . To each of these Λ is then asso-
ciated the “local” C∗−algebra AΛ = ⊗k∈ΛAk which is thus a copy ofM(2|Λ|, |C) ,
where |Λ| denotes the number of sites in Λ .

Let now Λ1 and Λ2 be two finite regions, with Λ1 ⊆ Λ2 . An injective ∗−homo-
morphism of AΛ1 into AΛ2 obtains by linearity from its restriction to monomials,
namely

i21(A1 ⊗A2 ⊗ . . .⊗A|Λ1|) = B1 ⊗B2 ⊗ . . .⊗B|Λ2|
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with

∀ k ∈ Λ2 : Bk =
{

Ak if k ∈ Λ1

Ik if k /∈ Λ1
.

These inclusions satisfy postulate 9.
Here, two finite regions are in the relation Λ1 �� Λ2 whenever Λ1 ∩ Λ2 = ∅ .

Since the commutators of observables attached to individual sites vanish whenever
the two sites are different, any two observables attached to disjoint regions do
commute. Formally, this is to say that postulate 11 is satisfied.

Finally, let G := Z denote the additive group of translations of the lattice. To
define the action of G on the algebra of local observables it is sufficient to notice
that for all g ∈ G and all Λ ∈ F : |g[Λ]| = |Λ| , so that both Ag[Λ] and AΛ

are copies of the same matrix algebra, namely M(2|Λ|, |C) : the images of a local
observable and its translate are simply different copies of the same matrix; this
indeed defines νg in such a way that postulate 13 is satisfied.

3.5 Quantum ergodic theory and macroscopic observables

While classical ergodic theory concerns itself with measures µ that are invariant
under a group G and their mixing properties, quantum ergodic theory discusses
the properties of G−invariant states and their clustering properties. Accordingly,
in this subsection I will discuss also the roles of space and/or time averages in
explaining at least part of the success of QSP; compare with [Uffink, 2006] and,
in particular, with [Earman and Rédei, 1996].

Therefore, one question to be addressed in this subsection must be whether
and how ergodic theory may serve as a cornerstone to build up statistical me-
chanics. Traditionally, under the impetus of the emphasis the Ehrenfests’ placed
on Boltzmann’s ergodic hypothesis (or rather its measure-theoretical version, the
quasi-ergodic hypothesis), the group G is taken to be the group IR governing
the time evolution. Nevertheless, partly in response to some swaying to and fro
in Boltzmann’s own writings, the jury is still out on the fundamental issue of
this hypothesis’ relevance for the foundations of CSP; see in particular [Uffink,
2006, section I.3, and subsections I.4.3 and I.6.1]. It is also remarkable that al-
ready Gibbs [Gibbs, 1902] chose to emphasize the role of mixing properties, i.e.
properties which are stronger than metric transitivity and make more precise the
presumption that the dynamics is ‘erratic’; cf. e.g. [Uffink, 2006, sections I.4.1
and I.5]; other issues are touched upon in [Emch and Liu, 2002, pp. 317–330];
and, for a pertinent account that takes stock of the work done in the second half
of the twentieth century, by the Lebowitz and Sinai schools, see [Szasz, 1996].

Consequently, I will concentrate here on two sub-questions: (i) the extent to
which the mathematics of classical ergodic theory may be generalized to the for-
malism of quantum theory; and (ii) the extent to which such generalizations may
help formulate better certain aspects of the foundations of QSP.

The answer to the first of these sub-questions is that much of the mathematics
goes through, with some minor adjustments. The answers to the second is more
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complex. On the one hand, as long as the focus remains on the time evolution the
main issues persist, among which is the paucity of realistic models. On the other
hand, when the group G deals with the geometry of the problem, quantum ergodic
theory — especially and the roles of averages, and theorems linking extremal
invariance and clustering properties — does help distinguish, within QSP, the
quantum aspects of the microscopic description and the classical aspects of the
macroscopic world. Thus, I divide the presentation in two parts, according to
whether ergodicity is considered with respect to the time evolution or with respect
to space symmetries.

A. Ergodicity with respect to time
Some insight is gained from a model first proposed in [Ford et al., 1965], which
comes in two versions, classical and quantum. The quantum version has been
controlled mathematically in [Davies, 1972]. It is proven there that an infinite 1-
dimensional chain of weakly coupled 1-dimensional quantum harmonic oscillators
may serve as a thermal reservoir for a single 1-dimensional quantum oscillator in
the chain and that a diffusion equation governs the evolution of the latter. This
is accomplished by a rigorous treatment of the van Hove weak-coupling/long-time
limit about which more will be said in subsection 6.1 below. Anticipating some
mathematical definitions to be made precise later on — see paragraph 5.3.C —
it is sufficient for the present discussion to register that, in this van Hove limit, a
reduced evolution obtains which is a contractive semi-group of completely positive
maps {γs | s ∈ IR+} acting on the von Neumann algebra No � B(L2(IR, |C)) at-
tached to the site of the single oscillator considered. Moreover this evolution, when
observed from any one-dimensional subspace {xu | x ∈ IR} in the 2-dimensional
phase space {ξP + ηQ | ζ = (ξ, η) ∈ IR2} of the single oscillator, is described by a
classical distribution µ(x, s) that satisfies for all s ∈ IR+ the diffusion equation:

(57) ∂sµ(x, s) = D
[
∂2
x + β(V ′(x) ∂x + V ′′(x))

]
µ(x, s)

where β = 1/kT is the natural temperature, V = 1
2ω x2 is a harmonic po-

tential, while the diffusion constant D and the frequency ω are numbers, the
values of which depend only on the direction ζ/|ζ| ∈ IR2/S1 . Note that the
corresponding invariant measure is the canonical equilibrium, Gaussian measure
µ(x) = Z−1 exp(−βV (x)) with Z =

∫
R
dxµ(x) , i.e. Z−1 =

√
2πβω .

The point of the model here is that the dissipative system described by the
contractive semi-group {γs | s ∈ IR+} governing this Markovian diffusion process
admits a canonical dilation to a conservative dynamical system. Indeed, there
exists a group {αs | s ∈ IR} of automorphisms of the von Neumann algebra
N = πϕ(A)′′ describing the full chain of oscillators in the equilibrium state ϕ
corresponding to the temperature β when the interactions are switched off. In
conformity with subsection 3.4 the algebra of quasi-local observables A is here the
C∗−algebra ⊗k∈ ZNk where the Nk are copies of No . The free equilibrium state
has the form ϕ = ⊗ϕk where ϕk is the von Neumann canonical equilibrium state
for the oscillator at the site k . Let now i be the injection of No into N and ϕo
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denote the restriction of ϕ to No , i.e. ∀No ∈ No : ϕo(No) = ϕ(i[No]) . Let further
E : N → No be the canonical conditional expectation with respect to the state
ϕ , satisfying ϕo ◦E = ϕ . The sense in which {N , α,E} is a dilation of {No, γ} is
that

(58) ∀ (s,No) ∈ IR+ ×No : γs[No] = E ◦ αs ◦ i [No] .

For details, see [Emch, 1976] where, in particular, this result was noted to be very
reminiscent of the classical flow of Brownian motion constructed by Hida [Hida,
1970] who also proved that this flow is a classical Kolmogorov flow, in the sense
of the following definition.

DEFINITION 16. A classical dynamical system {Ω, E , µ, α∗} consisting of a prob-
ability space {Ω, E} , a probability measure µ , and a group {α∗

t | t ∈ IR} of au-
tomorphisms of {Ω, E} such that ∀ t ∈ IR : µ ◦ α∗

t = µ , is said to be a classical
Kolmogorov flow whenever there exists a σ−subring A ⊂ E such that, with the
notation At = α∗

t[A] :
(1) ∀ t > 0 : A ⊂ At ; (2)

∨
t∈IRAt = E ; and (3)

∧
t∈IRAt = {∅,Ω} .

Kolmogorov flows are characterized among classical dynamical systems by their
having strictly positive dynamical entropy; thus they sit pretty high in the classical
ergodic hierarchy, above the Lebesgue spectrum condition, and thus above the
weaker conditions of mixing and ergodicity; for didactic accounts, cf. e.g. [Arnold
and Avez, 1968; Cornfeld et al., 1982].

The conservative quantum dynamical system described above as the canoni-
cal dilation of a contractive semigroup, does satisfy a quantum generalization of
definition 16, namely:

DEFINITION 17. A quantum dynamical system {N , ϕ, α} consisting of a von
Neumann algebraN , a faithful normal state ϕ onN , and a group α = {αt | t ∈ IR}
of automorphisms of N , with ∀ t ∈ IR : ϕ ◦ αt = ϕ , is said to be a generalized
Kolmogorov flow whenever there exists a von Neumann subalgebra A ⊂ N such
that, with the notation At = αt[A] :

(1) ∀ t > 0 : A ⊂ At ; (2)
∨
t∈IRAt = N ; (3)

∧
t∈IRAt = |CI ; and

(4) ∀ t ∈ IR : τt[A] = A ,

where {τt | t ∈ IR} is the modular group canonically associated to ϕ .

REMARKS 18.

1. The
∨

in condition (2) involves a weak-operator closure, namely (2) means
that N is the smallest von Neumann algebra that contains all the At ; the∧

in condition (3) is simply the usual intersection; thus (3) signifies that no
operator belongs to all At unless it is a multiple of the identity.

2. The modular group τ will be introduced in section 4; let it suffice to say
here that, if we were dealing with a finite system, τ would be the group of
automorphisms of N associated to the Hamiltonian corresponding to von
Neumann’s canonical equilibrium density matrix.
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3. Definition 17 encompasses definition 16 when N is taken to be the abelian
von Neumann algebra L∞(Ω, E) acting on the Hilbert spaceH = L2(Ω, E , µ) ;
in this case ∀ t ∈ R : τt = id , and condition (4) is then trivially satisfied.

4. In the general case, condition (4) is necessary to ensure the existence of a
conditional expectation E : N → A .

5. Except for the positivity of the dynamical entropy — which depends on a con-
sensus that is still pending about a physically meaningful definition of quan-
tum dynamical entropy; see nevertheless [Narnhofer and Thirring, 1994b;
Tuyls, 1998] and references therein — all the ergodic properties of classical
Kolmogorov systems carry over straightforwardly from the classical to quan-
tum realm [Emch, 1976]. In the model described above these properties are
exhibited in the quantum triple {N , ϕ, α} .

6. Definition 17 was first proposed in [Emch, 1976]. Generalizations of this def-
inition, involving the passage from W∗− to C∗−algebras, were then explored
in [Narnhofer and Thirring, 1989].

7. The material of the present remark may be found in [Arnold and Avez, 1968]
and is inserted here only as a preparation for the next remark. In classical
ergodic theory the next rung up the ergodic ladder, just above Kolmogorov
flows, is occupied by Anosov flows. These flows formalize an observation
made in 1898 by Hadamard, namely that the geodesics on manifolds of
negative curvature exhibit exponential sensitivity to initial conditions, in
contrast with the usual linear sensitivity characteristic of free flows on flat
manifolds. If the manifold is furthermore compact, one may intuitively ex-
pect that Hadamard’s observation entails some kind of mixing behaviour.
This is indeed the case: the first ever Hamiltonian flow shown to be ergodic
— the geodesic flow on a compact surface of constant negative curvature —
is already an Anosov flow. These flows exhibit exponentially contracting and
expanding directions transversal to the direction of the flow, thus prefiguring
a microscopic explanation for the empirically observed Lyapunov coefficients.
The discrete-time archetype is the Arnold CAT map operating of the torus
T 2 : = IR2/Z

2 . One ought to note that up to Kolmogorov flows, classical
ergodic theory may be viewed as a chapter in probability theory; Anosov
flows, in addition, involve an essential appeal to differential geometry, as
was recognized only in the second half of the twentieth century through the
work of the Russian school.

8. In order to explore possible quantum extensions of the concept of Anosov
flow, a quantum analog of the latter has been devised by the present author
in collaboration with Narnhofer, Sewell and Thirring [Emch et al., 1994a];
for an antecedent, see [Benatti et al., 1991a]; for a discussion of dynamical
entropy in this context, see [Andries et al., 1995]; for reviews and some
general perspectives, see [Narnhofer, 2001; Narnhofer, 2005].
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One essential feature of this extension is that now the phase space of this
quantum CAT map is the noncommutative torus T 2

θ , an ubiquitous staple
of Connes’ noncommutative geometry; cf. e.g. [Connes, 2000, section XIII]
or [Garcia–Bondia et al., 2003, chapter 12]; and for the place these tori
occupy in the geometric quantization programme, cf. [Emch, 1998b]. As for
quantum ergodic theory, it was noted already in [Emch et al., 1994a] that the
generators of the expanding and contracting horocycles form a basis in the
2-dimensional distinguished space of derivations that are not approximately
inner — i.e. cannot be uniformly approximated by inner derivations [Garcia–
Bondia et al., 2003, section 12.3].

The presence of expanding and contracting directions in quantum as well
as in classical Anosov flows offers a bridge from classical to quantum chaos.
The problem of what is quantum chaos — or what it ought to be — has
received attention from different prospectives; cf. e.g. [Gutzwiller, 1990]; for
a philosophical perspective, cf. [Belot and Earman, 1997], and for a recent
review, cf. in this volume [Landsman, 2006, section 5.6].

The investigations sketched in this remark, with applications to QSP in view,
also have a mathematical parallel in QFT, cf. [Borchers, 1999; Wiesbrock,
1997]; see also subsection 5.5 below.

Summary and warning. It seems fair to infer that the mathematical general-
ization of classical ergodic kinematics to the quantum realm will carry through
quite well. Nevertheless, the discussion of the underlying physical dynamics, when
confronted with Hamiltonian mechanics, does not fare any more smoothly in the
quantum case than it does in the classical case. Some of the conceptual problems
may already be illustrated with the help of the model discussed at the begin-
ning of this subsection. There, the dissipative dynamical system {No, γ} may be
viewed as the reduced dynamics of two different conservative dynamical systems;
both of these act on the same infinite assembly of harmonic oscillators. From the
first system the reduced dynamics obtains only through the van Hove limit which
compounds the very long-time effects — on a single subsystem — of a very weak
coupling with, and within, the bath. But there is nothing in common between the
time scale of the dynamics that governs the original conservative system and the
time scale pertaining to the other conservative system, viz. the one obtained as
the canonical dilation of the dissipative system. So there is little reason to believe
that the ergodic behaviour of the latter reflects any global dynamical property of
the former.

While this may be blamed on some naive modeling, it nevertheless emphasizes
that the time scale of the conservative microscopic description and that of the
emerging macroscopic description may differ significantly. In more sophisticated
models, this will have to be taken into consideration and the complicated behaviour
of the microscopic description may have to be washed away — one way or another
— before a clean ergodic behaviour is manifested at the macroscopic level. It
appears that van Hove’s idea is a reasonable way to do this; see subsection 6.1
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below.

Starting with their initial motivation in Boltzmann’s works, most presentations
of classical ergodic theory focus on the properties of the time-evolution, in par-
ticular on the transitivity of measures and the time-averages of observables. Its
generalization to the quantum realm invites the consideration of other aspects of
classical ergodic theory, namely the space averages with respect to the actions of
other groups beside those that govern the evolution. This will be done in the
second part of this subsection.

B. Ergodicity with respect to space
As was already recognized by Haag [1959b] for QFT, the “other” group of most
immediate relevance to QSP is the group of space translations, introduced as a part
of the postulate of covariance in the Haag–Kastler axioms; cf. postulate 13 above.
With n = 1, 2, . . . , let X

n denote either the Euclidean space IRn or the “cubic”
lattice Z

n ; and let |x| denote the length of the vector x ∈ X
n . Henceforth, we

concentrate on the abelian group G � X
n of all translations x ∈ X

n → x+a ∈ X
n

where a ∈ X
n . Let further {AΛ | Λ ∈ F} be the corresponding Haag–Kastler net

of local algebras, and A be their C∗− inductive limit, with A equipped with the
group of automorphisms {νa | a ∈ Xn} defined as in corollary 14. Let again
Ao ⊂ A denote the algebra of local observables. For any fixed pair (Λ1,Λ2)
of elements in F , there exists a12 ∈ G such that a[Λ1] �� Λ2 for all a ∈ G with
|a| > |a12| . Consequently, by locality (see postulate 11) whenever a ∈ G with |a| >
|a12| , A1 ∈ A1 and A2 ∈ A2 , we have νa[A1]A2 = A2 νa[A1] . By continuity, this
entails

COROLLARY 19. For all A,B ∈ A : lim|a|→∞ ‖ νa[A]B − B νa[A] ‖ = 0 , i.e.
the group G of translations acts on the algebra A of quasi-local observables in a
norm-asymptotic abelian manner.

This property makes no sense in the original von Neumann framework for the
quantum mechanics of finite systems. In the generalized Haag–Kastler framework
devised for infinite systems, this statement which is straighforwardly correct for
space translations is rarely satisfied by the time evolution in realistic models that
have been controlled.

This raises three questions: the first is whether this property has useful conse-
quences; the second is whether this property can be weakened without jeopardizing
the consequences that may be derived from it; and the third is whether any of the
weakened forms of this property may be satisfied by the time evolution. I will
argue that the answers to the first two questions are “yes”. Specifically, in regard
to the first question, see in particular corollary 30 below; and in response to the
second, see the forthcoming theorem 25. However, here again, I will warn against
the seduction of hypotheses that may ensure a positive answer to the third ques-
tion, but may be hard to satisfy in specific models; see also the last paragraph in
5.4.B and remark 63(6) below.

DEFINITION 20. A state ϕ on the algebra A of quasi-local observables is said to
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be translation invariant whenever ∀ (a,A) ∈ G×A : ϕ(νa[A]) = ϕ(A) , a situation
denoted by ϕ ◦ ν = ϕ . The state ϕ is said to be extremal translation invariant
if it is translation invariant and may not be written as a convex sum of different
translation invariant states.

With G denoting the group of translations of X
n = IRn or Z

n , G is triv-
ially identified with X

n . Let C = C(G) be the set of all complex-valued, contin-
uous, bounded functions f : G → |C . Henceforth, this set is equipped with the
usual point-wise addition and multiplication of functions, and with the sup-norm
‖f‖ = supx∈G |f(x)|. These operations equip C with the structure of an (abelian)
C∗−algebra. Define then an action of G on C by a[f ](x) = f(x− a) .

DEFINITION 21. With the above notations, an invariant mean on C is a state η
on C such that ∀ (a, f) ∈ G× C : η(a[f ]) = η(f) .

Given X
n , there are several such means. For instance, the ergodic mean on IR

may be defined as follows. Let Ce = {f ∈ C | lima→∞ 1/2a
∫ a
−adx f(x) exists } .

Then ∀ f ∈ Ce , let ηe(f) : = lima→∞ 1/2a
∫ a
−adx f(x) ; which then extends by

continuity to C , so as to give an invariant mean, which is the one I will prefer to
use in the sequel. One may wish to define similarly the mean η+ on C+ = {f ∈ C |
limx→∞ f(x) exists } . And, similarly, another mean η− obtains from the functions
that admit a limit as x→ −∞ .

To define averages of states and of observables, notice that for every state ϕ
on the algebra A of quasi-local observables and any A,B ∈ A , the functions
ϕ(ν•[A]B) : a ∈ G → ϕ(νa[A]B) ∈ |C — here the symbol • serves as a reminder
to mark the place of the variable a — are continuous and bounded, namely by
‖A‖ ‖B‖. Thus the functions ϕ(ν•[A]B) belong to C. When B = I we write simply
ϕ(ν•[A]) for ϕ(ν•[A]I) . With these notations, the following definition makes sense.

DEFINITION 22. Given an invariant mean η on C and any state ϕ on the algebra
A of quasi-local observables, the average η[ϕ] of the state ϕ is defined as the
translation invariant state

η[ϕ] : A ∈ A → η (ϕ(ν•[A])) ∈ |C .

A translation invariant state ϕ is said to be η−clustering whenever

∀A,B ∈ A : η (ϕ(ν•[A]B)) = ϕ(A)ϕ(B) .

Warnings concerning terminology:

1. η−clustering is also referred to as “weak clustering”.

2. η−clustering should not be confused with the stronger property called “weak
mixing”, namely

∀A,B ∈ A : η |ϕ(ν•[A]B) − ϕ(A)ϕ(B)| = 0
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where for any complex number z , |z| denotes absolute value of z . The name
“weak mixing” conforms to the usage in classical ergodic theory, cf. e.g.
[Arnold and Avez, 1968, p. 21].

3. The property simply called clustering does not involve averaging, and thus
is stronger; it is:

∀ a ∈ IRn and ∀A,B ∈ A : lim
λ→∞

ϕ(νλa[A]B) = ϕ(A)ϕ(B) .

This property is called “mixing” in classical ergodic theory, cf. e.g. [Arnold
and Avez, 1968, p. 20].

4. An even stronger property is introduced in definition 27 below.

5. Each of the above properties expresses how much the correlations between
νa[A] and B decay with large distances |a| when the system is in the state ϕ .
The term “clustering” affixed to these properties, also used in QFT, seems
to be inherited from scattering theory where it expresses the asymptotic
independence of separate scattering products, or “clusters”.

The definition of the average of an observable is a little bit more involved. For
the general mathematical framework, cf. e.g. [Emch, 1972a, subsection 2.2.d];
in particular, for the general statements and proofs corresponding to scholium
23 and theorem 25 below, cf. [Emch, 1972a, lemma, pp. 174–175] and [Emch,
1972a, theorem 8, pp. 183–184]. Note that, here, the asymptotic abelianness
of the action of the group of space translations — corollary 19 above — allows
the simpler presentation offered below. This is where global observables — cf.
definition 15 above — enter the picture.

Let ϕ be a translation invariant state on the algebra A of quasi–local observ-
ables, and {πϕ,H,Φ} be the GNS triple associated to ϕ . Let further Nϕ = πϕ(A)′′

and Zϕ = Nϕ ∩N ′
ϕ .

For a ∈ G fixed, and A running over A , the map πϕ(A)Φ ∈ H → πϕ(νa[A])Φ ∈
H extends uniquely to a unitary operator Ua ∈ U(H) : = {U ∈ B(H) | U∗U =
UU∗ = I} . This defines a continuous unitary representation U : a ∈ G → Ua ∈
U(H) such that ∀ (a,A) ∈ G×A : Uaπϕ(A)U∗

a = πϕ(νa[A]) .
As usual, let U(G)′ := {B ∈ B(H) | ∀ a ∈ G : UaB = BUa} denote the com-

mutant of U(G) . Equivalently here, U(G)′ = {B ∈ B(H) | ∀ a ∈ G : UaBU∗
a =

B} .
Finally, let P : = {Ψ ∈ H | ∀ a ∈ G : UaΨ = Ψ } ; and denote by P the

orthogonal projector from H onto P .

SCHOLIUM 23. For every invariant mean η on C , the map

ηϕ : A ∈ A → ηϕ[A] ∈ Zϕ ∩ U(G)′

defined, for all A ∈ A by

∀ Ψ1,Ψ2 ∈ H : (Ψ1, ηϕ[A]Ψ2) = η (Ψ1, πϕ(ν•[A])Ψ2)
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is a ∗−homomorphism and satisfies ηϕ[A]P = P ηϕ[A] = P ηϕ[A]P .

DEFINITION 24. Let η be an invariant mean on C ; ϕ be a translation invariant
state on the algebra A of quasi-local obervables; Nϕ = πϕ(A)′′ be the algebra of
global observables associated to the state ϕ , via the GNS triple {πϕ,H,Φ} ; and
NG
ϕ = {N ∈ Nϕ | ∀ a ∈ G : UaNU∗

a = N} be the algebra of translation invariant
global observables. Then the average of a quasi-local observable A ∈ A is defined
as the translation invariant global observable ηϕ[A] ∈ NG

ϕ .

We are now ready to enunciate the central quantum ergodic theorem relative
to the action of the group of space translations.

THEOREM 25. Let ν : a ∈ G→ Aut(A) denote the action of the space-translation
group on the algebra A of quasi-local observables; and let η be any invariant mean
on C . Then the following conditions on a translation invariant state ϕ on A are
equivalent:

1. ϕ is extremal translation invariant;

2. ϕ is η−clustering, i.e. ∀A,B ∈ A : η (ϕ(ν•[A]B)) = ϕ(A)ϕ(B) ;

3. the canonical extension ϕ̃ : N ∈ Nϕ → (Φ, N Φ) ∈ |C of ϕ to the von Neu-
mann algebra Nϕ of global observables associated to ϕ is the only translation
invariant normal state on this algebra;

4. the invariant subspace P ⊂ H is one-dimensional;

5. the average ηϕ[A] of every quasi-local observable A ∈ A is a multiple of the
identity, namely ηϕ[A] = ϕ(A) I ;

6. all translation invariant global observables N ∈ NG
ϕ

: = Nϕ ∩ U(G)′ are
multiples of the identity;

7. Zϕ ∩ U(G)′ = |C I where Zϕ := Nϕ ∩Nϕ′ .

REMARKS 26.

1. Recall that in definition 15 three kinds of observables were introduced.
The local observables relative to some finite region Λ are described in the
original von Neumann formalism [von Neumann, 1932c] where, typically,
AΛ = B(HΛ) , and HΛ = L2(Λ, dx) . Thus one refers to local observables as
self-adjoint elements of Ao = ∪Λ∈FAΛ . The quasi-local observables, defined
abstractly as observables that are norm-limits of local observables, pertain
to the microscopic description of many-body systems that are infinitely ex-
tended in space; section 5 below opens with three concrete QSP examples.
These ‘quasi-local’ observables belong to the C∗−algebra A =

nAo . Observ-
ables of the third kind, the global observables, appear at the macroscopic
level when bulk properties of matter are investigated; they belong to the
von Neumann algebra Nϕ : = πϕ(A)′′ obtained as the weak-closure of the
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GNS representation πϕ (of A) corresponding to a state ϕ (on A) specifically
obtained by a process called the thermodynamical limit, several examples of
which are discussed in the following sections.

Space averages are examples of such global observables. A concrete exam-
ple in ferromagnetism obtains with any one of the three components of the
magnetization. Observables of this third kind depend on the global state
of the system considered, thus reflecting the preparation of the system. For
instance, when the state is extremal translation invariant, these observables
are multiples of the identity operator — recall the equivalence of conditions
(1) and (5) in theorem 25 — hence their value is the same in all configura-
tions that differ only locally from the given state. Their assuming different
values in configurations that differ globally from one another serves as wit-
ness for the existence of different thermodynamical phases; cf. subsection
5.7.

2. A global state ϕ on A =
nAo with Ao =

⋃
Λ∈F AΛ is usually defined by

continuity from

(59) ∀Λ and ∀AΛ ∈ AΛ : ϕ(AΛ) = lim
|Ω|→∞,

Ω∈F,Ω⊇Λ

ϕΩ(AΛ)

where {ϕΩ|Ω ∈ F} is a consistent family of local states. The local states
are themselves defined with respect to some consistent boundary conditions;
e.g. periodic boundary conditions on every Λ . Hence, the global state ϕ
and thus the von Neumann algebra Nϕ : = πϕ(A)′′ of global observables
may depend on the boundary conditions one has chosen. This happens in
particular in the presence of the long-range order that often accompanies
the onset of phase transitions. This dependence on initial conditions, even
in the thermodynamical limit, is an ubiquitous phenomenon, known already
in classical statistical physics.

Indeed, in an argument that was later confirmed to be correct — for refer-
ences, cf. e.g. [Emch and Liu, 2002, pp. 416–417] — Peierls [1936] pointed
out the fact that the Ising model in two dimensions develops, for sufficiently
low temperatures, a sensitivity to boundary conditions: one phase — say
the one with strictly positive magnetization — may be selected by clamping
all spins on the boundary in the “up” position.

3. Here again, in the special case where {N , ϕ} is {L∞(Ω), µ} , the above the-
orem reduces to the known classical case. Note however that the theorem
is stated here for space translations rather than for the time evolution; the
reason is that the proof uses asymptotic abelianness which space translations
satisfy — see corollary 19 above — or some weakened form such as (61) in
remark 31 below. Yet, even such a weakened form of asymptotic abelianness
is hard to come by for the time evolution of quantum dynamical models.
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The clustering condition (2) in the theorem may be strengthened when the rep-
resentation πϕ is primary, i.e. when the center Zϕ : = πϕ(A)′′ ∩ πϕ(A)′ satisfies
Zϕ = |CI . Specifically, for any region Λ ∈ F , let

AΛ
c :=

n∪Ω∈F ;Ω��ΛAΩ ,

where, for any subset B ⊂ A ,
nB denotes the closure of B in the norm-topology

of A . As a consequence of locality A ∈ AΛ and B ∈ AΛ
c entail AB − BA = 0 .

Let now Nϕ,Λc := πϕ(AΛ
c)′′ .

DEFINITION 27. A state ϕ on the algebra A of quasi-local observables is said to
be uniformly clustering whenever for any A ∈ A and every ε > 0 , there exists a
region Λ ∈ F depending on A and ε , such that

(60) ∀B ∈ AΛ
c : |ϕ(AB)− ϕ(A)ϕ(B)| ≤ ε ‖B‖ .

DEFINITION 28. The elements of the von Neumann algebraNϕ∞ :=
⋂

Λ∈F Nϕ,Λc
are called observables at infinity with respect to ϕ .

SCHOLIUM 29. For each state ϕ separately, the observables at infinity are central,
i.e. Nϕ∞ ⊆ Zϕ . Moreover the following two conditions on a state ϕ are equivalent:

1. all observables at infinity are multiples of the identity operator, i.e. Nϕ∞ =
|C I ;

2. ϕ is uniformly clustering.

Note that definitions 27, 28 and scholium 29 do not require that ϕ be space-
translation invariant, although they involve in an essential manner the local struc-
ture of A . For space-translation invariant states one has in addition:

COROLLARY 30. The following two conditions:

1. ϕ is a translation invariant state on the algebra A of quasi-local observables;

2. the algebra Nϕ of global observables is a factor, i.e. Zϕ = |C I

jointly entail that

a. ϕ is extremal translation invariant (and so satisfies the equivalent conditions
noted in theorem 25);

b. ϕ is uniformly clustering.

REMARKS 31.

1. Condition (2) in corollary 30 is satisfied whenever ϕ is an extremal KMS
state; cf. subsection 5.6 below.

2. The proofs of theorem 25, scholium 29, and corollary 30 are not trivial, but
they were all known by the early 1970s; cf. e.g. [Emch, 1972a, theorem II.2.8
and theorem IV.1.7].
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3. In particular, the proof of theorem 25 shows that the equivalence of its seven
conditions may be obtained in more general contexts where the action of the
group of space translations is replaced by an action with respect to which
the invariant state ϕ satisfies the condition of η−abelianness, namely the
condition:

(61) ∀A,B,C ∈ A : η {ϕ(C∗[νg[A]B −Bνg[A]]C)} = 0 .

This condition is much weaker that the norm-asymptotic abelianness proven
in corollary 19 for the action of the translation group.

4. It is therefore tempting to try and transfer the above considerations to the
group IR governing the time evolution of a quantum dynamical system. In
fact if ϕ is an extremal IR−invariant state, then such a dynamical system
will be η−abelian in the sense of (61), provided the vector Φ of the GNS
representation — which, by construction, is cyclic for πϕ(A) — is also cyclic
for the von Neumann algebra πϕ(A)′ , a condition equivalent to the require-
ment that Φ be separating for the von Neumann algebra Nϕ := πϕ(A)′′ , i.e.
N ∈ Nϕ and NΦ = 0 entail N = 0 . The condition that a von Neumann
algebra N admits a vector Φ that is cyclic for both N and N ′ is referred
to by saying that this von Neumann algebra is in standard form; for the
relevance of this condition in the present context cf. definition 36 and theo-
rem 39 below. This however only raises again the question of whether ϕ is
extremal under the evolution responsible for the approach to equilibrium. In
this respect, we may note that this is the case for the dilated evolution in the
example of a chain of weakly coupled harmonic oscillators, discussed at the
beginning of this subsection, and in general for the evolution α of generalized
Kolmogorov flows; cf. definition 17; see nevertheless the “warning” following
remark 18, or subsection 5.4(B).

5. On the mathematical side, quantum ergodic theory may be concerned with
group actions more general than space or time translations. In fact, the-
orem 25 and the third remark just above extend without modifications to
the actions of amenable groups, i.e. groups G that admit an invariant mean
in the sense of definition 21 (where G = IRn or Z

n is replaced by G) . For a
general presentation of the theory of amenable groups, cf. e.g. [Greenleaf,
1969] or for a brief review geared to applications in QSP [Emch, 1972a, pp.
164–172]. Restricting attention here to locally compact groups, let it suf-
fice to note that compact groups, abelian groups, and semi-direct products
thereof are amenable; in particular the rotation groups, translation groups,
and Euclidean groups in finite-dimensional Euclidean spaces are amenable.
However, no non-compact semi-simple Lie group is amenable, so that in par-
ticular the Lorentz group of 4-dimensional relativisitic QFT is not amenable.

6. Pushing the theory even further than amenable group actions may be done
by considering “large groups of automorphisms” of a C∗−algebra A , i.e.
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actions α : G → Aut(A) that satisfy for every self-adjoint A ∈ A and every
G−invariant state ϕ on A :

(62) w−opco{πϕ(αg[A]) | g ∈ G} ∩ πϕ(A)′ �= ∅ ,

where for any subset S of a vector space, co{S} denotes the “convex hull” of
S , i.e. the collection of all convex combinations of elements in S ; and for any
set B ⊂ B(H) , w−opB denotes the closure of B in the weak-operator topology
of B(H) . The notion of large group of automorphisms was introduced by
Størmer in 1967 who used it soon afterwards to prove a quantum analogue of
de Finetti’s exchangeability theorem in classical probability theory [Størmer,
1969]; for a review and some applications to the semantic foundations of
quantum theory, cf. e.g. [Emch, 2005] and references therein. Note that any
amenable group action for which the system is η−abelian for some mean η
is a large group of automorphisms for this system.

Here again, one can hardly resist the conclusion that quantum ergodic theory
is now a mature mathematical theory in search of further physical applications to
QSP, most notably through the understanding it provides for the various clustering
(or mixing) properties described in the present section; cf. e.g. subsections 5.4
and 5.7 below.

4 THE KMS CONDITION FOR EQUILIBRIUM

The identification of the KMS condition as a canonical characterization of equi-
librium states appears in the confluence of two currents of thought.

The first source is the recognition by Kubo [1957] and by Martin & Schwinger
[1959] that objects which play a central role in condensed matter physics, namely
the so-called thermal Green functions — cf. e.g. [Bonch-Bruevich and Tyablikov,
1962] — possess remarkable analytic properties. For a foretaste, see scholium 32
below.

The second source of inspiration is recognizable in the original texts [Murray
and von Neumann, 1936] of what was to become the theory of von Neumann
algebras, and is emphasized in the candid reminiscences of one of the pioneers
of this theory [Murray, 1990]. A great deal of the theory could be built from
the following observation: there are matrix algebras N which, together with their
commutant N ′ , satisfy the following properties:

(i) they are factors, i.e. have trivial center: N ∩N ′ = |CI ; (ii) N and N ′ admit
a common cyclic vector Φ ; (iii) there exists an involutive antiunitary operator J
such that JΦ = Φ and N ∈ N → JNJ ∈ N ′ is bijective. For a concrete, simple
example, see equation (71) below.

Each of the two facets of the theory — analytic and algebraic — involves some
mathematical intricacies; hence the division of this section into two subsections:
first, a simple example; and second, the general theory.
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4.1 A Wignerian Approach

In this subsection, I wish to abide by Wigner’s famous dictum [Wigner, 1962]:
“Please explain it with 2 × 2 matrices.” Accordingly I proceed with the descrip-
tion of what happens to a quantum 1/2−spin in canonical equilibrium at natural
temperature β > 0 in a magnetic field B parallel to the z-axis. The observables are
the self-adjoint elements of the algebraM of 2× 2 matrices with complex entries.
The Hamiltonian is

(63) H = −Bσz =
(

ε1 0
0 ε2

)
with ε1 = −B , ε2 = +B.

The canonical equilibrium state is, according to von Neumann’s characterization
(38):

(64) ψH : M ∈M→ Tr(ρHM) with ρH =
(

λ1 0
0 λ2

)

where λn = ZH
−1 exp(−βεn) , with ZH = exp(−βε1) + exp(−βε2) denoting the

partition function of the system.
In the Heisenberg picture, conjugate to Schrödinger’s picture (39), the evolution

is

(65)

αt : M ∈M→ αt[M ] = U∗(t)MU∗(−t) ∈M

with U∗(t) =
(

eiε1t 0
0 eiβε2t

)
.




To make computations easier and, moreover, immediately generalizable to higher
dimensions, consider the matrices

Emn : Ψ ∈ |C2 → (Ψn,Ψ)Ψm ∈ |C2

where {Ψn | n = 1, 2} are eigenvectors of H , i.e. with

Ψ1 =
(

1
0

)
; Ψ2 =

(
0
1

)
:

E11 =
(

1 0
0 0

)
; E12 =

(
0 1
0 0

)
; E21 =

(
0 0
1 0

)
; E22 =

(
0 0
0 1

)
.

These matrices form a basis in M and — with ψH and αt as in (64) and (65) —
satisfy

EklEmn = δlmEkn , ψH(Emn) = λmδmn , αt(Emn) = ei(εm−εn)tEmn .

From these relations and the identity exp[−β(εm− εn)]λn = λm , one obtains that
the analytic functions

fklmn : z ∈ |C→ λn ei(εm−εn)zδlmδkn
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satisfy ∀ t ∈ IR : fklmn(t) = ψH(Eklαt[Emn]) and fklmn(t+iβ) = ψH(αt[Emn]Ekl) .
Moreover, on the strip

Ωβ := {z ∈ |C | 0 ≤ Im z ≤ β} ,
the analytic functions fklmn are bounded, namely by exp(|εm − εn|β) .

These two properties of the canonical equilibrium state ψH extend by linearity
to the time correlation functions

(66) fMN (t) = ψH(Mαt[N ]) and fMN (t + iβ) = ψH(αt[N ]M)

with M and N arbitrary inM .
Conversely, suppose that ϕ is a state on M such that for every pair M,N of

elements in M there exists a function fM,N : z ∈ Ωβ → fM,N (z) ∈ |C such that

(i) fM,N is bounded and continuous on the strip Ωβ ;

(ii) fM,N is analytic inside that strip;

(iii) for all t ∈ IR : fM,N (t) = ϕ(Mαt[N ]) and fM,N (t + iβ) = ϕ(αt[N ]M) .

Then in particular, with M = I , the function fI,N is periodic with period iβ . It
may then be extended to a function that is both bounded and analytic on the whole
complex plane. The classical Liouville’s theorem — cf. e.g. [Churchill and Brown,
1990, theorem 43.1] — thus entails that this function must be constant, i.e. for all
(t,N) ∈ IR×M : ϕ(αt[N ]) := Tr U∗(−t)ρU∗(t)N is equal to TrρN = ϕ(N) ; and
thus

ρ =
(

µ1 0
0 µ2

)
where the values of µ1 , µ2 positive with µ1+µ2 = 1 are computed presently. Upon
comparing, for every pair of indices (m,n) the analytic continuation of

fmn(t) = ϕ(Enmαt[Emn]) = ei(εm−εn)tµn

and
fmn(t + iβ) = ϕ(αt[Emn]Enm) = ei(εm−εn)tµm

one obtains exp[−β(εm− εn)]µm = µn and thus, upon imposing the normalization
ϕ(I) = 1 , i.e. µ1 + µ2 = 1 :

µn =
e−βµn

e−βµ1 + e−βµ2
= λn .

Thus, indeed ϕ = ψH .
In summary, one obtained by elementary means an elementary illustration of

the first facet of the theory, its analytic aspect:

SCHOLIUM 32. Let H = −Bσz be the Hamiltonian describing a spin 1
2 in a

magnetic field B . Then, for any state ϕ onM =M(2, |C) , the following conditions
are equivalent:
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(I) ϕ is the canonical equilibrium state ψH with respect to the Hamiltonian H ;

(II) for every pair (M,N) of elements of M there exists a function fM,N : z ∈
Ωβ → |C such that

(67)

fM,N is bounded and continuous on Ωβ ;
fM,N is analytic in the interior of Ωβ ;

∀ t ∈ IR :
{

fM,N (t) = ϕ(M αt[N ])
fM,N (t + iβ) = ϕ(αt[N ]M)


 .

Moving now towards the algebraic aspect of the theory, one pursues with the
same simple model, and let ϕ be a faithful state overM , i.e. a state such that M ∈
M and ϕ(M∗M) = 0 entail M = 0 . Without loss of generality one may choose a
basis in which the density matrix ρ corresponding to ϕ is diagonal, with eigenvalues
λn (n = 1, 2) strictly positive since ϕ is supposed to be faithful. Consider the
representation π of M given by:

(68) ∀M =
(

a b
c d

)
∈M : π(M) =




a b 0 0
c d 0 0
0 0 a b
0 0 c d


 = M ⊗ I

acting on the Hilbert space |C4 equipped with its standard scalar product in which
Ψkl defined by

Ψ11 =




1
0
0
0


 , Ψ21 =




0
1
0
0


 , Ψ12 =




0
0
1
0


 , Ψ22 =




0
0
0
1




is an orthonormal basis. The vector

(69) Φ =
∑
k

λk
1
2 Ψkk =




λ1
1
2

0
0

λ2
1
2




satisfies Ψmn = λn
1
2 π(Emn)Φ , from which one reads:

|C4 = {π(M)Φ |M ∈M} and ∀M ∈M : (Φ, π(M)Φ) = ϕ(M) .

Hence {H : = |C4, π,Φ} is the canonical GNS triple associated to the state ϕ .
Moreover, since ϕ is assumed to be faithful, ‖π(M)Φ‖ = 0 entails M = 0 , i.e. Φ is
also separating for π(M) . The essential step now is to introduce the two operators
J and ∆ defined on H by the conditions that J is antilinear, ∆ is linear, with

JΨmn = Ψnm and ∆Ψmn =
λm
λn

Ψmn .



1118 Gérard G. Emch

Note that, since ∆ is given here with its spectral resolution, the functions of this
operator may be defined by linearity from f(∆) : Ψmn ∈ |C4 → f(λm

λn
)Ψmn ∈ |C4 .

In particular, {∆is|s ∈ IR} is a continuous group of unitary operators acting on
|C4 .

One verifies immediately from their definition above that the operators J and
∆ satisfy the following properties. Firstly,

(70) J is an isometry , J2 = I , ∆ is self−adjoint , J∆J = ∆−1 , JΦ = Φ =
∆Φ .

Secondly,

(71) J




a b 0 0
c d 0 0
0 0 a b
0 0 c d


 J =




a∗ 0 b∗ 0
0 a∗ 0 b∗

c∗ 0 d∗ 0
0 c∗ 0 d∗


 ∈ I ⊗M

i.e. upon denoting by N the image π(M) of M through the representation π ,
we have: J N J = N ′ ; hence (71) gives an explicit bijection from N onto its
commutant N ′ . The relation (71) is a particular case of the general Tomita–
Takesaki duality (see theorem 39 below).

Thirdly, with β > 0 arbitrary, but fixed, we have ∀ t ∈ IR : ∆−it/β Ψmn =
exp[i(εm−εn)t] Ψmn . Hence ∆−it/βπ(Emn)∆it/βΨkl = exp[i(εm−εn)t]π(Emn)Ψkl

with εn = c− (1/β) ln λn where c is an arbitrary real constant. Consequently, the
unitary group {∆it/β | t ∈ IR} implements a group of automorphisms ofN , namely

(72) τt : N ∈ N → τt[N ] = ∆−it/βN∆it/β ∈ N
with, for all (t,M) ∈ IR × M , τt[π(M)] = π(αt[M ]) with αt[M ] = expiHt M
exp−iHt and H =

∑
n εnEnn . Summing up, this establishes that ϕ is the canon-

ical equilibrium state at natural temperature β for the Hamiltonian H just con-
structed.

Fourthly, the operator S = J∆
1
2 satisfies S π(Emn)Φ = π(Enm)Φ and thus,

since J and therefore S are antilinear:

(73) ∀N ∈ N : S N Φ = N∗ Φ .

Finally, the generator L of the unitary group {∆it/β | t ∈ T} on |C4 = |C2⊗ |C2 is

(74) L = H ⊗ I − I ⊗H ,

so that the spectrum of L is symmetric around 0 : Sp(L) = {ε2− ε1, 0, 0, ε1− ε2} .
SCHOLIUM 33. Let {|C4, π,Φ} be the GNS triple canonically associated to a
faithful state ϕ on the algebraM of 2×2 matrices; and let N be the von Neumann
algebra π(M) = {π(M) |M ∈M} acting on H = |C4 . Then

1. N is isomorphic to M and ϕ may be regarded as a faithful state on N ;
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2. Φ is both cyclic and separating for N ;

3. the anti-linear operator defined by S : NΦ ∈ H = N∗Φ ∈ H has polar
decomposition S = J∆

1
2 where J is an involutive, anti-linear isometry from

H onto itself, and ∆ is a positive operator acting on H ;

4. J establishes a duality between N and its commutant; specifically: N ∈
N → JNJ ∈ N ′ is an anti-linear bijection;

5. {∆−it/β | t ∈ IR} implements a group of automorphisms τt of N with respect
to which the state ϕ satisfies the analyticity condition described in scholium
32;

6. JΦ = Φ = ∆Φ , J2 = J and ∀ s ∈ IR : J∆is = ∆isJ .

REMARKS 34. Upon surveying the proofs of scholia 32 and 33, one verifies that
they can be extended verbatim from M = M(2, |C) to M = M(n, |C) where n is
any finite positive integer. These scholia extend further toM = B(H) where H is
a Hilbert space (with countable basis) provided that:

(i) the Hamiltonian H satisfies Tr(−βH) <∞ ;

(ii) the state ϕ is countably additive, retaining the condition that ϕ be faithful.

Indeed, under these circumstances one can read again the proofs of the scholia,
now for the ∗−algebra E = Span{π(Emn) | m,n = 1, . . .} of all finite linear
combinations of the operators π(Emn) with Emn : Ψ ∈ H → (Ψn,Ψ)Ψm ∈ H
where again {Ψn | n = 1, 2, . . .} is an orthonormal basis in H . The extension
from E to the von Neumann algebra B(H) obtains since the assumptions that ϕ
is countably additive and faithful allow one to use standard continuity arguments,
namely here, e.g. [Dixmier, 1957, theorem I.3.5, lemma I.4.4, proposition I.4.1];
or [Kadison and Ringrose, 1983/1986, volume ii, chapter 7]. In particular, N =
π(B(H)) = {π(M) | M ∈ B(H)} is already a von Neumann algebra — i.e. N =
N ′′ — and is isomorphic to B(H) . Since B(H) is a factor, so is N , i.e. the
center of this von Neumann algebra is trivial: N ∩N ′ = |CI . Moreover N may be
identified with B(H)⊗ |CI and N ′ with |CI ⊗ B(H) .

The von Neumann formalism for quantum mechanics [von Neumann, 1932c]
allows one to go this far, but no further. Recall that some of the reasons why one
needs to proceed further were indicated in subsection 3.3. The next subsection
provides an important tool toward achieving this.

4.2 The Kubo–Martin–Schwinger condition and the Tomita–Takesaki
theory

The above results suggest three definitions; the first two are just matters of math-
ematical terminology, but the third is at the heart of this section.
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DEFINITION 35. A state ϕ on a von Neumann algebra N is said to be normal
whenever it is countably additive., i.e. ϕ(

∑
n Pn) =

∑
n ϕ(Pn) for each countable

family {Pn} of mutually orthogonal projections in N .

This simply extends to general von Neumann algebras condition (35), already
recognized in [von Neumann, 1932c] as the quantum analogue of the complete
additivity of probability measures. The next definition formalizes in the present
context some of the notions encountered in the motivating examples covered in
the previous subsection.

DEFINITION 36. A von Neumann algebra N acting on a Hilbert space H is said
to be in standard form whenever there exists a vector Φ ∈ H that is both cyclic
and separating for N , i.e. NΦ is norm dense in H and for N ∈ N , NΦ = 0 entails
N = 0 .

REMARKS 37. This concept has been around for a long time, but it seems fair
to say that full recognition of its central importance in the general theory of von
Neumann algebras had to wait for the Tomita–Takesaki modular theory [Tomita,
1967; Takesaki, 1970a]. At the most basic level, notice that if N is in standard
form, one may assume without loss of generality that ‖Φ‖ = 1 , so that ϕ : N ∈
N → (Φ, NΦ) ∈ |C is a faithful normal state on N .

Conversely it follows, from the same continuity arguments as those used in
remark 34 above, that if ϕ is any normal state on a von Neumann algebra N , the
GNS representation π corresponding to ϕ is already a von Neumann algebra; if ϕ
is faithful, then N is isomorphic to π(N ) . Thus the canonical GNS vector Φ is not
only cyclic, but it is also separating. Hence whenever ϕ is a faithful normal state,
N is isomorphic to π(N ) which is a von Neumann algebra presented in standard
form

The third definition pertains to the core of this section. It is an adaptation of
the work of [Kubo, 1957; Martin and Schwinger, 1959], proposed by [Haag et al.,
1967] as an extension of the definition of canonical equilibrium states on the global
C∗−algebra to be associated to an infinite system.

DEFINITION 38. Let A be a C∗−algebra, and let α : t ∈ IR→ αt ∈ Aut(A) be a
group of automorphisms of A . A state ϕ on A is said to satisfy the KMS condition
with respect to α for the natural temperature β if for every pair (A,B) of elements
of A there exists a function fA,B defined on the strip Ωβ = {z ∈ |C | 0 ≤ Imz ≤ β} ,
such that fA,B is bounded and continuous on Ωβ ; fA,B is analytic in the interior
of Ωβ ; and ∀ t ∈ IR : fA,B(t) = ϕ(Aαt[B]) and fA,B(t + iβ) = ϕ(αt[B]A) .

The main mathematical result of this section, taken from the Tomita–Takesaki
modular theory [Tomita, 1967; Takesaki, 1970a], may now be stated.

THEOREM 39 (Tomita–Takesaki). Let N be a von Neumann algebra acting on
a Hilbert space H and admitting a cyclic and separating unit vector Φ . Then the
closed antilinear operator S obtained as the closure of the map N Φ → N∗ Φ ,
defined for all N ∈ N , has polar decomposition S = J∆ where J = J2 is an
antilinear isometry from H onto itself, satisfying JNJ = N ′ ; and ∆ is a self-



Quantum Statistical Physics 1121

adjoint operator (not necessarily bounded!) that is positive, and such that J∆it =
∆itJ ; and for any β > 0 ∀(t,N) ∈ IR × N : τt[N ] = ∆−it/β N ∆it/β defines a
group {τt} of ∗−automorphisms of N with respect to which the faithful normal
state ϕ : N ∈ N → (Φ, N Φ) ∈ |C satisfies the KMS condition for β . Moreover
{τt | t ∈ IR} is the unique group of ∗−automorphisms of N with respect to which
ϕ satisfies this condition.

REMARKS 40.

1. The theorem generalizes to any arbitrary von Neumann algebra in standard
form the result we described — in remark 34 — for the GNS representation
of B(H) associated to any of its faithful normal states.

2. It is essential to the purpose of the present review to emphasize that the
theorem does not require that N be a factor.

3. Whereas the theorem asserts that the dynamics τ is uniquely determined by
the KMS condition, the converse is not true: when N is not a factor, there
exist other normal states on N that also satisfy the KMS condition with
respect to the same dynamics. Indeed, when N is not a factor, one verifies
that for every Z �= 0 that belongs to the center Z = N ∩N ′ , ψ : N ∈ N →
[ϕ(Z∗Z)]−1ϕ(Z∗NZ) defines a normal state that again satisfies the KMS
condition with respect to τ for the same β . This remark, the proof of which
will be given in subsection 5.6, is essential to the arguments presented in
subsection 5.7.

4. Beyond its mathematical attractiveness, the legitimacy of the conjecture that
the KMS condition may be regarded as a definition of canonical equilibrium
states in the QSP of macroscopic systems will also be discussed in the next
section.

5. Finally, mathematical probity requires us to mention that — factor or not
— a major difficulty in the proof of theorem 39 resides in showing that the
map N Φ → N∗ Φ is closable; for the resolution of this problem, cf. the
original papers [Tomita, 1967; Takesaki, 1970a]; it is probably fair to warn
the reader that even the didactic presentation in [Kadison and Ringrose,
1983/1986, chapter 9] would have carried us beyond the bounds of this es-
say. To convey nevertheless an idea of the structures involved in the theorem,
I resorted therefore to presenting first the models covered in the preliminary
scholia 32 and 33, as these could be treated with mathematically elementary
tools. The drawback was however that these models, as well as their routine
extensions from M(2, |C) to B(H) described in remark 34, only involve fac-
tors, in fact faithful representations of B(H) , that are not sufficient to cover
the macroscopic purposes of QSP where infinitely many degrees of freedom
are brought to play. As Haag, Hugenholtz, and Winnink [1967] correctly
envisaged, it is the generality involved in theorem 39 that is actually needed
in physical applications. The temporal coincidence of this physical intuition
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and the arrival on the scene of the mathematical theory of Tomita–Takesaki
[1967; 1970a] is a truly remarkable event vividly recounted in [Kadison, 1990,
pp. 77–79].

5 KMS CONDITION, QSP AND THERMODYNAMICS

This section presents some of the evidences supporting the physical interpreta-
tion of the KMS condition proposed in [Haag et al., 1967] as an alternative
definition of equilibrium states in QSP. We already saw that for finite systems
the KMS condition is satisfied by the canonical equilibrium states of von Neu-
mann, and only by those states. Now, in subsections 5.1–5.3 models are described
to show how the modular structures invented and developed by [Tomita, 1967;
Takesaki, 1970a] — which we saw (cf. scholium 33) are realized in finite sys-
tems in canonical equilibrium — are also encountered in the equilibrium QSP of
infinite systems, thus allowing one to go beyond von Neumann’s formalism [von
Neumann, 1932c]. In subsection 5.4 various stability conditions are exhibited that
give a thermodynamical characterization of KMS states in QSP. A brief excursion
is undertaken in subsection 5.5 to indicate some vistas toward the recognition of
the role the KMS condition has later been called to play in relativistic QFT, a role
dubbed “revolutionary” by the practitioners. Subsection 5.6 is a mathematical
interlude devoted to the algebraic characterization of extremal KMS states. When
we return to QSP in subsection 5.7, systems that exhibit phase transitions are con-
sidered and the unique decomposition of any canonical equilibrium state into its
pure thermodynamical phases is shown to be closely modeled by a unique decom-
position of KMS states into extremal KMS states. In particular, this subsection is
oriented toward substantiating the overarching idea that the KMS condition pro-
vides the thermodynamics of infinite systems with a conceptual scheme in which
phase transitions occur accompanied by spontaneous symmetry breakdown.

5.1 Beyond Fock space: The BCS model

The first indication that something was amiss in the use of the von Neumann for-
malism in QSP was the Bardeen–Cooper–Schrieffer model for superconductivity,
the BCS model. Indeed, in the original treatment of this model [Bardeen et al.,
1957], the Hamiltonian chosen to describe a specific interaction between the elec-
trons in a finite but large metallic solid is invariant under gauge transformations
of the first kind; an approximation is then proposed, which is asserted to become
exact in the infinite volume limit; in this formal process however this symmetry
is lost; moreover, the spectrum of the resulting Hamiltonian presents an energy
gap that is temperature–dependent. One might argue that the experimentalist
may not wish to be concerned with the breaking of that symmetry, but the energy
gap cannot be ignored: experimentalists do measure it in the laboratory. Thus,
mathematical physicists thought that they ought to understand — how or rather
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whether — the Hamiltonian itself may indeed depend on the temperature. Within
five years, the culprit was found by Haag [1962] to be that the whole treatment
was allegedly carried out in a fixed irreducible representation of the CCR, the then
ubiquitous Fock representation, and that this constraint was doing violence to the
model.

Specifically, the original Hamiltonian is

(75) HΛ =
∑
p,s

ε(p)as(p)∗as(p) +
∑
p,q

b(p)∗ṽ(p, q)b(q)

where Λ is the region of space in which the system is contained, typically a cubic
box of finite volume |Λ| ; p and q label momentum and are integer multiples of
2π|Λ|− 1

2 ; s = ± 1
2 ; as(p)∗ and as(p) are the creation and annihilation operators

for an electron of spin s and momentum p ; ε(p) = −µ+ 1
2p2/2m is the energy of a

free electron of momentum p ; b(p)∗ = a↑(p)∗a↓(−p)∗ is the creation operator of a
so-called Cooper pair; and b(p)∗ṽ(p, q)b(q) is the interaction energy between two
Cooper pairs, i.e. four electrons, so that the Hamiltonian (75) is not quadratic in
the original field operators. The form of ṽ(p, q) will be discussed later on.

The approximating Hamiltonian is

(76) H̃Λ =
∑
p,s

E(p)γs(p)∗γs(p)

where γs(p)∗ and γs(p) are the creation and annihilation operators for the elemen-
tary excitations given by a Bogoliubov–Valatin transformation

(77)
γ↑(p) = u(p)a↑(p) + v(p)a↓(−p)∗

γ↓(p) = −v(−p)a↑(−p)∗ + u(−p)a↓(p)

}

where

(78)
E(p) = {ε(p)2 + [∆(p)∆(p)∗]} 1

2

D(p) = {[E(p)− ε]2 + [∆(p)∆(p)∗]} 1
2

;
u(p) = ∆(p)∗/D(p)
v(p) = [E(p)− ε(p)]/D(p)

and ∆ satisfies the all-important self-consistency equation

(79) ∆(p) = −
∑
q

ṽ(p, q)
∆(q)
2E(q)

tanh
(

1
2
βE(q)

)
.

Clearly ∆ = 0 is always a solution, in which case the spectra of H and H̃ coincide;
this is the normal phase in which nothing particularly interesting happens. The
essence of the model is that there is a critical temperature Tc (recall β = 1/kT )
below which an energetically more favorable solution ∆ �= 0 develops. This cor-
responds to the superconducting phase. We henceforth pursue the discussion for
0 < T < Tc .

This is the phase we are interested in, and it may be useful to recall in physical
terms what the physicists first saw in (76)–(79). BCS devised a limiting procedure
— involving the thermodynamical limit and a “mean-field approximation” (weak,
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but very long range interaction) — by which the original Hamiltonian (75) and the
new Hamiltonian (76) become interchangeable in the sense that they are claimed
to lead to the same limit. While (75) is expressed in terms of the electrons’ creation
and annhilation operators as(p) ; the new Hamiltonian (76) is free in terms of the
elementary excitations γs(p) . The energy spectrum of these excitations is {E(p)}
and differs — see (78) — from the energy spectrum {ε(p)} of the free electrons by a
temperature-dependent “gap” which is observable in the laboratory; the numerical
results so obtained for this gap are in very good agreement with the prediction
(79); cf. [Schrieffer, 1974, Figure 1–3].

The mathematical picture however demands some explanation. Indeed: (i) the
initial Hamiltonian (75) is invariant under the gauge symmetry defined, for any
θ ∈ (0, 2π] by as(p)→ exp(iθ)as(p) whereas the Hamiltonian (76) is not; and (ii)
the energy spectrum {E(p)} of the Hamiltonian (76) is temperature dependent,
whereas there is no temperature dependence in (75).

The question therefore is to account for how one could possibly claim — as was
done in the prevailing folklore — that such an approximation could become exact
in the thermodynamical limit. For this, one has to examine where ∆ comes from,
namely that ∆(p) is a scalar multiple of the identity operator, to be viewed as
an approximation of the operator ∆̂(p) =

∑
q ṽ(p, q)b(q) . The argument for this

is based on the remark that, under suitable assumptions on ṽ , one can arrange
for the limit |Λ| → ∞ of ∆̂(p) to exist — in the weak-operator topology — and
to commute with all the creation and annihilation operators as(q)∗ and as(q)
which generate an algebra which is tacitly assumed to be irreducible. In this
limit, the operator ∆(p) would be replaced by a scalar multiple of the identity.
Some “suitable” assumptions seemed to be achieved when ṽ is the double Fourier
transform

ṽ(p, q) =
∫

Λ

dxdyf(p, x)v(x, y)f(q, y)∗ where f(p, x) =
{ |Λ|− 1

2 eipx x ∈ Λ
0 x /∈ Λ

with a nonlocal potential v such that v(x, y)∗ = v(y, x) , c =
∫

dxdy|v(x, y)| <∞
and

∑
q |ṽ(p, q)| <∞ , so that limΛ→∞ |ṽ(p, q)| = 0 and |ṽ(p, q)| ≤ c/|Λ| .

The practitioner will recognize here an approximation of the mean molecular
field type, a heuristic tool introduced, during the first ten years of the twentieth
century, by P. Weiss and L.S. Ornstein in the classical theory of phase transitions.
Yet, the approximation is not acceptable here without some further discussion
since it leads to the paradoxes already mentioned.

We are now in a position to recognize Haag’s seminal contribution [Haag, 1962]:
the tacit assumption of the irreducibility of the representation of the field algebra
is untenable. Giving up this assumption allows one to resolve the paradoxes: ∆
and hence the coefficients u and v in the Bogoliubov–Valatin transformation (77)
— rather than being multiples of the identity — now belong to the non-trivial
center Z of the representation canonically associated by the GNS construction
corresponding to the equilibrium state of the system. The gauge group now acts
in a non-trivial manner on Z and thus restores the symmetry of the theory. And in
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the limit considered, the time-evolution is well defined as an automorphism group
of the von Neumann algebra generated by the representation. These technical
niceties have been succesively refined — and confirmed — in subsequent investiga-
tions, cf. e.g. [Emch and Guenin, 1966; Thirring and Wehrl, 1967; Thirring, 1968;
Dubin and Sewell, 1970; Sewell, 1982b].

5.2 Beyond Fock space: The Bose gas

Even before the modular structures were formally recognized by mathematicians,
their first instantiation appeared in QSP. One can indeed discern these struc-
tures in the pioneering re-examination Araki and Woods [1963] made of the Bose–
Einstein model for an ideal quantum gas; for the original version of the model, cf.
subsection 2.4. The present subsection summarizes the principal aspects of the
Araki–Woods treatment.

The reader is assumed to be familiar with the definition of the Weyl form of
the canonical commutation relations (CCR) for a countably infinite number of
degrees of freedom, as a family {W (f) | f ∈ D(IR3)} of unitary operators acting
on the (boson) Fock space F : =

⊕∞
N=0

sHN and satisfying ∀ f, g ∈ D(IR3) :
W (f)W (g) = exp{−i Im(f, g)/2)} ; where D(IR3) is the space of all infinitely
differentiable functions f : IR3 → |C which have compact support; and sHN is the
symmetric N−fold tensor product of the one-particle space H1 = L2(IR3) with
itself; cf. e.g. [Emch, 1972a], or [Halvorson, 2006].

For the Bose gas at temperatures T > Tc where Tc is the critical temperature
found by Bose and Einstein, the GNS representation πg corresponding to the
gaseous normal phase — in the thermodynamical limit at fixed density ρ and
chemical activity z — is given as follows. The Hilbert space of the representation
πg may be identified with H = F ⊗F ; its cyclic vector is Φ = Φo ⊗Φo , where Φo
is the vacuum vector in F . Then

(80) πg[W (f)] = W (ζ+f)⊗W (Kζ−f)

where completeness demands that we specify that (ζ+f)˜(k) = [1+ρ(β, z; k)]
1
2 f̃(k) ,

and (ζ−f)˜(k) = [ρ(β, z; k)]
1
2 f̃(k) , (Kf)˜(k) = f̃(k)∗ ; ρ(β, z; k) = z[exp(βε(k)) −

z]−1 with ε(k) = |k|2/2m and z is determined by ρ and β through ρ = (2π)−3
∫

d3k
ρ(β, z; k) .

The von Neumann algebra Ng = {πg[W (f)] | f ∈ D(IR3)}′′ is a factor, the
commutant of which is Ng ′ = {νg[W (f)] | f ∈ D(IR3)}′ where

(81) νg[W (f)] = W (Kζ−f)⊗W (ζ+f) .

Note that νg also gives a representation of the Weyl CCR.
In what I believe was the first presentation of the programme proposed in [Haag

et al., 1967] to a wide audience of mainstream physicists, namely the huge IU-
PAP 1966 Copenhagen meeting on statistical mechanics, Winnink [Winnink, 1967]
started indeed with a summary of the above results. As the duality between the
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von Neumann algebra and its commutant is already a property of finite systems
— see scholium 33 and remark 34 above — Winnink’s emphasis was that this
property may persist in general for systems endowed with infinitely many degrees
of freedom, as is the case in this specific model — the Bose gas — where the
thermodynamical limit of canonical equilibrium is controlled. The emphasis on
dealing with infinite systems — also advocated in the lecture [Verboven, 1967]
preceding Winnink’s — raised eyebrows with many of the physicists in the Copen-
hagen audience, to wit: “Wouldn’t one think that, so to say, the motivation of
going to an infinite system would be to obtain simpler results than are obtained
for a finite system?” [Uhlenbeck, 1967]; or even more pointedly: “What does this
have to do with statistical mechanics?”[van Kampen, 1967]. The conjecture was
already floated that the formalism could be useful for an adequate description of
phase transitions, a conjecture I will examine in subsections 5.6 and 5.7.

In retrospect, it is quite remarkable that Araki and Woods [1963] had already
unearthed several features that were later placed in the context of the general the-
ory that was to be built on the subsequent work of Tomita and Takesaki [Tomita,
1967; Takesaki, 1970a] for the mathematical formalism and the work of Haag et
al. [1967] for its application to QSP. Among the results by Araki and Woods, one
may note that the von Neumann factor Ng they constructed for T > Tc is of type
III — a type of factor the existence of which was known, but for which examples
were then quite elusive even in the pure mathematics literature — and this was
the first occurrence of this type of factor in QSP, although their ubiquity was later
recognized all over in QSP and in QFT; and also in pure mathematics, but that
is another story. In addition, Araki and Woods established that the unitary op-
erators implementing time-evolution and space-translation on the von Neumann
algebra Ng do not belong to this algebra. They also discussed the representations
relative to the superfluid phase which occurs for temperatures 0 < T < Tc , and
they found that the associated GNS representation is an integral of factor rep-
resentations. Incidentally, they do mention that this points to a formal analogy
with the mathematical structure Haag found in his study of the BCS model; see
subsection 5.1 above.

5.3 The KMS condition and the Heisenberg model

The first proof that the KMS conditions themselves are actually satisfied in con-
crete infinite quantum systems was provided by Araki [1969] for a class of one-
dimensional quantum spin-lattice models which includes the archetypal model —
originally proposed by Heisenberg [1928] as a putative model for ferromagnetism
— defined by the local, so-called “exchange” Hamiltonian:

(82) HΛ = −J
b−1∑
k=a

σk · σk+1

where J is the coupling constant describing interactions of neighbouring quantum
spins σk = (σkx, σky, σkz) sitting on a regular, one-dimensional finite string Λ =
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[a, b] ⊂ Z1 ; and σk · σk+1 denotes σk
xσk+1

x + σk
yσk+1

y + σk
zσk+1

z .

The problem of determining whether this quantum model would support ferro-
magnetism in its thermodynamical limit — even in this one-dimensional version
— turned out to be much harder to handle than the classical Ising model where
only interactions Jσk

zσk+1
z are considered.

For the classical models, a method known as the transfer-matrix — and actually
proposed for the two-dimensional Ising model [Kramers and Wannier, 1941] —
allows one to treat the one–dimensional version of this classical model in a few lines
for nearest neighbour interactions, or even with strictly finite-range interactions,
i.e. when the interactions are strictly zero between spins that are further apart
than a finite distance (the same for all pairs). At the cost of quite some work
[Ruelle, 1968b], the method can be made to work for interactions that extend to
infinity, while decaying sufficently fast so as to have finite moment or so that the
surface energy has a bound independent of the volume.

As emphasized in some detail in [Emch, 1972b], even the nearest neighbour
quantum Heisenberg model requires an extension akin to the method used for
the infinite range classical case. Araki [1969] thus managed to control the ther-
modynamical limit ϕ of the canonical equilibrium state and its time correlation
functions well enough to establish that for all positive temperatures β > 0 , the
state ϕ satisfies the KMS condition; and that it is extremal with respect to this
condition — i.e. cannot be decomposed into a mixture of states satisfying the KMS
condition — and shows no spontaneous magnetization. Thus, while physicists —
with their understanding of the onset of collective behaviour in the classical case
— could anticipate that this quantum one-dimensional model would not exhibit
any ferromagnetic phase transition, Araki proves it.

The class of models for which Araki established the above results is strongly
dependent on the one-dimensionality of the “lattice” Z . Nevertheless, the proof
does not require that the interactions be isotropic, i.e. couplings between the
different components of the spins do not need to be the same in all directions.
Moreover the proof does not require that the interactions between the spins on
the lattice be restricted to nearest neighbours: in the original version of the proof,
it was only required that they vanish between spins that are further apart than
a fixed (but arbitrary) finite distance, but even this restriction has been relaxed
to cover the same range as the corresponding classical models. Finally, whereas
in the Heisenberg model the individual half-spins are described by copies of the
algebra M(2, |C) , the proof accommodates as well the cases where Ak �M(n, |C)
with n <∞ .

Hence Araki’s results support a conjecture that pure thermodynamical phases
may be described by extremal KMS states; see subsection 5.7 below for further
evidences.

It may be added that if, in addition, lattice translation invariance is built into
the theory through the local Hamiltonian HΛ , e.g. as in (82), then the limiting
KMS state ϕ is invariant under the group Z of the lattice translations, and — since
its GNS representation leads to a factor — ϕ is also extremal with respect to this
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condition, so that space-correlations between spins decay very fast as their distance
increases. Here, technically speaking, ϕ is exponentially, uniformly clustering in
space; i.e. for any quasi-local observable A ∈ Ao , there exist positive constants γ
and δ such that for all finite N and all B ∈ A Z\[−N,N ] : |ϕ(AB)− ϕ(A)ϕ(B)| ≤
δ ‖B‖ exp(−γN) .

Before leaving the Heisenberg model, note that in the case T = 0, it also offers
a very nice toy model for QFT; cf. e.g. [Streater, 1967].

5.4 The KMS condition and stability

The following five points summarize the KMS story I have told so far.

1. Von Neumann’s definition of quantum canonical states at finite temperature
is limited to finite systems; and this limitation renders cumbersome (at best)
the formalism’s application to QSP — see subsection 3.3.

2. For finite systems, the von Neumann equilibrium states are exactly those
that satisfy a formal analytic condition, the so-called KMS condition — see
subsection 4.1.

3. The KMS condition can be extended beyond the mathematical formalism
laid down by von Neumann — see subsection 4.2.

4. The KMS condition is satisfied in some concrete models of infinite systems for
states that have a reliable interpretation as temperature equilibrium states
— see subsections 5.2 and 5.3.

5. The KMS condition appears as well in a purely mathematical context, the
Tomita–Takesaki theory of modular algebras which turns out to be very
fertile; while the latter aspect of the story would carry us beyond the bounds
of this essay, some hints are briefly alluded to in see subsections 4.2 and 5.2.

Before the KMS theory could be deemed adequate as a physical theory, it ought to
meet at least two more concerns: (i) the formalism should allow the mathematical
description of quantum phenomena that escape the grip of von Neumann’s formal-
ism; (ii) the KMS states should be stable. Subsections 5.2 and 5.3 above indicate
how the first of these two concerns is met; further examples will be presented in
subsection 5.7. The present subsection addresses the second concern, as various
stability criteria — labeled A to E — are discussed. The order of the presentation
is to direct the reader’s attention to the progressive emergence of formulations
whereby KMS states are characterized in terms increasingly germane to those of
variational principles.

A. Cut-and-paste stability.
We begin with a model that is sufficiently simple to provide exact results support-
ing the expectation that a large system in a canonical equilibrium state should be
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able to serve as a thermal reservoir for “any” of its parts. The model is a vari-
ation on the theme of the so-called XY-model; this variation was proposed and
solved in [Emch and Radin, 1971]; further references will be given at the end of
this subsection.

The X-Y model itself — referred to below as the ‘un-partitioned system’ — is
a one-dimensional quantum spin-lattice gas with finite-range interactions. Specif-
ically, for any region Λ = {k ∈ Z | a ≤ k ≤ b} with −∞ < a + 1 < b < ∞ , the
Hamiltonian is

(83) H[a,b] = −
b−1∑
k=a

(1 + ζ)σkxσk+1
x + (1− ζ)σkyσk+1

y .

From the work of Araki — see subsection 5.3 above — we learned that the ther-
modynamical limit (as a → −∞ , b → ∞) of both of the following objects exists:
(i) the canonical equilibrium state ϕ[a,b] at any finite natural temperature β > 0
and (ii) the time-evolution α[a,b] ; and that the resulting state ϕ and evolution α
of the infinite system satisfy the KMS condition.

We now split the total system in two non-interacting parts: a finite region
to which we affix the subscript S , and an infinite region to which we affix the
subscript R , which is the complement of ΛS in Z , namely:

ΛS = [c, d] and ΛR = (−∞, c− 1] ∪ [d + 1,∞)

with −∞ < a < c− 1 ; c < d− 1 ; d + 1 < b <∞ .
This partitioned system can be viewed as the thermodynamical limit of a finite

system with Hamiltonian:

(84) H̃[a,b] = H[a,c−1] + H[c,d] + H[d+1,b] .

Clearly the C∗−algebras for both the original system and the partitioned system
are the same, namely the C∗−inductive limit A : = ⊗k∈ ZAk where the Ak are
copies of the algebra M(2, |C) of the 2 × 2 matrices with complex entries. Thus
A = AS ⊗AR where AS := ⊗k∈ΛS

Ak and AR := ⊗k∈ΛR
Ak .

Again, as for the original (un-partitioned) system, the thermodynamical limit
of the canonical equilibrium state and of the evolution of the partitioned system,
defined from (84), do exist and satisfy the KMS condition; they are denoted here
by ϕ̃ and α̃ .

Note that ϕ and ϕ̃ are different. For instance, ϕ is invariant with respect to
translations along the chain, while ϕ̃ is not. Nevertheless, a first stability property
of this model is established in [Emch and Radin, 1971], namely:

(85) ∀A ∈ A : lim
|t|→∞

ϕ̃(αt[A]) = ϕ(A) .

Hence, as the full evolution α unfolds, the correlations between S and R that were
cut by the partitioning are re-established: the partition is erased.

Moreover, let ϕ̃S denote the restriction of ϕ̃ to AS ; and similarly for R; one
has ϕ̃ = ϕ̃S ⊗ ϕ̃R . The evolution α̃ preserves the partitioning, namely ∀A ∈
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AS [resp.AR] : α̃t[A] ∈ AS [resp.AR] . Hence, we have α̃ = α̃S ⊗ α̃R ; i.e. the two
systems evolve independently. Again the KMS conditions are satisfied for S and
R separately.

After this partitioning, let us now change the temperatures of S and R so
that (i) ϕ̃S,βS

is the canonical equilibrium on AS at some temperature βS with
respect to the evolution α̃S ; and similarly (ii) with βR (possibly different from
βS) for ϕ̃R,βR

(w.r.t α̃R) on AR . Let thus ϕ̃S,βS
⊗ ϕ̃R,βR

be the initial state of
the partitioned system; and denote by ϕβ the canonical equilibrium on the whole
system, at temperature β with respect to the original interacting evolution α .
Then, the following is proven [Emch and Radin, 1971] for all βS , βR > 0 and for
all A ∈ A :

(86) lim
|t|→∞

ϕ̃S,βS
⊗ ϕ̃R,βR

(αt[A]) = ϕβ(A) with β = βR .

Hence the name ‘cut-and-paste stability’. The system is first partitioned in two
parts, a finite system S surrounded by an infinite system R that do not interact
with one another: the interactions across the boundaries [i.e. between the sites c−1
and c ; and between the sites d and d + 1 ] have been ‘cut’. In this configuration,
the finite system S and the infinite system R are separately put at (different)
temperatures βS and βR . When these systems are ‘pasted’ back together, one
finds that the joint evolution drives the full system S ∪ R to a temperature β
which has to be the temperature at which R was initially, namely β = βR . In this
sense, R serves as a thermal reservoir for S .

The special property of the model responsible for this result is that it satisfies
a remarkable condition which I now describe.

Let γ be the automorphism of A uniquely determined by

(87) ∀ k ∈ Z :




γ[σkz] = σk
z

γ[σkx] = − σk
x

γ[σky] = − σk
y

.

Note in particular that the original Hamiltonian H[a,b] and the cut Hamitonian
H̃[a,b] belong to the even algebra Ae := {A ∈ A | γ[A] = A} . This entails that in
the thermodynamical limit ϕ ◦ γ = ϕ and γ ◦ α ◦ γ = α ; and similarly for all the
corresponding objects obtained after the partitioning. In particular, the evolution
preserves the even algebra, i.e. ∀ (t, A) ∈ IR×Ae : αt[A] ∈ Ae .

Now, the special property of the model can be explicitly stated:

(88) ∀A,B ∈ Ae : lim
|t|→∞

‖Aαt[B]− αt[B]A‖ = 0 ;

i.e. the evolution, when restricted to the even observables of the model, is strongly
asymptotically abelian.

The proof — and an immediate generalization — of (86) above is a direct
consequence of quantum ergodic theory (see subsection 3.5). First, one notices that
ϕ is uniformly clustering in space, i.e. for every ε > 0 and every A ∈ A there exists
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a finite region Λ such that for every B outside this region |ϕ(AB)−ϕ(A)ϕ(B)| ≤
ε‖B‖ . This entails that the KMS state ϕ is extremal with respect to this condition,
i.e. cannot be decomposed into a convex combination of other KMS states; see
subsection 5.6 below, and in particular definition 57. These properties are inherited
by the restriction ϕe of ϕ to the even algbra Ae . The asymptotic abelianness of
the evolution then implies [Araki and Miyata, 1968] that the state ϕe is not only
time-invariant — as we know every KMS state must be — but it is also extremal
with respect to this condition, i.e. cannot be decomposed into other time-invariant
states, which is to say that ϕe cannot be written as ϕe = λψe + (1 − λ)χe with
0 < λ < 1 and ψe, χe time-invariant, unless ψe = χe = ϕe .

Since ϕ,ϕe, ϕ̃S , ϕ̃R are even, one looses no information by carrying out the proof
of (85) and (86) in Ae ; in particular, (88) implies the existence of the point-wise
limit of (ϕS ⊗ϕR) ◦αt in the LHS of (86); then the above argument shows that it
must coincide with ϕ.

Note further that what is proven in [Emch and Radin, 1971] is in fact a stronger
result, which implies (86) and thus (85) as particular cases, namely that for all
even states ψS of the system S :

(89) ∀A ∈ A : lim
|t|→∞

ψS ⊗ ϕ̃R(αt[A]) = ϕβ(A)

which therefore reinforces the ‘cut-and-paste stability’ interpretation proposed im-
mediately after equation (86).

This result may be further generalized in two ways. First, the restriction that
ψS in (89) be an even state can be dispensed with; cf. [Araki and Barouch, 1982].
Second, as was already noticed in [Emch and Radin, 1971], an ergodic or averaged
version of (89), specifically, with η denoting an invariant mean on the group IR :

(90) ∀A ∈ A : η{ψS ⊗ ϕ̃R(α[A])} = ϕβ(A)

obtains [Emch and Radin, 1971], even if only a weaker version of (88) holds, namely
the condition of η−asymptotic abelianness (60), i.e.

(91) ∀A,B,C ∈ Ae : η{ϕ(C∗ [Aα[B]− α[B]A]C)} = 0 .

Depending on one’s intellectual temperament, either the general argument pre-
sented earlier, or the specific model just reviewed, raises the question of whether
the KMS condition could be derived from some general stability argument. This
question is addressed from several angles in (B)–(E) below.

The model presented above was discussed again in [Robinson, 1973]; see also
[Araki and Barouch, 1982] and references therein. It belongs to a long line of
inquiries that started as attempts to derive Newton’s cooling law from first prin-
ciples; related problems are usually understood under the generic label ‘return to
equilibrium’. As of this writing, the latest comprehensive entry on the subject may
be [Bach et al., 2000] where a wealth of “novel technical devices” are brought to
bear; the reader will also find there an informative sample of the large literature on
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the subject. In a broad sense, several — but not all — of the criteria of stability in
this subsection also address this perennial problem of return to equilibrium from
small or local deviations. Its ubiquity however should not overshadow two other
important and largely unsolved problems; cf. subsection .6.4 below.

B. Stability against local perturbations.
Various conditions of asymptotic abelianness were investigated by Kastler et al.
For a summary, see [Kastler, 1976] which also offers a annotated bibliography. For
their main stability theorem, they settled on the notions described in definitons
41 and 42 below.

DEFINITION 41. Let A be a C∗−algebra. An evolution α : IR→ Aut(A) is said
to be L1− asymptotically abelian on a norm dense ∗−subalgebra Ao ⊂ A when

∀ (t, A) ∈ IR×Ao : αt[A] ∈ Ao ;

and

∀A,B ∈ Ao :
∫ +∞

−∞
dt ‖B αt[A]− αt[A]B‖ <∞ .

Some preliminary notations are required for Definition 42 below. With A and α
as in definition 41 let Asa = {A ∈ A | A = A∗} , and let S be the set of all states
on A , equipped with its weak topology. For ϕ ∈ S and an element h ∈ Asa with
ϕ(h2) > 0 , define

(i) the perturbed state ϕh by ϕh : A ∈ A → 1
ϕ(h2) ϕ(hAh) ∈ A ;

(ii) the perturbed evolution {αht | t ∈ IR} by αht : A ∈ A → Uh
t αt[A]Uh

t
∗

where {Uh
t | t ∈ IR} satisfies the so-called ‘co-cycle differential equation’

(the derivative is w.r.t. the norm-topology)

∀ t ∈ IR : i d
dtU

h
t = Uh

tαt[h] with initial condition Uh
o = I .

To understand the sense in which αh may be viewed as the perturbed evolution cor-
responding to h , note that the above co-cycle equation admits a unique continuous
solution t ∈ IR → Uh

t ∈ A ; it can be computed explicitly as the norm-convergent
Dyson series:

Uh
t =

∞∑
n=0

Ch
t,n with Ch

t,n = (−i)n
∫ t

o

dtn

∫ tn

o

dtn−1 . . .

∫ t2

o

dt1αt1 [h] . . . αtn [h].

This solution satisfies: (i) Uh
t unitary, and

(ii) ∀ s, t ∈ IR : Uh
s+t = Uh

s αs[Uh
t] .

Consequently, the evolution defined as {αht | t ∈ IR} is a group of automorphisms
of A with, in particular:

∀ s, t ∈ IR : αhs+t = αhs ◦ αht .
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The interpretation of αh as the evolution resulting from the perturbation of α by
the operator h obtains from the following relation between the generators of αh

and α :

i
d

dt
αht
∣∣
t=0

= i
d

dt
αt
∣∣
t=0

+ δh with δh : A ∈ A → [h,A] := hA−Ah ∈ A .

DEFINITION 42. With the above notations, an α−invariant state ϕ on A is
said to be stable against inner perturbations, whenever there is a neighbourhood
Vϕ ⊂ S of ϕ such that ∀A ∈ A , and ∀h ∈ Asa with ϕh ∈ Vϕ :

1. ∀ t ∈ IR : ϕh(αht[A]) = ϕh(A) ;

2. with λ ∈ IR : limλ→0 ϕλh(A) = ϕ(A) ;

3. limt→∞ ϕh(αt[A]) = ϕ(A) .

THEOREM 43. With A , Ao and α as in definition 41, assume that α is L1−
asymptotically abelian on Ao . Let ϕ be an α−invariant state on A and assume
that ϕ is stable against inner perturbations in the sense of definition 42. Then
— under three ancillary conditions to be discussed below — ϕ satisfies the KMS
condition with respect to α for some natural temperature β .

REMARKS 44. The ancillary conditions of the theorem are sketched in the three
entries below.

1. The state ϕ is assumed not to be a trace, i.e. there exist A,B ∈ A such that
ϕ(AB) �= ϕ(BA) . This is meant to avoid the classical circumstance that
would arise in the limit of infinite temperature, i.e. β = 0 , i.e. T =∞ .

2. In the GNS representation canonically associated to ϕ , the generator of the
unitary group U(IR) that implements α(IR) is assumed not to be one-sided.
This is meant to avoid the opposite circumstance where ϕ would be a zero-
temperature ground state, i.e. β =∞ , i.e. T = 0 .

3. The state ϕ is assumed to be hyperclustering of order 4 on the ∗−subalgebra
Ao . This technical condition requires the following to hold: for every positive
integer p ≤ 4 and all A1, . . . , Ap ∈ Ao , there exist positive constants C and
δ such that

(92) ∀ t1, . . . , tp ∈ R : ϕTp (αt1 [A1] · · ·αtp [Ap]) ≤ C { 1+max |tk− tl|1+δ }−1

where the truncated correlations ϕTp are defined recursively by 0 = ϕTo ,

ϕ(A) = ϕT1 (A) and ϕ(A1, . . . , Ap) =
∑
P ϕTn1

(Ak1 , . . . , Akn1
) . . . ϕTnj

(Aq1 ,
. . . , Aqnj

) and the sum carries over all order-preserving partitions of S =
{1, 2, . . . , p} in subsets Sj ⊆ S satisfying the following conditions: S =
∪jSj , j �= k ⇒ Sj ∩ Sk = ∅ , and within each Sj = {k1, k2, . . . , knj

} :
k1 < k2 < . . . < knj

. The reader will verify immediately that ϕ(A1, A2) =
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ϕT2 (A1, A2) + ϕT1 (A1)ϕT1 (A2) , and then realize that the recursion relation
explains better what is going on with higher truncated correlations than
writing explicitly the summations over P .

Note that the ϕTp provide a hierarchy where all correlations of lower order
already have been taken into account. In particular in the case of the CCR,
a remarkable result of Robinson [Robinson, 1965] shows that either this
hierachy goes up indefinitely or, if the truncated ϕTn vanish for all n ≥ N
with N > 2 , then they must vanish for all n > 2 .

The concept of truncated ϕTn is not a stranger. It comes to us as a quan-
tum cousin of the “cumulants” of classical probability theory and of the
“Ursell functions” of classical statistical mechanics. The classical equivalent
of Robinson’s theorem gives a characterization of the Gaussian distribution,
which translates in quantum statistics as yet another characterization of
the canonical equilibrium state of an assembly of free harmonic oscillators.
Robinson’s theorem thus gives a foretaste of why it is so difficult to produce
and/or control models of QFT and QSP that are not “quasi-free”.

To sum up, the third ancillary condition of the theorem aims to convey that
in the course of time all time-correlations of order p ≤ 4 are to decay rapidly
enough for long time separations.

The investigations by Kastler et al. reported above appear to be systematically
predicated on conditions of time-asymptotic abelianness (definition 41) and time-
hyperclustering (remark 44(3)). Thus compare these with any of the conditions
encountered in sections 3 and 4; the latter are naturally satisfied for space trans-
lations, but in constructing specific models, even these conditions are extremely
difficult to impose straight on the microscopic dynamics, i.e. on the Hamiltonian
that is to describe the time evolution. Whether this is an intrinsic shortcoming
of the theory behind theorem 43 above, or an indication of some lack of either
imagination or technical dexterity on the part of model builders remains open at
this stage. Nevertheless, it appears that one weak form of asymptotic abelian-
ness is not only sufficient but also necessary when one wants to identify, among
KMS states, those that are merely extremal with respect to this condition, from
those that are, moreover, extremal with respect to time-invariance; cf. e.g. [Emch,
1972a, corollary 2, p. 206]; or remark 63(6) below. Here again, reminiscences from
the perennial ergodic dreams in classical statistical Hamiltonian mechanics would
incline some to hope that such an identification could perhaps be in the cards.
As I have recognized in several other parts of this essay, my crystal ball remains
clouded on this issue.

C. Thermal reservoir stability.
Consider the intuitive idea that a system R may be construed as a “thermal reser-
voir” at temperature β , if it drives suitably devised test systems S to equilibrium
at temperature β when they are coupled to R . Kossakowski et al. [1977] proposed
to formalize this idea in the following manner; see also [Sewell, 2002, pp. 114–116].
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For a concrete motivation, compare the specific XY-model described in part A of
this subsection.

To model situations where one expects that R ought to be very much larger
than S in order to exclude feedbacks from the test system S onto the reservoir R,
one assumes that R is infinite and S is finite.

The putative reservoir R is described by a triple {AR, αR, ϕR} where AR is
a C∗−algebra; αR is an evolution group of automorphisms of AR ; and ϕR is a
state on AR , invariant under the evolution αR . Denote by δR := i ddtα

R
t

∣∣
t=o

the
generator of the evolution αR . Some ancillary conditions on R will be specified
later.

The test system S is a dynamical system in the sense of von Neumann, i.e. is
described by: {AS , αS , ϕSβ} where AS = B(H) ; αS is the evolution generated by a
Hamiltonian HS such that for all temperatures β > 0 , Z := Tr exp(−βHS) <∞ ;
and ϕS is given by

(93) ϕSβ (AS) = Tr ρSβ AS with ρSβ = Z−1e−βH
S

.

δS = i [HS , · ] will denote the generator of αS . Finally, SS will denote the set of
all countably additive states on AS .

A family {αλ | λ ≥ 0} of dynamical couplings between R and S is described by
groups of automorphisms on A = AR⊗AS , the generator of which is of the form:

(94) δλ = δR ⊗ I + I ⊗ δS + λδV where
δV : A ∈ A → i λ[V , A] ∈ A , with V ∈ Asa

}
.

As the ancillary conditions on R are specified, so will be the form of V ; see (97)
and (98) below.

The next step in the modeling is devised to emphasize the sense in which the
long-time cumulative effects on S of the evolution αλ are accounted for when R
and S are coupled. For this Kossakowski et al. [1977] appeal to the so-called
van Hove limit, an instance of which already appeared in subsection 3.5; see also
remark 45 below. For the system at hand here, the van Hove limit takes the
following form. First, it considers only a reduced evolution, namely only what
the system S experiences of the total evolution; mathematically this reduction is
achieved by E : A → AS , the conditional expectation defined, for all AS ⊗ AR ,
by E[AS ⊗ AR] = AS ϕR(AR) , and then extended by linearity and continuity to
A . Secondly, the van Hove limit requires to focus on a long-time/weak-coupling
regime defined by rescaling time with an inverse power of the interaction strength.
Thus, the van Hove limiting procedure consists here in proving that the following
limit exists for all positive ‘rescaled’ times s :

(95) γSs : AS ∈ AS → lim
λ→0 ; t→∞
s=λ2 t

αS−t ◦ E ◦ αλt [AS ] ∈ AS .

REMARKS 45. This type of limit has a long history. I learned it first from
van Hove [van Hove, 1955] where the author had proposed it as a tool to relate
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macroscopic transport phenomena to the microscopic dynamics that is expected
to underlie them. It emphasizes that in such discussions time ought to be rescaled
in a way determined by the strength λ of the interaction. Some justifications for
taking such a limit will be discussed in subsection 6.1 below.

Finally, given two C∗− algebras A and B , and n a non-negative integer, one
says that a map γ : A → B is n-positive whenever it is linear, and the induced
map γn : A ⊗M(n, |C) → B ⊗M(n, |C) is positive, i.e. the image of any positive
element in A⊗M(n, |C) is a positive element in B⊗M(n, |C) . When either A or B
is abelian, a positive map is necessarily n−positive; hence n−positivity is a notion
new to the non-commutative context of QSP. Furthermore, a map is said to be
completely positive whenever it is n−positive for all n ∈ Z

+ . In connection with
expressions like the right-hand side of (95) above, note that the composition of
completely positive maps is again completely positive; and that automorphisms,
states, injections and conditional expectations are completely positive maps. A
collection {γs | s ∈ IR+} of maps of A into itself is said to form a semi-group
whenever γo is the identity map, and ∀ (s, t) ∈ IR+ × IR+ : γs+t = γs ◦ γt .

This should exhaust the list of general preliminaries necessary to describe the
stability criterion proposed by Kossakowski et al. [1977], namely:

DEFINITION 46. A system {AR, αR, ϕR} is said to be a thermal reservoir at
temperature β whenever there is a “large enough” collection Tβ of test systems
{AS , αS , ϕSβ} and dynamical couplings {αλ} such that

1. the van Hove limit (95) exists, and defines a semi-group of completely positive
transformations {γSs | s ∈ IR+} of AS ;

2. the canonical von Neumann equilibrium state ϕSβ on AS is the only state
ϕ ∈ SS that is invariant under both αS and γS ;

(96) 3 . ∀ (ψS , AS) ∈ SS⊗AS : lim
s→∞ ψS (γSs [AS ]) = ϕSβ (AS) .

The term “large enough” in the above definition admittedly needs to be made
more precise: this is where the ancillary conditions on the interaction V and the
reservoir R enter the picture and allow one to prove scholium 47 and theorem 48
below.

One condition is that the interaction V in (94) be of the form

(97) V =
n∑
k=1

BR
k ⊗BS

k with




n is finite
BR
k ∈ ARsa and ϕR(BR

k ) = 0
BS
k ∈ ASsa


 .

Note that the conditional expectation E[V ] of V vanishes.
An additional condition is that there exists ARo ⊆ AR such that: (i) Span{ARo ∪

I} (where I is the identity in AR ) is norm dense in AR ; (ii) for all BR
k ∈ ARo ,

the functions t → ϕR(BR
j αRt [BR

k ]) are in L1 ; and (iii) the multi-time truncated
correlations, for the state ϕR to be tested, satisfy
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(98) t1 < . . . < tl with |tj − tk| → ∞ ⇒ {ϕR}T (αRt1 [B
R
t1 ] · · · αRtn [BR

tn ]) → 0.

Upon taking advantage of [Davies, 1974, theorem 2.3], the following results were
obtained in [Kossakowski et al., 1977]:

SCHOLIUM 47. These ancillary conditions are sufficient to imply that condition
(1) in definition 46 is satisfied for all finite S .

This ensures that the collection Tβ of test systems will indeed be large enough.

THEOREM 48. When the circumstances just outlined are realized, the following
conditions are equivalent:

1. for some temperature β , the state ϕR is a KMS state on AR with respect to
the evolution αR ;

2. the system R, in the state ϕR , is a thermal reservoir for temperature β in
the sense of definition 46 with “large enough” sharpened by scholium 47.

REMARKS 49.

1. Hence, every test system S in Tβ is driven to equilibrium at temperature
β by the reservoir R exactly when ϕR satisfies the KMS condition for this
temperature.

2. As mentioned before, this result is largely model-independent, and does not
involve, at least explicitly, any assumption of time asymptotic abelianness.
Moreover, instead of a single model for which one can prove that a special
infinite system in equilibrium serves as thermal reservoir for each of its finite
parts, the present theorem characterizes a collection Tβ of test systems S
for which the infinite system R serves as a thermal reservoir. Thus, the
theorem is an improvement on the particular motivating model discussed in
paragraph A above.

3. Yet, as [Kossakowski et al., 1977] noticed, the decay of multi-time correla-
tions (98) that enables their proposal to work is reminiscent of the similar
conditions imposed by Kastler et al. in their result on stability against local
perturbations; see (92) in paragraph B above.

4. From an empirical point of view, the theorem may be regarded as specifying
a procedure to lift the notion of temperature in equilibrium QSP from finite
systems to infinite systems.

5. Nevertheless, it must be noted that the circumstances under which γS is
known to satisfy condition (1) of definition 46 and the decay of correlations
in (98) do appear to involve some clustering properties that may limit the
domain of applicability of the theorem to cases where πϕ(AR)′′ is a factor,
and where ϕR is extremal under both the KMS condition and the condition
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of time-invariance. Hence, asymptotic abelianness enters less conspiciously
here.

D. Passivity.
In [Pusz and Woronowicz, 1978] the authors noticed a property of KMS states
which they called passivity; and they found ways to show that this property in
turn entails the KMS property under assumptions that do not involve asymptotic
abelianness in time.

Specifically, let {A, ϕ, α} be a dynamical system where A is a C∗−algebra, ϕ
be a state on A , and {αt | t ∈ R} is a one-parameter group of automorphisms of
A . Let then D(δ) denote the domain of the generator δ of the evolution α , i.e.
D(δ) is the linear subspace of all A ∈ A such that the derivative δ[A] := i ddtαt[A]
exists.

Consider now the situation obtained by letting this system interact during a
finite time-interval with an outside system, so that the effect of their interaction on
the system of interest may be assumed to be described as the perturbed dynamics
αh satisfying the differential equations:

(99) ∀A ∈ D(δ) :




i ddtα
h
t[A] = αht[δ[A] + [ht, A]]

αht=0[A] = A

where h is an element of C1
+(IR,Asa) , the set of all continuously differentiable

functions, with compact support in IR+ and taking their values in the self-adjoint
part of A . The system is thus an open system for all times t in the support of h ,
i.e. for all times when the perturbation h is actually in effect. The condition that
the support of h be compact and contained in IR+ ensures that, for all times T >
sup {t ∈ IR |ht �= 0} , the external conditons are as they were at time t = 0 . The
smoothness condition h ∈ C1 on the time-dependence of the external pertubation
is a mathematical convenience that is physically reasonable. Then

(100) LhT (ϕ) :=
∫ T

o

dt ϕ(αht [
d

dt
ht])

describes the energy transmitted to the system in the time interval [0, T] during
which the system was under the influence of the external perturbation h .

DEFINITION 50. The state ϕ is said to be passive if for all h ∈ C1
+(R,Asa) and

all T > sup {t ∈ IR |ht �= 0} : LhT (ϕ) ≥ 0.

Upon having advanced this definition, Pusz and Woronowicz [1978] proved the
following result:

THEOREM 51. Let {A, ϕ, α} be a C∗− dynamical system, and consider the fol-
lowing conditions: (I) ϕ is either a KMS state with respect to α for some temper-
ature β > 0; or is a ground state; and (II) ϕ is passive in the sense of definition
50. Then:

1. Without further assumptions: (I)⇒ (II) .
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2. If furthermore: (i) A admits an action ν : G → Aut(A) where G is a
locally compact amenable group; (ii) ν commutes with the evolution α, i.e.
∀ (t, g) ∈ R×G : νg ◦αt = αt ◦νg ; and (iii) ϕ is η−clustering with respect to
the action of G . Then these conditions, taken together, entail (II)⇒ (I) .

REMARKS 52. The following remarks focus on part (2) of the theorem, i.e. the
operational characterization of KMS states as passive.

1. In the passivity condition (II), ϕ has not been assumed to be invariant under
the unperturbed evolution α ; in part (2) this property obtains as ϕ is proven
to satisfy the KMS condition.

2. The condition that ν commutes with α is natural in view of the conclusion
to be obtained: if an automorphism leaves invariant a KMS state, then it
must commute with the evolution with respect to which this state is KMS.

3. Invariant means and amenable groups were introduced in subsection 3.5; see
in particular definition 21 and remark 31(5).

4. Among the ancillary assumptions listed in (2), it is not even necessary to
impose as a precondition that ϕ be G−invariant; this follows from the explicit
assumption that it is η−clustering, i.e. (see definition 22):

∀ A , B ∈ A : ηG (ϕ(νg[A]B)) = ϕ(A)ϕ(B) .

Actually, this condition entails furthermore that ϕ cannot be decomposed in
a convex combination of other G−invariant states.

5. In QSP, the natural candidate for G is the group of translations in space.
Hence, in contrast with the stability conditions studied earlier, the assumed
clustering property does not need to be with respect to time. This allows
us to consider systems for which the evolution is not asymptotically abelian.
This opening is significant when it comes to concrete modeling for the pur-
poses of QSP: one may not wish to have to identify the weak-clustering with
respect to the group {νg | g ∈ G} and any putative clustering with respect
to the evolution {αt | t ∈ IR} .

6. In addition, Pusz and Woronowicz [Pusz and Woronowicz, 1978] propose
an alternative route, replacing all the ancillary conditions in part (2) of
the theorem by a strengthened form of passivity. Specifically, instead of
considering a single dynamical system, they consider, for every positive
integer, identical non-interacting copies {Ak, ϕk, αk | k = 1, . . . , N} from
which one constructs the collective dynamical system {AN , ϕN , αN} where
{AN = ⊗Nk=1Ak , ϕN = ⊗Nk=1ϕk , and αN = ⊗Nk=1αk }. The perturbation
h however is allowed to be a general element in C1

+(IR,AN ) , so that αh is
allowed not to act independently on each of the component systems. Then
ϕ is said to be completely passive whenever for every positive integer N the
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state ϕN is passive. Now, without further ado — i.e. without having to
impose condition (2) in theorem 51 — the complete passivity of ϕ can be
proven to be equivalent to the condition that ϕ satisfy the KMS condition.
For QSP, the choice between the condition of complete passivity or condition
(2) in the theorem, is largely a question of taste.

E. Thermodynamical stability.
To close this subsection, I wish to indicate how the concept of thermodynamical
stability gives rise to yet another characterization of KMS states, this one without
restriction on whether the states considered are to be extremal with respect to
the KMS condition. To avoid technicalities, I present these considerations in the
simplest case, namely where the system is a quantum spin-lattice and thus is
described by a C∗−algebra A = ⊗k∈ Zd Ak where the Ak are copies of a finite
matrix algebra, say M(n,C) , with n and d finite. Throughout Λ ⊂ Z

d denotes
a connected finite subset of the lattice Z

d ; ϕ denotes a state on A ; ϕΛ denotes
the restriction of ϕ to the finite matrix algebra AΛ = ⊗k∈ΛAk ; and ρΛ is the
density matrix corresponding to ϕΛ . Furthermore it is convenient to assume here
that the dynamics obtains from short-range — or possibly suitably tempered —
interactions between the sites. The reader interested in how far the considerations
presented below may be pursued will find a review in [Sewell, 2002]; among the
original papers, let it suffice to mention for orientation purposes [Araki, 1974;
Araki and Sewell, 1977; Sewell, 1977; Sewell, 1980b; Ruelle, 1968a; Robinson, 1971;
Araki and Moriya, 2002].

A version of the second law of thermodynamics — compare with the equivalent
form of the variational principle defined immediately after theorem 3 — defines
the local free-energy relative to Λ at natural temperature β = 1/kT as:

FΛ,β(ϕ) = EΛ(ϕ)− T SΛ(ϕ) with




EΛ(ϕ) = ϕΛ(HΛ)

SΛ(ϕ) = −k Tr ρΛ log ρΛ

.

Two states ψ and ϕ on A are said to satisfy the equivalence relation Λo∼ whenever
they coincide outside the finite region Λo . We then write ψ ∼ ϕ whenever there
exists Λo such that ψ

Λo∼ ϕ . For the quantum lattice considered here, one can then
prove that the following limit exists

(101) ∀ψ ∼ ϕ : ∆Fβ(ψ |ϕ) := lim
Λ↑ Zd

(FΛ,β(ψ)− FΛ,β(ϕ)) .

For the order of the arguments ψ and ϕ in ∆Fβ recall that mathematicians (and
some philosophers) read from right to left, while most physicists seem to read from
left to right. Thus, ∆Fβ(ψ |ϕ) , as written above, represents the increment of free-
energy when passing from the state ϕ to any state ψ that differs from ϕ only in a
finite region. Araki and Sewell [Araki and Sewell, 1977; Sewell, 1977] introduced
the following definition and prove the following result; see also [Sewell, 1980b;
Sewell, 2002].
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DEFINITION 53. With ∆Fβ(ϕ |ψ) as in (101), a state ϕ on A is said to be locally
thermodynamically stable at natural temperature β whenever

∀ψ ∼ ϕ : ∆Fβ(ψ |ϕ) ≥ 0 .

Hence, to require that this stability condition be satisfied is indeed a variational
principle: the free-energy of the state ϕ cannot be reduced by going to a state ψ
that differs from ϕ only locally.

THEOREM 54. For a state ϕ on a quantum lattice system of the type considered
here, the following conditions are equivalent:

1. ϕ satisfies the KMS condition at natural temperature β ;

2. ϕ is locally thermodynamically stable at natural temperature β .

REMARKS 55.

1. This result involves in an essential manner the local structure of the system
considered, namely that the global algebra A is the C∗−inductive limit of
local algebras AΛ relative to bounded regions of space, where the indexing
net F := {Λ} is absorbing, i.e. — recall subsection 3.4, part I — for every
point x in space, there is a bounded region Λ ∈ F such that x ∈ Λ . An
alternative version is requiring that for every bounded region Ω of space
there exists some Λ ∈ F such that Ω ⊆ Λ ; both versions are acceptable in
axiomatic QSP.

2. Also in contrast to reservoir stability — see theorem 48 — this result is
one of internal consistency in the sense that it establishes the equivalence of
two definitions of equilibrium for the same system when described from two
different points of view: the microscopic KMS condition and the local aspect
of thermodynamics of the system considered. In particular, the argument
does not involve any coupling of the system considered with any test system.

3. Extensions of the domain of validity of the theorem are desirable. In this
respect, quantum spin-lattice systems with reasonably long-range interac-
tions have been controlled. However, some technical difficulties often stand
in the way toward the expected extensions to continuous systems. Typically
these difficulties originate in the infinite dimensionality of the Hilbert spaces
HΛ corresponding to finite regions, and in the fact that the corresponding
Hamiltonians HΛ are unbounded; also, precautions may have to be taken to
ensure that the local particle-density remains bounded.

4. One type of extension of the above variational principle is instructive, namely
the shift from local stability to global stability requirements. Specifically,
consider again a quantum-lattice system defined on Z

d . Assume further
that the dynamics is invariant under the translation group G = Z

d , and
restrict attention to the set SG of states ψ each of which is G−invariant.
Assume finally that the following limits exist
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(102) fβ(ψ) = lim
Λ↑ Zd

|Λ|−1
FΛ,β(ψ) ; φβ = lim

Λ↑ Zd
|Λ|−1 log Tr exp−βHΛ .

A state ϕ ∈ SG is now said to be globally thermodynamically stable — or
GTS for short — whenever it minimizes the free-energy density, i.e. when

(103) fβ(ϕ) = min
ψ∈SG

fβ(ψ) = φβ .

As long as one remains with G−invariant states on quantum-lattices having
G−invariant dynamics with only short-range interactions, one has

ϕ is GTS ⇐⇒ ϕ is KMS .

However, while⇒ remains valid even when interactions are allowed to extend
over a reasonably long range, the “short-range” requirement is essential for
⇐ . It has been suggested [Sewell, 1980b] that KMS states that are not GTS,
i.e. do not minimize the free-energy density, may model metastable states.

5.5 A brief excursion into QFT

As a remark on the role of KMS states in mathematical physics I wish to men-
tion, however briefly, the appearance of modular structures beyond the confines
of non-relativistic QSP, namely their entry into relativistic QFT. For the general
framework of algebraic QFT, cf. e.g. in this volume [Halvorson, 2006]; for a pre-
sentation specifically geared to QFT on curved space-times, cf. also [Wald, 1994];
and for a discussion of some of the interpretation problems raised by the materials
in this section, cf. [Clifton and Halvorson, 2001].

From the perspective developed in this essay, the natural entry into the consid-
erations to be discussed in the present subsection is through a manifestation, in
Minkowski-space QFT, of the Tomita–Takesaki duality — recall scholium 33 or
theorem 39.

Bisognano and Wichmann [Bisognano and Wichmann, 1975] developed a con-
sequence of a standard result in axiomatic QFT — the Reeh–Schlieder theorem,
cf. e.g. [Streater and Wightman, 1964, p.168], or [Emch, 1972a, p. 290] and
references cited therein — which ensures in particular that the vacuum state
ϕ , when restricted to a wedge WR = {(x, y, z, t) ∈ M3+1 | z > |t|} , is faith-
ful on the corresponding algebra NR . Thus, this restriction ϕR of ϕ to NR
equips the latter with the structure of a Tomita–Takesaki modular algebra. Here,
the canonical objects of the Tomita–Takesaki theory have a seminal geometric
interpretation. The involutive antiunitary operator J — corresponding to the
reflection (x, y, z, t) → (x, y,−z,−t) which maps the wedge WR to the wedge
WL = {(x, y, z, t) ∈ M3+1 | z < |t|} — implements a bijection from NR to
NR′ � NL ; and the modular group {∆iλ | λ ∈ R} implements on NR the Lorentz
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boost 


x
y
z
t


 →




1 0 0 0
0 1 0 0
0 0 cosh(2πλ) − sinh(2πλ)
0 0 − sinh(2πλ) cosh(2πλ)






x
y
z
t


 .

Since uniformly accelerated observers moving in the interior of a wedge WR

perceive its boundaries as past and future horizons, the result of Bisognano and
Wichman could be interpreted as saying that in the universe of such observers —
the wedge WR — the vacuum of the field in M3+1 appears to be a thermal bath,
in the following sense. The state ϕR : N ∈ NR → ϕ(N) ∈ |C — where NR ⊂ N
is the algebra corresponding to the wedge WR , N is the algebra corresponding
to the full Minkowski space, and ϕ is the vacuum defined on N — is a KMS
state at temperature β > 0 with respect to the evolution {τt : N ∈ NR → τt[N ] =
∆−it/β N ∆it/β ∈ NR | t ∈ IR} (where, as usual, the numerical value of the natural
temperature β = 1/kT depends on the scale with respect to which the time t is
measured).

The physical interest of this interpretation is enhanced by an earlier remark
by Rindler [Rindler, 1966] to the effect that the universe of uniformly accelerated
observers in WR is similar to the universe around the Schwarzschild solution of
the Einstein equations, i.e. around a stationary “black hole”.

With this dictionary in hand, the phenomenon discovered by Bisognano and
Wichmann as a consequence of the Tomita–Takesaki theory translates into an
effect found independently by Unruh [1976] in an attempt to clarify the then
recently discovered Hawking effect [Hawking, 1975] (also known as the Hawking
radiation). The latter describes a related but different phenomenon, the creation
of thermally distributed particles around a collapsing black hole. The similarities
and differences between the Unruh and the Hawking effects are discussed in [Wald,
1994, chapters 5 and 7]; for some of the thermodynamical aspects of the subject
in the astrophysics literature, cf. e.g. [Davies, 1978; Hawking and Page, 1983] or
[Wald, 1994, chapter 6]; for the specific questions of what is actually measurable,
how and where, see [Unruh and Wald, 1984]; and for some of the philosophical
issues, see [Clifton and Halvorson, 2001].

The impact of the Bisognano and Wichmann discovery on the axiomatic QFT
literature began with the work of Sewell [Sewell, 1980a; Sewell, 1982a] who gen-
eralized their results to some curved manifolds, perceived the role that the bi-
furcate horizon plays in the Unruh effect, and proposed to identify the Hawk-
ing temperature and the temperature in the KMS condition associated with the
Tomita–Takesaki modular theory. The introduction of KMS structures in QFT
then turned out to be the harbinger of a “revolution” [Borchers, 2000]. A few
among the many developments that ensued are: an extension of the axiomatic
of algebraic QFT to curved manifolds; an interpretation of the intrinsic geom-
etry of space-time in terms of consistency relations between the modular struc-
tures to be attached to an absorbing net of intersecting wedge-like regions of GR
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space-times; and the beginnings of a relativistic QSP where local KMS condi-
tions are formulated in terms of future-directed time-like vectors that determine
local rest-frames; cf. e.g. [Summers and Verch, 1996; Buchholz et al., 2002;
Ojima, 2003; Wiesbrock, 1997; Buchholz, 2003; Summers and White, 2003; Buch-
holz and Lechner, 2004]; closer to the Hawking effect proper, [Haag et al., 1994;
Kay and Wald, 1991; Fredenhagen and Haag, 1990]; and for a new framework
[Fredenhagen, 2003].

5.6 A mathematical interlude: extremal KMS states

The role of extremal KMS states in QSP will be studied in subsection 5.7. The
purpose of this section is to review some mathematical preliminaries such as the
definition of extremal KMS states, their characterization in terms of their GNS
representation, and the decomposition of a KMS state into its extremal compo-
nents.

REMARKS 56.

1. Let A be a C∗−algebra, β > 0 and τ be a group of automorphisms of A . The
set Sβ of all KMS states on A that satisfy the KMS condition for τ and β
is convex, i.e. for any two KMS states ψ and χ on A , with respect to the
same τ and β , and any λ ∈ (0, 1) : ϕ = λψ + (1− λ)χ is again a KMS state
for τ and β .

2. The set Sβ is closed in the w∗− topology it inherits from A , and it is
bounded in the metric topology. Hence it is w∗−compact, and the Krein–
Milman theorem entails that Sβ is the w∗−closed convex hull of the set Eβ
of its extreme points [Dunford and Schwartz, 1964, theorem V.8.4]. This
ensures not only the existence of extremal points, but also that there are
sufficiently many of them: every element in Sβ is the limit of finite convex
sums of elements in Eβ ; see definition 57 below.

3. Moreover β1 �= β2 entails Sβ1 ∩ Sβ2 = ∅ . Incidentally, the GNS represen-
tations constructed from states ϕ1 ∈ Sβ1 and ϕ2 ∈ Sβ2 with β1 �= β2 are
disjoint in the sense that no subrepresentation of one of these is unitarily
equivalent to any subrepresentation of the other; cf. [Takesaki, 1970c].

DEFINITION 57. Given a von Neumann algebra N , a group {τt | t ∈ IR} of
automorphisms of N , β ∈ IR+, and Sβ as in remark 56(1) above. A state ϕ ∈ Sβ

is said to be extremal KMS at natural temperature β if it does not admit a convex
decomposition into states in Sβ — i.e. states that satisfy the KMS condition for
the same τ and β . The set of all extremal KMS states is denoted Eβ .

THEOREM 58. Let ϕ be a faithful normal state on a von Neumann algebra N and
τ be the unique group of automorphisms of N with respect to which ϕ satisfies the
KMS condition for some natural temperature β . Denote by Z the center N ∩N ′

of N . Then
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A. For every (t, Z) ∈ IR×Z , τt[Z] = Z .

B. For every positive non-zero element Z ∈ Z with 0 < Z < I ,

ψ(N) := ϕ(Z)−1ϕ(ZN) and χ(N) := ϕ(I − Z)−1ϕ((I − Z)N)

define two states ψ and χ on N that satisfy the KMS condition for the same
τ and β and provide a convex decomposition of ϕ .

C. For every ϕ that admits a convex decomposition ϕ = λψ + (1 − λ)χ into
states ψ and χ on N that satisfy the KMS condition for the same τ and β ,
there exists a unique positive non-zero element Z ∈ Z with ‖Z‖ ≤ 1 such
that for all N ∈ N

ψ(N) = ϕ(Z)−1ϕ(ZN) and χ(N) = ϕ(I − Z)−1ϕ((I − Z)N) .

Proof. As pointed out in remark 37, we may assume without loss of generality
that N is presented in standard form, so that there exists a cyclic and separating
vector Φ ∈ H for N with ∀N ∈ N : (Φ, NΦ) = ϕ(N) .

[A.] Z ∈ Z ⇒ ∀(t,N) ∈ IR × N , ϕ(N∗τt[Z]) = ϕ(τt[z]N∗) and thus ϕ being
KMS entails that ϕ(Nτt[Z]) is constant in t so that ∀ t ∈ IR : (NΦ, [τt[Z]−Z]Φ) =
0 . Φ being cyclic entails [τt[Z] − Z]Φ = 0 , and then Φ being separating entails
[τt[Z]− Z] = 0 .

[B.] ϕ being faithful and 0 < Z < I positive and non-zero entail 0 < ϕ(Z) < 1 ;
and, upon taking into account that Z and thus Z

1
2 belong to N ′ , one verifies that

ψ and χ are states onN and that they inherit from ϕ its KMS property. Moreover,
one reads immediately from their definition that ϕ = λψ(N)+(1−λ)χ(N) , where
0 < λ = ϕ(Z) < 1 .

[C.] Conversely, from ϕ = λψ(N) + (1 − λ)χ(N) , with 0 < λ < 1 one has
ψ ≤ λ−1ϕ and thus there exists an element X ∈ N ′ such ∀N ∈ N : ψ(N) =
(XΦ, NXΦ) , i.e. ψ is a vector state on N and thus is normal and majorized
by the normal functional λ−1ϕ . Hence the Sakai-Radon-Nikodym [Sakai, 1971,
proposition 1.24.4], entails that there exists some positive Y ∈ N with ‖Y ‖ ≤ 1
such that

∀N ∈ N : ψ(N) =
1
2
λ−1ϕ(NY + Y N) .

Suppose that there exists another element Ỹ ∈ N with the same properties. Let
then X = Y − Ỹ . We have then 0 = ϕ(X∗X +XX∗) and thus, since ϕ is a positive
linear functional and both X∗X and XX∗ are positive: ϕ(X∗X) = 0 . Since ϕ is
faithful, X = 0 i.e. Y = Ỹ i.e. Y is unique.

It remains to be shown that the assumptions of the theorem entail that Y also
belongs to N ′ . Since ϕ and ψ are KMS, they satisfy for all t ∈ IR : ϕ ◦ τt =
ϕ and ψ ◦ τt = ψ . Consequently

ψ(N) = ψ(τt[N ]) =
1
2
λ−1φ(τt[N ]Y + Y τt[N ]) =

1
2
λ−1φ(Nτ−t[Y ] + τ−t[Y ]N) .
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From the uniqueness of Y ∈ N which we just established, we have ∀ t ∈ IR :
τt[Y ] = Y . ϕ being KMS entails therefore ∀N ∈ N : ϕ(NY ) = ϕ(Y N) and thus
ψ(N) = λ−1ϕ(Y N) . Upon applying the KMS condition to both ψ and ϕ , we get
∀N ∈ N : NY = Y N i.e. Y ∈ N ′ . Clearly then λ = ϕ(Z) . The same argument
goes through with χ replacing ψ and (I − Z) replacing Z. �

The following characterization is an immediate consequence of the above theo-
rem:

COROLLARY 59. With the assumptions of theorem 58, the KMS state ϕ is ex-
tremal KMS iff N is a factor, i.e. iff N has trivial center: N ∩N ′ = |CI .

SCHOLIUM 60. With the assumptions of theorem 58, assume that ϕ is not ex-
tremal KMS, but that the center Z of N is generated by a family {Pk ∈ Z | k =
1, 2, ...} of mutually orthogonal projectors. Then there exists a unique decompo-
sition of ϕ into a convex combination

∑
k λk ϕk of states ϕk on N where the ϕk

are extremal KMS for the same dynamics τ and the same natural temperature β .

Proof. To say that ϕ is a KMS state that is not extremal KMS is to say that
there exist KMS states ψj and scalars µj ∈ (0, 1) such that ϕ =

∑
j µjψj . From

part C of the theorem, for every ψj there exists a positive Zj ∈ Z such that
∀N ∈ N : ψj = φ(Zj)−1φ(ZjN) . Since Z is an abelian von Neumann algebra
with discrete spectrum, every Zj may be written as

∑
k zkPk with zk ∈ IR+ and

the Pk are minimal projectors in Z . Hence the ϕk : N ∈ N → λk
−1 ϕ(PkN) ∈ |C

with λk = φ(Pk) are states on N . From part B of the theorem, these are still
KMS states for the same τ and β . Therefore, it only remains to show that the
states ϕk are extremal with respect to the KMS condition.

To see this, consider the decomposition H = ⊕kHk where Hk are the subspaces
{ΨH ∈ H | PkΨ = Ψ} . Since each Pk belongs to Z , the subspaces Hk are
stable under N and under N ′ , i.e. whenever X ∈ N or X ∈ N ′ , we have
∀Ψ ∈ Hk : XΨ ∈ Hk . Let then Nk = {PkNPk | N ∈ N} , N ′

k = {PkNPk |
N ∈ N ′} ; and note that these are von Neumann algebras acting on the space Hk
admitting there a cyclic and separating vector, namely PkΦ , such that ∀N ∈ Nk :
ϕ̃k(N) := (Φk, NΦk) defines a faithful normal state onNk ; it is thus the restriction
to this algebra of the state ϕ . Note further that for all t ∈ IR , Nk is stable
under τt . Since Nk ∩ Nk′ = |CIk (where Ik is the identity operator in Hk) ϕ̃k
is extremal KMS. Proceeding ab absurdo, suppose that ϕk itself is not extremal
KMS. Then there would exist some KMS state ψ on N and some λ ∈ (0, 1) such
that ψ ≤ λ−1ϕk . Denote by ψ̃k the restriction of ψ to Nk . We have then, in
particular, λ−1ϕk(N∗N) ≥ ψ([NPk]∗[NPk]) = ψk(N∗N) ; i.e. λ−1ϕ̃ ≥ ψ̃k . Since
ϕ̃k is extremal KMS and ψ̃k is KMS, the equality must prevail, i.e. λ−1ϕ̃ = ψ̃k ; and
since ϕ̃k and ψ̃k are states, λ = 1 , i.e. on (N)k : ψ̃k(N∗N) = ϕ̃k(N∗N) . By the
Schwartz inequality, we have for every N ∈ N , ψ̃k([PkNPk]∗[PkNPk]) ≤ ψ(N∗N) ,
and thus ψ ≥ ϕk . Together with the initial inequality, namely ψ ≤ ϕk (since we
know now that λ = 1), these two inequalities reduce to ψ = ϕk . Hence ϕk is indeed
an extremal KMS state on N . Since ϕk is extremal KMS on Nk , the restriction
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ψ̃k of ψ to this algebra must coincide with ϕ̃k ; and thus ϕk is maximal KMS on
N . Hence ϕ has been decomposed into a convex combination of extremal KMS
states. Uniqueness follows by contradiction. �

DEFINITION 61. A convex set C is said to be a simplex whenever every point in
C admits a unique convex decomposition into extremal points of C .

Recall that in two-dimensional Euclidean geometry, a triangle is a simplex; indeed
any point in the triangle obtains as a unique convex combination of points situated
at the vertices of the triangle. But a circle is not a simplex: the set of its extreme
points is the circumference of the circle, and given any point inside the circle, all
secants through this point give different convex combinations of extreme points.

REMARKS 62.

1. Scholium 60 may therefore be paraphrased by saying that under the assump-
tion that the spectrum Sp(Z) of the center Z is discrete, Sβ is a simplex; and
that the decomposition is a weighed sum with respect to a discrete probabil-
ity measure supported by the extreme points Eβ of the set Sβ of all normal
KMS states for the given dynamics τ and the given natural temperature β .
From the proof of the scholium, one checks that the latter statement extends
indeed to all normal states, and not just to those that are faithful.

2. In case Sp(Z) is not discrete, the above sum must be replaced by an integral,
and some measure-theoretical trimmings are necessary to specify the sense
in which ϕ defines a unique measure concentrated on the boundary of Sβ .
The general mathematical context in which these decompositions appear is
in the study of central measures, see [Takesaki, 1970a; Kadison and Ringrose,
1983/1986]. For the purpose of this essay, the simpler version just described
will suffice to anchor the conceptual structure of the theory governing the
unique decomposition of KMS states into their extremal components.

3. Note that the set of states on a quantum system described by the von Neu-
mann postulates is not a simplex: if a density matrix has at least one eigen-
value with multiplicity greater or equal to 2, its decomposition in pure states
is not unique. Hence the set of KMS states in quantum statistical physics
possesses a classical property that is otherwise not heard of in the quantum
realm.

4. It remains to demonstrate that this property is relevant to QSP; and thus
that QSP requires the consideration of situations for which the relevant rep-
resentations do not lead to factors, in contrast with the von Neumann for-
malism of quantum mechanics where the canonical equilibrium states lead
only to factor representations — recall the end of remark 34. This problem
is the object of the next subsection.
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5.7 Extremal KMS states, pure thermodynamical phases

The main argument one can advance to justify the claim that pure thermody-
namical phases be described in QSP as extremal KMS states originates in the
conjunction of three circumstances.

The first is based on subsections 5.3 and 5.4 where strong evidences were given
for the identification of canonical equilibrium states as KMS states.

The second is the fact that extremal KMS states are the elementary objects
in the KMS theory. This is reminiscent of the identification of atomic levels in
spectroscopy with irreducible representations of the group of symmetries of the sys-
tem, the famous “Gruppenpest” epitomized in [Wigner, 1931]. In mathematics,
this programme was extended to a systematic presentation of the familiar so-called
special functions where these functions now appear as bases of irreducible repre-
sentations of groups; cf. e.g. [Talman, 1968; Vilenkin, 1968]. Closer to the focus
of this essay, the early identification — in [Murray and von Neumann, 1936] — of
factors as the building blocks of the theory of von Neumann algebras proceeds from
the same principle: a methodological option confirmed by the central decomposi-
tion of a von Neumann algebra as a direct integral of factors; cf. e.g. [Kadison and
Ringrose, 1983/1986, theorem 14.2.2, pp. 1027–1028]. All the while, the group-
theoretical approach continues to contribute in sorting out qualitative clssification
problems in nuclear spectroscopy, and elementary particles high energy physics.

The third circumstance pointing to the description of pure thermodynamical
phases as extremal KMS states — i.e. KMS states the GNS representations of
which are factors, cf. corollary 59 above — is the mathematical fact that the
decomposition of a KMS state in extremal KMS states is unique; cf. scholium
60 and remark 62(2) above. In the context of QSP, this fact naturally directs
attention to the situation encountered in thermodynamics where an equilibrium
state decomposes uniquely into its pure thermodynamical phases.

Thus, this subsection is divided into two parts. In part A, the above specu-
lations are confronted with a model for QSP where everything can be computed
explicitly. In part B, the characterization of pure thermodynamical phases as
extremal KMS states is brought to bear on a famous argument by Landau of-
fering a fundamental microscopic distinction between solids and fluids in term of
space correlation functions. This exemplifies how the unique decomposition of
KMS states into their extremal components helps describe the coexistence of pure
thermodynamical phases in QSP and spontaneous symmetry breaking in systems
undergoing phase transitions. For further discussion of the latter, cf. [Liu and
Emch, 2005].

A. Quantum Weiss–Ising models for ferromagnetism
Recall first the results of Araki reported in subsection 5.3 concerning the absence
of a ferromagnetic phase transition: the unique KMS state for each of the models
covered there is extremal.

To check how this coincidence fares with systems that do exhibit several ther-
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modynamical phases, we turn now to a class of models that have a long history
in the physics of phase transitions [Weiss, 1907; Brout, 1965], and are accepted by
mathematicians to be amenable to a sufficiently rigorous treatment [Kac, 1968],
namely the Weiss–Ising models for ferromagnetism.

Consider a one-dimensional lattice Z where to every site k ∈ Z a quantum spin
σk is attached. To every finite string Λ ⊂ Z is associated a Hamiltonian

(104) H = −
∑
k∈Λ

[B + BΛ,k]σkz with BΛ,k =
1
2

∑
j∈Λ

JΛ,jkσj
z

where B is interpreted as a homogeneous external magnetic field parallel to a fixed
direction z ; and BΛ,k is an average magnetic field, the so-called “molecular” field,
experienced by the spin at site k resulting from all other spins in the region Λ .
The artificial assumption imposed on the models of the van der Waals or Weiss-
type, which makes them exactly solvable in the thermodynamical limit, is that
the strength of the interaction JΛ,jk decreases with the size |Λ| of Λ ; compare
this with the property |v(p, q)| ≤ c/|Λ| of the interaction of the BCS model in
subsection 5.1.

Adopting here a simplified version of [Emch and Knops, 1970], we will assume
that

(105) JΛ,jk =
{ |Λ|−1 J > 0 when j �= k

0 otherwise .

Upon controlling the thermodynamical limit |Λ| → ∞ , one finds that two ex-
tremal KMS states emerge when T < Tc where 1/kTc = βc = J−1 . These are
recognized by the following properties of a global observable — cf. definition 15
and scholium 23 — namely, the magnetization M , the three components of which

M i = weak op. limit |Λ|→∞
1
|Λ|
∑
k∈Λ

σk
i (i = x, y, z)

are defined in the corresponding temperature-dependent representation. They
satisfy

(106)
(i) Mx = My = 0

(ii) Mz = tanh[β(B + JMz)] .

REMARKS 63.

1. For the transverse components, Mx and My , (106.i) was to be expected
from the symmetry of the system. The interesting part is the result for the
component Mz parallel to the applied magnetic field: (106.ii) is the classical
self-consistency equation: the model exhibits a phase transition as there
exists a temperature Tc (with βc = J−1) below which Mz does not vanish
as B → 0 , but tends to a finite, temperature-dependent value, the so-called
spontaneous magnetization.
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2. Hence in the thermodynamical limit, the problem of determining the ex-
tremal KMS states of the model admits two new solutions, absent above Tc ;
these extremal KMS states exhibit the two opposite spontaneous magneti-
zations characteristic of the two pure thermodynamical phases familiar from
the treatment of the classical case in e.g. [Kac, 1968].

3. A phase transition has occurred at T = Tc and it is accompanied, for T < Tc ,
by a spontaneous breakdown of the flip-flop symmetry σk

z → −σk
z of the

local Hamiltonians (104).

4. One ought to note at this point that the treatment in [Kac, 1968] was in
the most orthodox spirit of classical statistical mechanics: an analysis by
steepest descent methods of the partition function in the limit |Λ| → ∞ .
The novelty in [Emch and Knops, 1970] was to consider also the evolution of
the x− and y− components of the quantum spins and to study the resulting
quantum dynamics in order to confront the interpretation of extremal KMS
states with results already known from a classical treatment.

As with the BCS model reviewed in subsection 5.1 above, which has also the
structure of a ‘molecular’ field model, some technicalities are involved here:
in the thermodynamical limit, the convergence of the evolution is estab-
lished only for the von Neumann algebras belonging to the representations
considered.

5. This simplified version of the model, where (105) is assumed, already allows
us to demonstrate the general features explored in this subsection. We may
nevertheless mention that in [Emch and Knops, 1970] JΛ,jk is allowed to
depend on the distance |j − k| , but only in such a way that for each k ∈
Z , there exists a constant ck such that

∑
k |JΛ,jk| < ck for every finite Λ

containing k , subject to the condition that ∀ j, k ∈ Z : lim|Λ|→∞ JΛ,jk = 0 ;
the set of thermodynamical phases then becomes more complex, but its
description still illustrates the adequacy of the decomposition account of
spontaneous symmetry breakdown.

6. We already pointed out — first in section 4.1 — that as a consequence
of the Liouville theorem of complex analysis, KMS states are necessarily
time-invariant. Nevertheless, as established in [Emch and Knops, 1970],
the present model admits extremal KMS states that are not extremal time-
invariant — i.e. KMS states that are convex sums of different time-invariant,
but not KMS, states — although these extremal KMS states do satisfy a very
strong clustering property with respect to space-translations. The occurrence
of extremal KMS states that are not extremal time-invariant reflects the
fact that the time-evolution is not asymptotically abelian. This is not an
unexpected peculiarity of the model since experience shows that asymptotic
abelianness for the group of time-translations is rarely satisfied in QSP —
although a few exceptions are known, among them the even part of the XY-
model discussed at the beginning of subsection 5.4, despite the fact that
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locality entails very strong asymptotic abelianness for the group of space-
translations.

The coexistence of liquid and gas — say vapour and liquid water — presents formal
similarities with the coexistence of magnetic phases oriented in opposite directions.
The lattice-gas models of classical statistical mechanics are treated in close anal-
ogy with those of their ferromagnetic counterparts: instead of attributing to each
site of a regular n-dimensional Ising model, a classical spin taking the values +1/2
and −1/2 , one considers a random variable indexed by the sites of the lattice and
taking the values 1 or 0 depending on whether the site is occupied by a molecule
or not; double (or higher) occupancy is ruled out by fiat in these models. Phe-
nomenologically, liquid-vapour coexistence curves in the phase diagram translate
closely to the coexistence curves in ferromagnetic materials. In particular both
present a critical point, precisely located in the phase space by the occurrence of
diverging fluctuations. For temperatures higher than the critical temperature, any
distinction between liquid and gas is untenable, and this state of matter is best
described as a fluid.

B. QSP brought to bear on the Landau argument
The situation encountered with the coexistence of fluid and crytalline phases of the
same substance — say water in its fluid phase and ice phase — is phenomenolog-
ically very different from the situation presented by a gas-liquid phase transition.
Here, no critical point has been located: the fluid-solid coexistence curve extends
indefinitely as pressure and density are increased. A heuristic argument for the
non-existence of a critical point for the fluid-solid coexistence curve was advanced
by Landau; see for instance [Landau and Lifshitz, 1958b, p. 260]. The argument
was taken up by Uhlenbeck in [Uhlenbeck, 1968, p. 17]: “Because the solid and
the fluid are with respect to long range order qualitatively different, there cannot
be a critical point, since by going around it this would imply that long range order
would appear gradually, which is impossible. This is the argument of Landau and
I find it completely convincing.” And yet, Uhlenbeck warns on the same page that
“one cannot escape the fact (intuitively evident, although not proved!) that there
is already long range order in the solid phase itself.”

In an impressive sequence of papers, Kastler et al. [1967] rose to the challenge;
the various assumptions of asymptotic abelianness, pervasive in these papers, was
shown to be dispensable in the version worked out in [Emch et al., 1970], which is
followed here.

The programme is to classify the extremal KMS states that appear in the de-
composition of a Euclidean invariant KMS state. Let A be the C∗−algebra ob-
tained as the C∗−inductive limit of local algebras A(Λ) over an absorbing net
F of finite regions Λ ⊂ IR3 (here ‘finite’ means finite volume: |Λ| < ∞ ). Let
α : t ∈ IR → αt ∈ Aut(A) describe an evolution; let ν : g ∈ IE3 → αg ∈ Aut(A)
describe the action of the Euclidean group IE3 ; and let ϕ be a KMS state on A
with respect to the evolution α for the temperature β ; ϕ is assumed to be invari-
ant under the action of the Euclidean group, i.e. ∀ g ∈ IE3 : ϕ ◦ νg = ϕ ; this
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condition is motivated by the phenomenological expectation that the underlying
interactions are Euclidean invariant.

It is convenient to assume further that ϕ is strongly transitive with respect to
the action of IE3 in the sense that the following two conditions are satisfied.

1. For any two states ψ and ψ′ appearing in the decomposition of ϕ in extremal
KMS states, there exists at least one g ∈ IE3 such that ψ′ = ψ ◦ νg .

2. For one — and therefore all — state ψ appearing in the decomposition of ϕ
into extremal KMS states, the isotropy subgroup Gψ := {g ∈ IE3 | ψ ◦ νg =
ψ} contains at least three non-coplanar translations.

Note that for any g ∈ IE3 and any ψ appearing in the decomposition of ϕ into
extremal KMS states, the state ψg := ψ ◦ νg also appears there; and that Gψg

=
g−1Gψg . Hence, up to conjugacy, all elements appearing in the decomposition of
ϕ have the same symmetry. This conjugacy class is denoted Gϕ , and is referred
to it as the intrinsic symmetry of ϕ . It is the part of the Euclidean symmetry
of ϕ that is preserved when ϕ is decomposed into its extremal KMS components.
Consequently, condition (1) is essentially one of convenience: if it were not satisfied,
one would first have to separate the decomposed states in classes of conjugate
elements, and carry out the analysis sketched below for each class separately.
Condition (2) excludes pathological cases which one does not want to consider
here. Mathematically, it strengthens condition (1) to ensure that the orbit of each
extremal state under the translation group IR3 ⊂ IE3 in the space of all states on
A is closed.

It is then proven in [Emch et al., 1970] that a Euclidean-invariant KMS state ϕ
that satisfies the above conditions must necessarily belong to one of the following
four classes.

The first class obtains when ϕ is already extremal KMS, i.e. its intrinsic sym-
metry is the group IE3 itself. This case occurs exactly when one — and thus all
— of the following equivalent conditions is satisfied:

1. ϕ is extremal IR3 invariant, i.e. cannot be decomposed into a convex combi-
nation of states that are invariant under all translations in IR3 .

2. The spectrum of the generator P of the unitary representation of IR3 canon-
ically associated to ϕ by the GNS construction consists of exactly one eigen-
value, namely k = 0 , and this eigenvalue is non-degenerate.

3. ϕ is uniformly clustering in space, i.e. : for every ε > 0 and A ∈ A there
exists a finite region of space Λ ⊂ IR3 such that

(107) ∀B ∈ A(Λc) : |ϕ(AB)− ϕ(A)ϕ(B)| ≤ ε‖B‖
where A(Λc) ⊂ A is the C∗−inductive limit of the local algebras A(Ω) with
Ω ∈ F and Ω �� Λ , (i.e. Ω ∩ Λ = ∅ ); see definition 27, scholium 29 and
corollary 30 above.
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In view of these properties, a state ϕ belonging to this class is intepreted as a
fluid phase.

To describe the other three classes, namely the strongly transitive Euclidean
invariant KMS states that do not describe fluids, let us focus now on the notion
of the intrinsic translational invariance of ϕ . For any state ψ that appears in
the decomposition of ϕ into extremal KMS states, let Gψ denote the subgroup
of Euclidean symmetries of ψ , and let Hψ = Gψ ∩ IR3 denote the subgroup of
space-translations that preserve ψ . As one reviews the definition of the conjugacy
classes one verifies that this group is indeed characteristic of the original state ϕ .
Note also that strong transitivity entails that IR3/Hψ is compact.

The second class of Euclidean, strongly transitive KMS states is now specified
by the following equivalent conditions, where ψ is any state appearing in the
decomposition of ϕ into its extremal KMS components.

1. Gψ is a crystallographic group.

2. ϕ is not extremal IR3−invariant, and Hψ is generated by three non-coplanar
translations.

3. With χ = ηIR3
[ψ] — where ηIR3

is any invariant mean over the translation
group IR3 — χ is η−clustering (see definition 22 above), but neither weakly
mixing nor even partially weakly mixing, i.e. χ satisfies

(108) ∀ A , B ∈ A : ηIR3
(χ(ν•[A]B)− χ(A)χ(B)) = 0

but does not satisfy any of the stronger conditions

(109) ∀ A , B ∈ A : ηIR3 |χ(ν•[A]B)− χ(A)χ(B) | = 0

(110) ∀ A , B ∈ A : ηIR1
∣∣∣ ηIR2

(χ(ν•[A]B))− χ(A)χ(B)
∣∣∣ = 0

(111) ∀ A , B ∈ A : ηIR2
∣∣∣ ηIR1

(χ(ν•[A]B))− χ(A)χ(B)
∣∣∣ = 0
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REMARKS 64.

1. Taken separately, each of the conditions (1–3) excludes that ϕ be a fluid
phase. Indeed, a fluid phase is extremal KMS, so that its intrinsic symme-
try is the Euclidian group IE3 , contradicting (1); a fluid phase is extremal
IR3−invariant, contradicting (2); a fluid phase is uniformly clustering (see
5.33), which implies that each of the relations (108–111) would be satisfied,
whereas (109–111) are not satisfied in the present phase.

2. The other two classes to which ϕ may belong are characterized as follows.
(109), if satisfied, would have entailed Hψ = IR3 , thus contradicting the
second part of condition (2). This would correspond to a situation where
the rotational symmetry is broken whereas the translational symmetry of
the state ϕ would be completely preserved in its decomposition into its ex-
tremal KMS components. Although this may occur in systems exhibiting
spontaneous magnetization, it is not immediately relevant to the purpose of
identifying the way in which the formalism distinguishes fluids from solids
in a world where fundamental interactions are invariant under the Euclidean
group IE3 .

Similarly, (110) or (111), if satisfied, would have entailed Hψ is continuous
in one or two direction(s) but discrete in the complementary direction(s).
Such situations have been envisaged also — as early as the mid 1930s, cf.
e.g. [Landau and Lifshitz, 1958b, p. 410] — but here again, their putative
existence does not bear directly on the problem at hand.

3. The space-averaged state χ , which is IR3−invariant by construction, nev-
ertheless keeps a memory of the symmetry of the state ψ from which it is
constructed. Indeed the discrete part of the spectrum of the generator Pχ of
the unitary group representation of IR3 , associated to the GNS construction
corresponding to χ , coincides with the reciprocal group of Hψ , namely with

(112) Hψ
∗ = {k ∈ IR3 | ∀a ∈ Hψ : k · a = 0 mod 2π}

which, in principle, is observable in X-ray diffraction patterns.

Upon keeping from the above what is relevant to the absence of a critical point in
the coexistence curve between fluid and solid, the analysis of the decomposition of
Euclidean invariant canonical equilibrium states into their pure thermodynamical
phase components provides a rigid relation between the clustering properties and
the geometric properties of these states. Namely: fluid phases exhibit a uniform
clustering property (107), while crystalline phases lead to the distinctly weaker
property of weak-clustering (108), thus vindicating the Landau argument.
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6 WHENCE AND WHITHER QSP?

This final section may serve as a summary, a conclusion, a collection of appendices
sharpening some aspects of the theory that have not been discussed in the main
text; and hopefully, as a constructive prospectus for territories beyond the scope
of this essay.

Let me summarize very briefly the story so far. First, recall that sections 1 to 3
reviewed some of the salient features that are variously treated in traditional texts
on QSP. Then, in sections 4 and 5, I argued that the algebraic formalism of the
KMS condition provides a well-defined syntax, the semantics of which supports
the following associations in equilibrium QSP.

• Canonical equilibrium states are described by KMS states, a notion that
translates naturally from finite systems to systems considered in the themo-
dynamical limit.

• Pure thermodynamical phases are described by extremal KMS states.

• Pure thermodynamical phase components that appear in the unique decom-
position of a canonical equilibrium state may have a symmetry lower than
that of the original state: only the manifold of the different contributing
phases reflects the original symmetry; cf. [Liu and Emch, 2005] where we de-
scribe the “decompositional account” of spontaneous symmetry breakdown
in the quantum theory of phase transitions.

Against this background, the material of the present section is presented in four
subsections. I first review the mathematical concept of a limit and its physical
interpretation as used in the main text. I then discuss again the notion of macro-
scopic observables, taking here a perspective that opens on the next subsection:
the quantum measurement problem. Finally, I present some remarks — prospec-
tive and/or revisionist? — on the pursuit of constructive confrontations between
mathematical and theoretical physicists in order that they better inform the wider
arenas where philosophers of science operate.

6.1 Four limiting procedures in QSP

In dealing with the topics just reviewed, and as early as in sections 2 and 3, at
least four different types of limits were encountered, alone or in concert.

1. the classical limit h→ 0 ;

2. the high temperature limit T →∞ ;

3. the thermodynamic limit |Λ| → ∞ ;

4. the van Hove limit {λ→ 0 and t→∞} with τ := λ2 t remaining finite.
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As the philosophical legitimacy of each of these four limits (or ‘limiting pro-
cedures’) has been variously questioned elsewhere, I ought to specify again — in
the vernacular, i.e. without an explicit mention of the traditional (ε, δε) — that
the limits were consistently understood in this essay to be controlled limits in the
sense of mathematics: you give me a tolerance, and I tell you the price; the smaller
the tolerance, the higher the price; but however small the error you are willing to
tolerate, there is a price under which you are guaranteed that the article will be
within what you decided you are going to tolerate. Mathematical physics adds to
this the requirement that the “price” be expressed in currencies recognized by the
putative laboratory technician. Let us examine successively the above four limits
from this perspective.

1. The classical limit.
The Planck constant is a fundamental physical constant: in cgs units h � 6.62 ×
10−27 ergsec; the familiar notation � := h/2π is used here. To say that it is small
is a “value judgement”, reflecting the energy scale which you believe is relevant for
the problem you wish to discuss. To illustrate the working of limiting processes,
and their physical meaning, let us examine a specific example, the classical limit
of a typically quantum phenomenon, the tunnel effect in which a particle of energy
E does “slip through” a barrier of height Vo > E . This effect was discovered in
1928 independently by Gamow and by Gurney and Condon [Gamov, 1928; Gurney
and Condon, 1928; Gurney and Condon, 1929] in their search for an explanation
of alpha-particle emission from heavy nuclei. The Josephson junction — an oxide
layer sandwiched between two superconductors — is a more recent manifestation
of this quantum phenomenon; cf. e.g. [Josephson, 1982]. Let us consider here the
simplest model, quantum tunelling through a square one-dimensional barrier.

One verifies immediately that the Schrödinger equation

(113)

[
− 1

2m�
2 d2

dx2 + V (x)
]

Ψ(x) = EΨ(x) with

V (x) =




0 if x < a
Vo if − a < x < a
0 if x > a

where 0 < a <∞ and 0 < Vo <∞

admits, whenever 0 < E < Vo , a solution of the form

(114) Ψ(x) =




A−eikx + B−e−ikx if x < a
Aeκx + Be−κx if − a < x < a
A+eikx if x > a

with

(115) k =
{

2mE

�2

} 1
2

and κ =
{

2m(Vo − E)
�2

} 1
2

where the relative ratio of the five coefficients A−, B−, A,B,A+ in (114) are deter-
mined by imposing four conditions, namely that Ψ and its derivative be continuous
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at the boundaries x = ±a . In particular, these conditions imply

A− = A+eika
1

4ikκ

[
(κ + ik)2e−2κa − (κ− ik)2e2κa

]
.

Then from the reverse triangle inequality |a− b| ≥ max{|a| − |b| , |b| − |a|} :

∣∣∣∣A−
A+

∣∣∣∣ ≥ k2 + κ2

4kκ

(
e2κa − e−2κa

)
=

[
1
2

Vo√
E(Vo − E)

]
sinh 2κa

Since the term [...] is independent of � , let us emphasize the role of � by rewriting
the above formula as:

(116)
|A+|2
|A−|2 ≤ C [sinh 2κa]−2 .

From the definition of A± in (114), the left-hand side of (116) is to be inter-
preted as the transmission coefficient of the barrier. In the corresponding classical
model, 0 < E < Vo entails that this coefficient vanishes. Thus, to demand that
the quantum model approximates its classical counterpart is to require that the
quantum transmission coefficient be arbitrarily small, say

(117)
|A+|2
|A−|2 ≤ C [sinh 2K]−2

with K as large as one desires. To ensure that (117) is satisfied, the computation
leading to (116) shows that it is sufficient to have: κa > K , i.e.

(118) � < K−1 [2m(Vo − E)]
1
2 a .

Hence, the classical limit of the quantum system (113) now is controlled:

(i) mathematically, through the conjunction of (117) and (118);

(ii) physically, as (118) gives an estimate of its range of validity in terms of the
physical quantities that characterize this system

In this sense the classical limit is similar to the non-relativistic limit: the classi-
cal description emerges from the quantum theory in the same way as Newton’s
mechanics emerges from Einstein’s special relativity theory. The key to a proper
understanding is the evaluation of the domain of validity of the approximations.
Having done so, I have no qualm assuring my insurance agent that my car is not
going to tunnel out of my garage, nor do I worry about relativistic red-shift when I
drive my car in congested traffic. Such are the physical parameters that prevail in
my car, my garage and the town where I live; compare with [Gamov, 1940] where
Gamow pretends with didactic gusto that h � 1 ergsec or c � 15 km/hour.

2. The high temperature limit.
Following the Ehrenfests, I have repeatedly argued in this essay that in QSP, the
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classical regime emerges when the temperature is high enough. Typically, the
quantities that tell us the regime in which we operate are similar to (βh) with
β = 1/kT (where k is the Boltzmann constant k � 1.38× 10−16 erg degree−1).

To illustrate this point, let us review the results on the black-body radiation
(subsection 2.1) and the specific heat of solids (subsection 2.3).

We saw qualitatively that if hν � kT Planck’s formula of 1900, here (1), repro-
duces (5) which had been previously established by Wien in 1896 [Wien, 1896].
Quantitatively, Paschen and Wanner [Paschen and Wanner, 1899] had verified in
1899 that Wien’s formula is in agreement with laboratory data in the range of
visible light, i.e. for wave length λ = c/ν between 4000 Å and 7000 Å, for temper-
atures up to 4000 K; this is what we would call today the “quantum regime”. As
the temperature at the surface of the sun is about 6000 K, going to much higher
temperatures was then not an option. Nevertheless, as the ratio hν/kT is con-
cerned, raising T or lowering ν have the same effect; the latter means pushing the
observation into the infrared, which was possible at the time. Indeed, the following
year Lummer and Pringsheim [Lummer and Pringsheim, 1900] recorded system-
atic deviations from Wien’s formula when the wavelength reaches the range of 12
to 18 µ (recall 1µ = 10−6m and thus 12µ = 12 · 104Å, compared with ∼ 7 · 103Å
for visible red). This is the observation that prompted the purely classical deriva-
tion of the Rayleigh–Jones formula (6), and then Planck’s interpolation between
hν � kT (Wien) and hν � kT (Rayleigh–Jones). Experimentally, the passage
from Pashen and Wanner to Lummer and Pringsheim thus marks very sharply
in time (less than two years) the crossing of the boundary from the quantum to
the classical regimes. These two regimes are numerically characterized by their
distance |λ − λmax| from the wavelength λmax — or equivalently the frequency
νmax — at which the Planck distribution (1) passes through a maximum.

As for the specific heat of solids, upon revisiting equations (8) and (9) Debye
already verified that conclusion (10) can be sharpened to give the exact result

(119)
CV = 3R{4D(Θ

T )− 3(Θ
T )[ exp(Θ

T )− 1]−1}
where

D(x) =
∫ x
o

dt t3

et−1 and kΘ = hνo


 .

Scholium 2 was obtained by noticing that

D(x) �



1 for 0 < x� 1

1
5π4x−3 for x� 1

.

To go further than this, and determine the onset of the classical regime CV = 3R ,
requires one to notice two things. First, CV in (119) is a monotonically increasing
universal function of the variable Θ/T ; while it cannot be written in terms of
elementary functions, it can be computed numerically. Since Θ is known in term
of the cut-off νo on the vibrational frequencies of the crystal, its value can be
determined by mechanical means: for instance, at room temperature, Θ is about
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100 K (for lead) and about 400 K (for aluminium), with silver and copper in
between. For these, and many other metals, the measured values of the specific
heat fall remarkably close to the theoretical prediction (119); cf. e.g. [Wannier,
1966, fig.13.9, p.276]. This curve shows a monotonic and smooth passage from the
classical to the quantum regimes as the temperature decreases. Specifically, we can
now discuss quantitatively the onset of the classical regime. The exact expression
(119) entails that the first two terms in the expansion of CV for Θ/T � 1 give

(120) CV � 3R{1− 1
20

(
Θ
T

)2}
so that at room temperature T � 300 K, the correction to the classical value
CV = 3R ranges from about 0.6 % (for lead) to about 9 % for aluminium; both of
which are in good agreement with experimental data.

For other early recognitions of the emergence of the classical regime in high tem-
perature QSP, see subsections 2.4 and 2.6 where the classical ideal gas is recovered
as controlled high temperature limits of both the Bose and the Fermi quantum
gases.

3. The thermodynamical limit.
As its name indicates, the thermodynamical limit is designed to elicit various
macroscopic thermodynamical behaviours from microscopic mechanical models. I
find it convenient to separate here the problems addressed in non-equilibrium and
in equilibrium statistical physics.

a. Non-equilibrium physics. In the classical realm already, one appeals to the
large size of the systems considered to avoid the spurious appearance of recurrences
in the theoretical modeling of physical phenomena such as the thermodynamical
approach to equilibrium. For instance, to buttress Boltzmann’s kinetic theory of
gases, the Ehrenfests proposed the so-called dog-flea model, a stochastic model
later revisited by Mark Kac. This model is reviewed in [Emch and Liu, 2002,
section 3.4] where the results of a computer experiment are reported, involving N =
100 “fleas” jumping “at random” between two “dogs”: a tendency to approach
equilibrium is manifest during a few hundred jumps, whereas the frequency of
recurrences, which Kac showed to increase exponentially with N , is observed to
occur — as regularly as to be expected — over a range of several tens of thousands
of trials.

In the quantum realm, a model for an actual experiment, the nuclear free-
relaxation, is solved in subsection 3.3 above. Here again the model shows an
approach to equilibrium practically unaffected by a “recurrence time” that grows
as 2N , where N is the number of lattice sites in the system, a macroscopic CaF2

crystal. Hence the empirical justification for the limit N →∞ is that the relevant
time-parameter for the experimentalist is ∼ 21023

, which is indeed exorbitant;
accordingly, I could not discern from the laboratory [Lowe and Nordberg, 1957]
any concern about putative recurrences. The supporting analytic evidence is the
explicit size-correction given in equation (49) and discussed with some detail in
remarks 6.
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b. Equilibrium Physics. In equilibrium situations, the thermodynamical limit
is called upon to focus on properties of matter in bulk, so to speak navigating
the high seas, away from the shoals of boundary effects. This often requires some
elaborate rigging, in CSP as well as in QSP.

Roughly speaking, up to the middle of the twentieth century, this was achieved
by replacing sums by integrals, as in equations (13–14). As in other parts of
mathematical physics, this mathematical procedure is usually well under control,
albeit physics sometimes requires unusual precautions, as shown explicitly in the
caveat of equation (50).

Later on, especially in the modeling of phase transitions, when the emergence
of collective behaviour turned out to be essential for the understanding of the
phenomena at hand, and when existence questions were raised, more sophistication
was demanded. In particular, for the limit where the size of the system is allowed
to go to infinity, dimension enters the play; and then, in particular, the shapes of
the regions considered must be such that the ratio of the surface to the volume
goes to zero: cubes are fine; sponges are not. As indicated in the various models
presented in section 5, it is possible to carry out such limiting procedures explicitly
and successfully. The simplest examples are lattice systems, say spins on a lattice
Z
d . Examples of continuous systems are also given in this section 5; yet, in general,

such systems, say on IRd , require extra technical care to ensure spatial uniformity
and to avoid bundling effects; hence, in the latter cases the theory is not always
as fully controlled as one may desire; see nevertheless [Sewell, 2002]. Interactions
with extremely long range may pose further problems with regard to: (a) the
definition of the limiting state; and (b) the control of the limiting time evolution;
such situations were met in subsections 5.1 and 5.7.A.

4. The van Hove limit.
We encountered particular instances of this limiting procedure in subsections 3.5
and 5.4. But a more general discussion was postponed to the present section.

In a brillant transposition of a theme van Hove had heard played to justify the
Born approximation in the discussion of long-time asymptotic behaviour in scatter-
ing theory, he proposed in [van Hove, 1955] a variation allowing him to characterize
a regime where the time-scale of the irreversible macroscopic phenomena is em-
phasized over the time-scale of the underlying reversible, Hamiltonian microscopic
dynamics. Van Hove’s original presentations were conducted for specific models
by means of perturbation techniques, carried to all orders, in which he selected
for summation the “most divergent diagrams.” At first, his virtuoso performances
drew considerable scepticism; cf. e.g. [van Kampen, 1962]. The main problem
was to isolate the conditions under which the essentials of what would become
a theory may emerge from the contingent diagrammatics attached to the solu-
tion of particular models. Systematic mathematical treatments are now available
to show how a joint long-time/weak-coupling limit may lead from a conservative
unitary evolution to a contractive dynamical semi-group; cf. e.g. [Martin, 1979;
Davies, 1976a].
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In terms of the focus of this subsection, namely the control of limits that allow
one to ensure that the system considered is operating in a desired regime, here
exponential decay, one aims at proving a result of the following form; cf. e.g.
[Martin and Emch, 1975, section 4].

There exist finite constants τo > 0 and C > 0 such that for 0 ≤ λ2t ≤ τo :

(121)
∣∣∣∣ lim
|Λ|→∞

(Φ, Uo
−tUtΨ)Λ − (Φ, exp(−[Γ + i∆]λ2t)Ψ)

∣∣∣∣ ≤ λC

where Uo
−tUt describes the evolution in the so-called interaction picture, with Uo

t =
exp(−iHot) , Ut = exp(−i[Ho + λV ] t) ; Ho,H + λV,∆ are self-adjoint operators,
and Γ is not only self-adjoint, but also positive so as to describe decay in the
time range 0 ≤ τ := λ2t ≤ τo . Hence the term “long-time/weak-coupling limit”:
when the coupling constant λ is small enough [i.e. the RHS of 121 is small] the
evolution is approximated by the contractive semi-group S(τ) := exp(−[Γ+ i∆]τ)
with τ = λ2t ∈ [0, τo] , provided the time t is sufficiently large in the scale measured
by t � τ/λ2 .

The separation of the total Hamiltonian H = Ho+λV into an “unperturbed” or
“free” part Ho and an “interaction” λV must be justified. Van Hove proposed that
it is to be traced back to the fact that the observables of interest in irreversible
processes are macroscopic (see subsection 6.2 below), thus determining a joint
spectral resolution; then Ho appears as the “diagonal” part of H in this spectral
resolution. For instance, A =

∫
dkA(k)a∗(k)a(k) and Ho =

∫
dkε(k)a∗(k)a(k) .

This remark also helps justify the use of the interaction picture Uo
−tUt since it

entails that the observables of interest are invariant under the “free” evolution. As
the macroscopic observables are translation invariant, the notation

∫
dk is used to

suggest that the momentum representation corresponds to the spectral resolution
in which the observables and the free Hamiltonian are diagonal.

The understanding of the van Hove limit gained in the 1970s has since been
confirmed and extended; cf. e.g. [Bach et al., 2000; Derezinski and Früboes, 2005]
and references therein; for baselines [Davies, 1976a], [Emch and Liu, 2002, section
15.2] and [Alicki and Fannes, 2001].

Although I do not wish to elaborate on the following historical point, I may men-
tion incidentally that the use of the interaction picture helped van Hove discern in
his perturbation expansions some characteristic features of many-body physics by
which he suggested non-equilibrium QSP differ from the QFT supporting quan-
tum scattering theory. To this day, however, I am not sure whether van Hove’s
Delphian utterances have been properly digested into the corpus of contemporary
mathematical physics.

I should also mention here that coupled limits have been considered also in CSP.
An example is the Grad limit for classical gases in which the volume V is kept
fixed, the number of molecules N → ∞ , and the cross-section of the molecules
σ : = π d2 → 0 (thus the volume of each molecule v(∼ d3) → 0 and the density
of the gas ρ : = N

V → ∞ ), while the mean-free path λ = V
Nd2 is kept constant;

in [Grad, 1958], Grad proposed this limit as a mean to derive the Boltzmann
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equation. For further references relative to the latter problem, see [Uffink, 2006,
section I.6.2] or [Emch and Liu, 2002, section 3.3]; and in particular, for the 2-
dimensional Lorentz gas (with now σ = 2d), cf. [Martin, 1979] where it is pointed
out that the Grad limit and the van Hove limit (in a form of it adapted to this
model) are equivalent in one important sense: they both predict the same ratio
between the macroscopic time-scale validated by observations, and the microscopic
time-scale provided by the mean free time between two successive collisions.

The related philosophical issues about the roles that asymptotic reasoning plays
in explanation, reduction, and emergence are cogently discussed in [Batterman,
2002a]. The above four limiting procedures may bring additional water to this
epistemological mill; see already [Grad, 1967].

In closing this subsection, I should at least mention coarse-graining, yet an-
other procedure that has been transferred from the classical to the quantum realm
[van Kampen, 1954; Emch, 1964]. One of the reasons for not bringing it up in
this essay is that I did not need it for the considerations I developed here. And
the reason for this may be that I have come to believe that the primacy of coarse-
graining has been largely superseded by the syntax of infinite systems which allows
one to bypass several awkward issues about the relations between the micro- and
macroscopic worlds; see for instance in subsection 6.3 below. Yet, as with the ther-
modynamical limit, coarse-graining helped explore those macroscopic properties
one wishes to see emerging from finer descriptions; in so doing, it also emphasizes
that distinguishing differences of scales or tempi enables smooth negotiations of
such passages.

6.2 Macroscopic observables

Coming back to the general formalism, assuming that the thermodynamic limit has
been taken, and concentrating on space-translations, subsection 3.5 emphasized
one feature that is new to quantum ergodic theory. Space-averaged observables are
essential observables in the sense of the theory of superselection sectors prompted
by [Wick et al., 1952], i.e. they commute with all quasi-local observables and
among themselves. This is yet another classical aspect of quantum theory. The
specific classical description that emerges in this manner depends on the global
preparation of the system (but is insensitive to local perturbations) as the very
definition — and values — of these space-averaged observables depends on the
translation-invariant state ϕ of the system one considers. This aspect of quantum
ergodic theory shows up as a direct consequence of the “locality” assumed in the
Haag–Kastler axioms.

Hence it is proper to regard the emergence of a classical macroscopic descrip-
tion out of a quantum microscopic description as a consequence of translation-
invariance and locality; cf. subsections 3.5.B and 5.7. As we saw, the passage to
the thermodynamical limit and the attendant emergence of macroscopic observ-
ables allow one to discern the simultaneneous existence of several thermodynamical
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pure phases, as for instance the non-vanishing magnetization in zero magnetic field
signals the presence of a permanent magnet. Similarly, the laboratory observation
of a discontinuity in the derivative of the isotherms at the ends of the Maxwell
plateau is better understood if one takes the thermodynamical limit: otherwise,
the isotherms are analytic all along and the theoretical description of their experi-
encing so extreme a bend is simply neither convenient nor useful when considering
a cup of tea. And again, nobody would claim that when receiving their drinks
they recognize the ice-cubes only because the size of these is infinite ... which,
mercifully, it isn’t. Yet, the Landau criterion for distinguishing a solid from a
fluid (see subsection 5.7.b) is strictly valid only when the thermodynamical limit
is considered. This is a paradox only when the definition of limits is forgotten;
here as elsewhere in physics, the key to the proper understanding of limits lies in
their manifesting the emergence of qualitatively different regimes.

For time-averaged observables, the situation is more complicated. Recall some
basic facts. To any time-invariant state ϕ the GNS construction associates a
representation πϕ of the C∗−algebra A of quasi-local observables, and a unitary
representation of the time evolution under which the von Neumann algebra ob-
tained as the weak-operator closure of πϕ(A) , namely Nϕ : = πϕ(A)′′ , is stable.
Then, while the time-average of an observable always belongs to Nϕ as does its
space-average, the time-average now also belongs to the commutant Nϕ′ = πϕ(A)′

of this algebra, and thus to its center Zϕ := πϕ(A)′′ ∩ πϕ(A)′ , if and only if the
evolution is η−abelian. The latter condition — see equation (61) — may be sat-
isfied in some particular models, but its status is as yet too precarious to enshrine
this condition as a general “axiom” on the same footing as “locality”.

In spite of the limitation just described, some of the remaining ergodic properties
of observables under the time-evolution, together with some of the applications of
the theory, were discussed in subsection 3.5.A.

6.3 The quantum measurement process viewed from the perspective
of QSP

The technical literature on quantum measurement underwent some striking de-
velopments in the 1970s — cf. e.g. [Hepp, 1972; Bell, 1975; Whitten-Wolfe and
Emch, 1976]; and also [Emch, 2003; Sewell, 2005] — in part as a consequence of
the advent of the algebraic approach to QSP.

Insofar as there was a consensus on what the problem was, the original doctrine
is best expounded in Wigner’s careful exegesis of what he called the “orthodox”
theory of von Neumann [von Neumann, 1932c]; Wigner’s papers are collected in
[Wigner, 1997, Part II] and [Wigner, 1995, Part II]; Wigner’s positions on the
subject were last stated in [Wigner, 1984]. Some of the philosophical issues are
outlined in [Dickson, 2006].

A renewal in the understanding and implementation of several of the basic
tenets of the doctrine was largely motivated by two critiques repeatedly advanced
by Wigner himself. The first critique was that “to increase the accuracy of the
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measurement one has to use a very large measuring apparatus” [Wigner, 1995, p.
177] or “the large size of the apparatus appears to be essential for the possibility
of a measurement” [Wigner, 1995, p. 178]. The second critique is the problem of
infinite regress — the so–called Wigner’s friend argument; cf. e.g. [Wigner, 1995,
p. 215] — that follows from the necessity “to consider the system that has been
called, so far, the apparatus, to be the object of the measurement. In other words,
one will bring this apparatus into interaction with a new measuring object ... [and
so on]”; [Wigner, 1995, pp. 208-9]. As this does not appear to be a problem with
which one is usually concerned in the analysis of classical measurements, Wigner
reiterated a statement he attributed to Fock, but which he said he believed to
be part of the teaching of the “Copenhagen school”, namely that: “Measuring
instruments must be described classically”; of singular relevance to the present
essay, this quote is taken from a paragraph Wigner entitled “Is the measuring
apparatus macroscopic?” [Wigner, 1995, p. 205].

The reason I believe to be at the core of this awkwardness is that in Wigner’s
heydays, physicists were still in awe of a perceived dichotomy between the classical
and the quantum worlds. Hence a new branch of the literature on the quantum
measuring problem could develop when a solution of continuity was found that
bridges these two descriptions — quantum and classical — of the one world in
which we live. This happened when the conceptualization of the physical role of
limiting proceedures came under control and, in particular, the concept of macro-
scopic observables was understood; see subsections 6.1 and 6.2 above, references
therein, and [Landsman, 2006]. I claim that the concepts developed to deal with
QSP can help construct a measuring apparatus that is described in quantum terms
and yet behaves, qua measuring apparatus, in a classical regime. I will now indi-
cate how at least this part of the conceptual problems associated with quantum
measurement has been clarified.

Let AS be the algebra of observables for the system to be measured, and let
B ⊂ AS be an abelian subalgebra, the self-adjoint elements of which are the
observables of interest. In the interest of formal simplicity I make here the following
assumptions, parts of which are easy to dispense with.

• AS contains a unit IS and is a collection of finite-dimensional matrices.

• The spectrum of B is non-degenerate; hence every observable B ∈ B is of the
form B =

∑
k bkQk with Qk = Q∗

k ; QkQl = δklQk ;
∑
k Qk = I ; and dim

Qk = 1 .

Initially, the system of interest is in the state ϕS : A ∈ AS → TrρA ∈ |C , and we
want the measuring process to determine, for all B ∈ B the values ϕS(B) , i.e. for
all k , the values λk = ϕS(Qk) , so that we can compute ϕS(B) =

∑
k bkλk .

For this measurement, a team of quantum engineers will be asked to build
a dedicated measuring apparatus described by an algebra AM with self-adjoint
“pointers” Mk which are in bijective correspondence with the Qk . They prepare
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this apparatus in the state ϕM . For simplicity, they assume that their AM contains
a unit IM and that they arrange for

∑
k Mk = IM . And finally, they try to build

an interactive Hamiltonian mechanism such that when the system of interest and
the apparatus are brought into contact the initial state ϕo = ϕS⊗ϕM on AS⊗AM
will evolve in such a manner that the following two conditions are satisfied:

(a) concerning the measuring apparatus:

(122) ∀Ml :




ϕM (Ml) −→ ϕp(Ml) =
∑
k λkψk(Ml) where

ψk(Ml) = δkl with no dispersion
;

(b) concerning the system to be measured:

(123) ∀AS ∈ AS :




ϕS(AS) −→ ϕp(AS) =
∑
k λkϕk(AS) where

ϕk(AS) =
{

ϕS(Qk)−1ϕS(QkASQk) when λk �= 0
ϕS(AS) when λk = 0

.

Let me comment on these design requirements. Note first that (122) would
deliver the values λk = ϕS(Qk) from which one computes the expectation values
ϕS(B) of all observables for the measurement of which the apparatus was designed.
I will specify later — see (125) — what is meant by the requirement that the result
of the measurement be “without dispersion”, i.e. formally ϕp([X−ϕp(X)I]2) = 0 .

To relate the requirement (123) to the familiar textbook description of the
measuring process, consider briefly the particular form it takes in the von Neumann
framework where ϕS is a pure state on the algebra AS = B(HS) and the Qk are
one-dimensional; let {Φk} be an orthonormal basis in HS with QkΦl = δklΦk ; in
term of this basis, one can write, without loss of generality ϕS(AS) = (ΦS , ASΦS)
with ΦS =

∑
k ckΦk ; and λk = |ck|2 . Then (123) takes the form ϕp(AS ⊗ IM ) =

Tr(ρpAS) with ρp =
∑
k |ck|2Qk . Hence, viewed from AS , the pure state-vector

ΦS evolves to the mixed density matrix ρp . In this sense, (123) is the general form
of the so-called von Neumann (non-selective) collapse postulate for the case where
the initial state of the system is not necessarily a pure state.

Note that (122) and (123) are reduced descriptions of the evolution of the state
ϕo : these requirements demand only that the evolution of special observables be
followed; these special observables are: (a) the pointers Ml of the apparatus; and
(b) all observables AS pertaining to the system S . In particular, the requirement
(123) would not be incompatible with a measuring process (which we denote as
−→ ) driven by a unitary evolution of the composite system ∪ apparatus .

In line with von Neumann’s “relative frequencies” view of quantum probability
— explicitly inspired by von Mises [von Neumann, 1932c, fn. 156] — the general
form (123) applies best to a measurement performed on a beam of particles rather
than separately on individual particles. Hence — in line with the interpretation
of ‘states of physical systems’ stated in subsection 3.1 — this description of the
measuring process understands that the initial state of the system S is viewed
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as a summary of its preparation. For instance, in the historical Stern–Gerlach
experiment, an incident beam of silver atoms was produced by evaporation from
a heated oven; cf. [Jammer, 1966, p. 133]. Thus, what the experimentalists knew
was the direction of the beam and the temperature of the oven: the latter surely
a macroscopic notion! Similarly, the initial state of the measuring apparatus is
viewed here as the result of its preparation; adhering to this pragmatic interpreta-
tion, one ought not to impose on the initial state of a (large!) measuring apparatus
that it be pure: plainly this would require an exhorbitant amount of information
to be entered in its preparation — information that ought not to be actually nec-
essary for the adequate performance of measurements aiming to collect the simple
microscopic information described by the distribution {λk} .

Due to all sorts of pesky circumstances — e.g. the recurrences present in finite
systems or the intrusion of the “Wigner’s friend” (introduced earlier in this sub-
section) — our apparatus builders would be exposed to dire frustrations, unless
they be granted enough time and space so that the following idelaization is a close
enough approximation — to a degree chosen in advance — of their implementation
of the measuring process ϕo −→ ϕp , namely:

(124) ϕp(X) := lim
t→∞ lim

|Λ|→∞
ϕo(αΛ

t [X]) with X =




AS ⊗ IM
or
IS ⊗MΛ

k

,

choosing the pointers so that in the thermodynamical limit, lim|Λ|→∞ Mk exist
and define ‘essential’ observables — in the sense of subsection 6.2 above; in partic-
ular, the reader may want to review the connection with superselection rules — i.e.
observables that the orthodox theory would construe to be classical. The require-
ment “without dispersion” in (122) may now be specified, namely one demands
that

(125) lim
t→∞ lim

|Λ|→∞
[
ϕo(αt[(Mk]2)Λ − {ϕo(αt[(Mk])Λ}2

]
= 0 .

There is even an additional benefit in allowing the thermodynamical limit in
(124), namely that one may demand that the experimental set-up be such that the
result (124) of the measurement be empirically insensitive to local perturbations in
the preparation of the initial state ϕM of the apparatus. This requirement means
that ϕp(X) in (124) do not change when the initial state ϕM of the apparatus is
replaced by any state ψM : A ∈ AM → ϕM (D∗AD) ∈ |C where D is any (quasi-
)local element of AM satisfying the normalization ϕ(D∗D) = 1 ; or, even more
generally, by any state ψM normal on the von Neumann algebra πϕM

(AM )′′ . Such
robustness pertains to the pragmatic demand that the preparation of a large(!)
measuring apparatus be reasonably simple.

Here ends — at least for the main purpose of this subsection — the list of spec-
ifications demanded from our quantum engineers when constructing a measuring
device.

The contribution of algebraic QSP to the solution of the quantum measurement
problem is this: the above programme can be completely implemented in the
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sense that specific and rigorously controllable models have been built satisfying
all of the above specifications. These models therefore establish the applicability
of the algebraic approach to the foundations of physics beyond the limitations
of what Wigner called the orthodox theory. In sum, this approach encompasses
the description of classical regimes unknown within the confines of the orthodox
theory; cf. e.g. [Hepp, 1972; Whitten-Wolfe and Emch, 1976; Emch, 2003; Sewell,
2005] and other references listed in [Landsman, 2006, subsection 6.6].

An objection to (124), namely that real-world laboratories are finitely extended
in space and in time is seductive. But it neglects the main understanding that
presides over taking a limit: recall subsection 6.1 above. Here also the limit defines
an asymptotic regime; thus, the control of the limiting procedures allows to take
into account that good experiments do require expenses in room and allotments of
time, each to be evaluated in terms of the precision to which one aims. The mea-
suring process involves a particular instance of a general macroscopic phenomenon,
the “approach to equilibrium”. In subsection 6.1(3) above, I commented again on
the role of the thermodynamical limit |Λ| → ∞ in the emergence of this regime.

The role of the subsequent limit t → ∞ deserves a further comment in the
context of the measurement process: it does not say that an infinite time is required
to register the result of the measurement, but rather, in accordance with our
general understanding of the role of limits, the existence of the limit t→∞ asserts
that for every ε > 0 , there exists a time Tε that can be evaluated, and is such
that the measurement has been completed for ever, within the required precision ε ,
when t > Tε . Thus in contrast with the constraint of the orthodox theory requiring
that the unitary evolution be sharply interrupted at the ‘end’ of the measurement
process, our quantum engineers do not need to make provisions for switching off
the measuring device. Now, not taking first the limit |Λ| → ∞ , only requires them
to review their estimate of the effects of the finite size of the apparatus; from this
estimate, they evaluate how large the apparatus must be so as to allow a generous
time TΛ before which they have to switch off the measurement and avoid some
nasty kickback. The controlled limit |Λ| → ∞ is thus not a pragmatic limitation
to the validity of the theory any more than is the theoretical implementation of
the thermodynamical limit (N →∞ , |Λ| → ∞ with D := N/|Λ| fixed) to remove
astronomically long recurrences from the description of the cooloing down of your
everyday cup of coffee. The description obtained in the thermodynamical limit is
closer to the pragmatic account of the observed cooling down than would be its
description as occuring in a finite system: the latter description would indeed be
hampered by superfluous, irrelevant details. To sum up, in the actual construction
of models for the measuring process, the problems that our quantum engineers
encountered were not with satisfying the ancillary condition Tε � τ � TΛ where
τ denoted the laboratory time-scale on their wristwatch. See nevertheless [Bell,
1975].

While the models do prove that all the demands of the above programme are
compatible, it is in the very nature of models that they cannot prove that
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(i) the conditions of the programme are necessary to an understanding of the
measuring process; nor

(ii) the conditions of the programme are sufficient, as other demands may be
made, and other conditions may need to be required.

Concerning remark (i), the programme presented above emphasizes possible
contributions that QSP can bring to an understanding of the quantum measure-
ment process. One specific aim was to avoid having the theories of the measure-
ment process beached on a conceptual sandbar between the quantum and classical
worlds: the programme exploits circumstances where QSP shows how the quan-
tum description of the one world encompasses conceptually important classical
aspects. Thus the irreducible quantum/classical dichotomy has now faded into
more comprehensive views, QSP being one of them. The emergence of classical
behaviour in quantum theory is also one of the significant aspects of the deco-
herence programme, although the likely confluence of these two approaches has
not yet gained universal acceptance. For a fair description of the latter issues,
and their bearing on the measurement problem, I would recommend [Landsman,
2006]; and for a vivid and somewhat confrontational exchange on the relevance of
decoherence in this context, [Anderson, 1994; Adler, 2003].

Remark (ii) above has at least two aspects. One of these aspects is that while
the models that establish the internal consistency of the programme discussed in
this subsection are treated with mathematical rigour, they can hardly be viewed
as sufficiently realistic to satisfy our colleagues on the laboratory floor. Another
aspect of the above remark (ii) on sufficiency, is that I do not know how the
algebraic QSP would be helpful for formulating some of the remaining challenging
questions still open in the theory of quantum measurement. If I had to single out
one among these, I would direct attention first to measurements now “routinely”
performed on an individual quantum system; cf. e.g. [Rauch and Werner, 2000]
or [Rauch, 2005]. Whether the so-called “many worlds” and “consistent histories”
approaches are really called for here is too wide a question to be addressed in this
essay on QSP; cf. [Dickson, 2006; Landsman, 2006].

6.4 Mathematical physics vs. theoretical physics

Several largely unsolved problems may have been overshadowed by the abundant
literature on the “return to equilibrium” of small or local deviations that are driven
back to equilibrium by a thermal bath; for models of such coupled systems, see
paragraphs A and C in subsection 6.4.

Most of the problems discussed below occur also in classical statistical physics;
QSP offers little to alleviate them, but a little it does do, and here is how.

The first of these problems is to avoid an infinite regress: if a (small) system
of interest is driven to equilibrium by a (large) thermal reservoir, whence is the
reservoir getting its own canonical equilibrium and temperature? Rather than a
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conceptual answer to this question, the KMS condition was originally conceived
as a clever, but formal, transcription — from theoretical to mathematical physics
— that turned out to be a wonderfully useful organizing tool.

This very success demanded that the KMS condition be given a deeper physical
justification. Substantial answers were found later, diversely expressed as several
stability conditions. The latter were presented in subsection 5.4 in an order in
which their formulations increasingly sound more like bona fide variational prin-
ciples. This development is thus in line with the widely held opinion that “a
variational principle is considered to be the supreme form of a law of physics”
[Itô, 1987, Art. 441]. This is good, but as in other fields, a philosophical question
persists as to whether any science ought to be solely, or ultimately, founded on
variational principles as mechanics and so many sciences have since the eighteenth
century. Theoretical physics may have offered some other considerations in this
regard, such as the “big-bang” and “decoherence,” but their explanatory value,
consistency and adequacy remain to be proven. In the meantime, it is not unrea-
sonable to prefer the updated variational principles with which algebraic QSP has
proven able to refine their more traditional versions.

A second problem raised by the physics literature on the return to equilibrium
concerns the description of global transport phenomena such as heat conduction
and electric resistivity due to the interactions between electrons and phonons or
random impurities in metals. Van Hove proposed a programme — of which the
van Hove limiting procedure is a part, see subsection 6.1(4) above — to approach
this type of question. One of the remaining problems is to produce mathemat-
ically clean arguments for the claims that are made. An even larger problem
still to be fully mastered is to go beyond the contingencies of particular ad hoc
models. This will require one to explain in physical terms amenable to a math-
ematical description the general microscopic properties actually responsible for
a realistic delineation of the time-scales and/or regimes in which one observes
such macroscopic phenomena; the first examples that come to mind are New-
ton’s “cooling law” and Fourier’s “heat” theory, i.e. the exponential tempera-
ture equilibration of temperatures and the flow of heat that governs the steady
temperature distribution in materials placed between sources at different tem-
peratures. The materials presented in this essay, particularly in subsections 3.5
[e.g. eqn. (57)] or 5.4 [e.g. eqn. (86)], exemplify some of the first steps that
have been taken profitably along this road. Further, and promising but still for-
mal, results have been obtained in [Eckman et al., 1999; Bonetto et al., 2000;
Bach et al., 2000], yet much remains to be done to bridge these with earthly con-
cerns for an understanding that would allow one to compute realistic estimates of
the value of specific material transport coefficients.

A third and perhaps more troubling problem. Time-reversal or not [Earman,
2002; Fredenhagen, 2003], even in my dreams I have not yet seen any “cosmological
arrow of time” flying convincingly through the landscape of the C∗−algebraic
approach developed for QSP ... but neither may such a flight be ruled out as a
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heretical foray into this formalism [Buchholz, 2003].

A fourth direction in which to look for extensions of the programme of QSP is
concerned with situations arising far away from equilibrium.

Yet a fifth arena for investigations has opened, where a connection with the
algebraic approach to QSP is emerging. It will indeed be interesting to observe
whether and how the maturing mathematical theory of quantum stochastic pro-
cesses [Parthasarathy, 1995; Hudson, 1998] will or may throw new light on the
reduction process of statistical mechanics.

Finally, QSP has of course found most of its pragmatic confirmation in the
praxis of condensed matter physics and the extension of the latter into the study of
complex phenomena. However, getting enmeshed here into the technical concrete
details indispensable to the full mastery of this praxis would have carried us much
beyond the confines of this essay. A richly documented overview of the scope of
this field of enquiry may be found in [Anderson, 1994]. Yet, as with [Feynman,
1998], such matters need to be taken up again to weave in more threads and knots
as well as to incite new philosophical reflections:

Vingt fois sur le métier remettez votre ouvrage ...
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[Gibbs, 1902] J.W. Gibbs. Elementary principles of statistical mechanics, developed with special

reference to the rational foundation of thermodynamics. Scribner, New York, 1902.
[Glimm et al., 1990] J. Glimm, J. Impagliazzo and I. Singer, editors. The legacy of John von

Neumann. Proceedings of Symposia in Pure Mathematics, volume 50, 1990.
[Gorini et al., 1978] V. Gorini, A. Frigerio, M. Verri, A. Kossakowski and E.C.G. Sudar-

shan. Properties of quantum Markovian master equations. Reports on Mathematical Physics,
13:149–173, 1978.

[Gouy, 1888] L. Gouy. Note sur le mouvement brownien. Journal de Physique (2), 7:561–564,
1888.

[Grad, 1958] H. Grad. Principles of the kinematic theory of gases, volume 12 of Handbuch der
Physik. Springer, Berlin, 1958. See also [Grad, 1963].

[Grad, 1963] H. Grad. Asymptotic theory of the Boltzmann equation. Physics of Fluids, 6:147–
181, 1963.

[Grad, 1967] H. Grad. Levels of description in statistical mechanics and thermodynamics, pages
49–76 in [Bunge, 1967].

[Greenleaf, 1969] F.P. Greenleaf. Invariant mean on topological groups. van Nostrand–Reinhold,
New York, 1969.

[Gurney and Condon, 1928] R.W. Gurney and E.U. Condon. Quantum mechanics and radioac-
tive disintegration. Nature, 122:439, 1928. See also [Gurney and Condon, 1929].

[Gurney and Condon, 1929] R.W. Gurney and E.U. Condon. Quantum mechanics and radioac-
tive disintegration. Physical Review, 33:127–140, 129. See also [Gamov, 1928].

[Gutzwiller, 1990] M.C. Gutzwiller. Chaos in classical and quantum mechanics. Springer, New
York, 1990.

[Haag, 1955] R. Haag. On quantum field theory. Matematisk-Fysiske Meddelelser Danske Vi-
denskabernes Selskab, 29(12), 1955.

[Haag, 1959a] R. Haag. Discussion des “axiomes” et des propriétés asymptotiques d’une théorie
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gas et sur son rapport avec la théorie de la diffusion. Bulletin International de l’Académie
des Sciences de Cracovie, 1906:202–213; reprinted with translation, pages 29–42 in [Ingarden
et al., 1999]. See also [Smolukowski, 1906b].

[Smolukowski, 1906b] M. Smolukowski. Zur kinetischen Theorie der Brownschen Molekular Be-
wegung und der Suspensionen. Annalen der Physik, 21:755–780, 1906.

[Smolukowski, 1916] M. Smolukowski. Drei Vorträge über Diffusion, Brownsche Molekularbe-
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ISSUES IN THE PHILOSOPHY OF
COSMOLOGY

George F R Ellis

1 INTRODUCTION

Cosmology is the study of the large-scale structure of the Universe, where ‘the
Universe’ means all that exists in a physical sense [Harrison, 2000]. This is to be
distinguished from the Observable Universe, namely that part of the Universe con-
taining matter accessible to our astronomical observations, which is a subset of the
Universe proper. Thus cosmology considers the vast domain of galaxies, clusters
of galaxies, quasi-stellar objects, etc., observable in the sky by use of telescopes of
all kinds, examining their nature, distribution, origins, and relation to their larger
environment. Observational cosmology [Hoyle, 1960; Kristian and Sachs, 1966;
Gunn et al., 1978; Sandage et al., 1993; Bothun, 1998] aims to determine the
large-scale geometry of the observable universe and the distribution of matter in
it from observations of radiation emitted by distant objects, while physical cos-
mology [Peebles, 1971; Sciama, 1971; Weinberg, 1972; Silk, 2001; Perkins, 2005;
Dodelson, 2003] is the study of interactions during the expansion of the uni-
verse in its early hot big bang phase, and astrophysical cosmology [Sciama, 1971;
Peebles, 1993b; Padmanbhan, 1993; Rees, 1995; Dodelson, 2003] studies the re-
sulting later development of large-scale structures such as galaxies and clusters
of galaxies. Various forms of quantum cosmology (see e.g. [Hawking, 1993;
Gibbons et al., 2003; Copeland et al., 2005]) and studies of particle physics aspects
of cosmology [Kolb and Turner, 1990; Peacock, 1999; Allday, 2002; Perkins, 2005;
Dodelson, 2003] attempt to characterize the epochs before the hot big bang phase.
These studies function in a mainly symbiotic way, each informing and supplement-
ing the others to create an overall cosmological theory of the origin and evolution
of the physical universe [Bondi, 1960; Harrison, 2000; Silk, 1997].

A unique role of the universe is in creating the environment in which galaxies,
stars, and planets develop, thus providing a setting in which local physics and
chemistry can function in a way that enables the evolution of life on planets such
as the Earth. If the cosmological environment were substantially different, local
conditions would be different and in most cases we would not be here [Carr and
Rees, 1979; Davies, 1982; Barrow and Tipler, 1984; Tegmark, 1998; Rees, 1999]
— indeed no biological evolution at all would have taken place. Thus cosmology
is of substantial interest to the whole of the scientific endeavor, for it sets the
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framework for the rest of science, and indeed for the very existence of observers
and scientists. It is unique as the ultimate historical/geographical science.

Cosmology as a serious scientific study began with the discovery of Einstein’s
static universe in 1917, followed by the key observational discovery of the lin-
ear redshift-distance relation by Hubble in 1929, indicating the expansion of the
universe, and the development of theoretical understanding of the geometry and
dynamics of the non-static Friedmann-Lemâıtre models with their Robertson-
Walker geometry [North, 1965; Berendzen et al., 1976; Smith, 1982; Ellis, 1989;
Kragh, 1996]. It has been transformed in the past decades into a mainstream
branch of physics [Barnett et al., 1996; Nilsson et al., 1991] by the linking of nuclear
and particle physics theories to observable features of the cosmos [Weinberg, 1972;
Kolb and Turner, 1990; Peacock, 1999; Allday, 2002; Dodelson, 2003], and into
an important part of astronomy because of the massive flow of new astronomical
data becoming available [Gunn et al., 1978; Harwit, 1984; Bothun, 1998], partic-
ularly through new ground-based telescopes such as Keck and through balloon
and satellite observatories such as the Hubble Space telescope (optical and ultra-
violet), IRAS (infra-red), ROSAT (x-ray), and COBE and WMAP (microwave).
Thus the subject has progressed from a mainly mathematical and even philosoph-
ical exercise to an important part of mainstream science, with a well-established
standard model confirmed by various strands of evidence [Weinberg, 1972; Peebles
et al., 1991; Silk, 1997; Peacock, 1999; Dodelson, 2003]. Nevertheless because of
its nature, it is different from any other branch of the natural sciences, its unique
features playing themselves out in the ongoing interaction between speculation,
theory, and observation.

Cosmology’s major difference from the other sciences is the uniqueness of its
object of study — the Universe as a whole [McCrea, 1953; McCrea, 1960; Munitz,
1962] — together with its role as the background for all the rest of physics and
science, the resulting problems being accentuated by the vast scale of the universe
and by the extreme energies occurring in the very early universe. We are unable
to manipulate in any way its originating conditions, and there are limitations
on our ability to observe both to very distant regions and to very early times.
Additionally, there are limits to our ability to test the physics relevant at the
earliest epochs. Consequently it is inevitable that (as is also the case for the other
historical sciences) philosophical choices will to some degree shape the nature of
cosmological theory, particularly when it moves beyond the purely descriptive to
an explanatory role [Matravers et al., 1995] — that move being central to its
impressive progress in recent decades. These philosophical choices will strongly
influence the resulting understanding, and even more so if we pursue a theory with
more ambitious explanatory aims.

After a substantial outline of present day cosmology in Section 2, these issues
will be explored in the subsequent sections, based on a series of thirty-four Theses
clustered around nine key aspects of the nature of cosmology, broadly speaking
relating to geometry, physics, and philosophy, that frame the context of the philo-
sophical issues facing cosmology and its relation to local physics. I believe this
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formulation helps focus on specific issues of importance in this relation. To those
who believe cosmology is simply about determining a number of physical parame-
ters, this will seem a vastly over-complicated approach; but then a major purpose
of this paper is precisely to counter such simplistic visions of the nature of cos-
mology. For other reports on the philosophy of cosmology, see [McCrea, 1970;
Munitz, 1962; Ellis, 1991; Leslie, 1994; Leslie, 1998].

2 OUTLINE OF COSMOLOGY

A series of basic features of present day cosmology are now well established.
Decades of painstaking work has established the distances of galaxies and hence
the huge scale of the universe, as well as the basic feature that the universe is ex-
panding and evolving; the old dream of a static universe is unviable [Ellis, 1990].
Cosmology proceeds by assuming the laws of physics are the same everywhere, and
underlie the evolution of the universe. The dominant role of gravity, despite its
weakness, then arises from the fact that it is the only known force acting effectively
on astronomical scales (the other known long-range force is electromagnetism, but
in this case negative charges balance out positive charges, leaving no resultant
large-scale effect). Consequently, cosmological theory describing all but the very
earliest times is based on the classical relativistic theory of gravitation, namely
Einstein’s General Theory of Relativity [Malament, 2006], with the matter present
determining space-time curvature and hence the evolution of the universe. The
way this works out in any particular situation depends on the nature of the mat-
ter/fields present, described by their effective equations of state and interaction
potentials.

The survey of cosmology in this section looks successively at the basic models
of cosmology; the hot big bang; cosmological observations, including the Cosmic
Background Radiation anisotropy spectrum; causal and visual horizons, and their
implications; recent theoretical developments (including inflation); the very early
universe; and the present concordance model, which includes both dark matter
and dark energy.

2.1 Basic Theory

Cosmology starts by assuming that the large-scale evolution of spacetime can be de-
termined by applying Einstein’s field equations of Gravitation (‘EFE’) everywhere:
global evolution will follow from local physics. The standard models of cosmology
[Robertson, 1933; Ehlers, 1993; Weinberg, 1972; Hawking and Ellis, 1973] are based
on the assumption that once one has averaged over a large enough physical scale,
isotropy is observed by all fundamental observers (the preferred family of observers
associated with the average motion of matter in the universe). When this isotropy
is exact, the universe is spatially homogeneous as well as isotropic [Walker, 1944;
Ehlers, 1993; Ellis, 1971a]. The matter motion is then along irrotational and shear-
free geodesic curves with tangent vector ua, implying the existence of a canoni-
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cal time-variable t obeying ua = −t,a. The Robertson-Walker (‘RW’) geome-
tries used to describe the large-scale structure of the universe [Robertson, 1935;
Walker, 1936] embody these symmetries exactly. Consequently they are confor-
mally flat, that is, the Weyl tensor is zero:

(1) Cijkl := Rijkl+ 1
2 (Rikgjl+Rjlgik−Rilgjk−Rjkgil)− 1

6R(gikgjl−gilgjk) = 0;

this tensor represents the free gravitational field, enabling non-local effects such as
tidal forces and gravitational waves which do not occur in the exact RW geometries.

Comoving coordinates can be chosen so that the metric takes the form:

(2) ds2 = −dt2 + S2(t) dσ2, ua = δa0 (a = 0, 1, 2, 3)

where S(t) is the time-dependent scale factor, and the worldlines with tangent
vector ua = dxa/dt represent the histories of fundamental observers. The space
sections {t = const} are surfaces of homogeneity and have maximal symmetry:
they are 3-spaces of constant curvature K = k/S2(t) where k is the sign of K. The
normalized metric dσ2 characterizes a 3-space of normalized constant curvature k;
coordinates (r, θ, φ) can be chosen such that

(3) dσ2 = dr2 + f2(r)
(
dθ2 + sin2 θdφ2

)
where f(r) = {sin r, r, sinh r} if k = {+1, 0, −1} respectively. The rate of expan-
sion at any time t is characterised by the Hubble parameter H(t) = Ṡ/S.

To determine the metric’s evolution in time, one applies the Einstein Field
Equations (‘EFE’), showing the effect of matter on space-time curvature, to the
metric (2,3). Because of local isotropy, the matter tensor Tab necessarily takes a
perfect fluid form relative to the preferred worldlines with tangent vector ua:

(4) Tab = (µ + p/c2)uaub + (p/c2)gab

(c is the speed of light). The energy density µ(t) and pressure term p(t)/c2 are
the timelike and spacelike eigenvalues of Tab. The integrability conditions for the
EFE are the energy-density conservation equation

(5) T ab;b = 0 ⇔ µ̇ + (µ + p/c2)3Ṡ/S = 0 .

This becomes determinate when a suitable equation of state function w := pc2/µ
relates the pressure p to the energy density µ and temperature T : p = w(µ, T )µ/c2

(w may or may not be constant). Baryons have {pbar = 0⇔ w = 0} and radiation
has {pradc2 = µrad/3 ⇔ w = 1/3, µrad = aT 4

rad}, which by (5) imply

(6) µbar ∝ S−3, µrad ∝ S−4, Trad ∝ S−1.

The scale factor S(t) obeys the Raychaudhuri equation

(7) 3S̈/S = −1
2
κ(µ + 3p/c2) + Λ,
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where κ is the gravitational constant and Λ the cosmological constant.1 This
shows that the active gravitational mass density of the matter and fields present
is µgrav := µ + 3p/c2 . For ordinary matter this will be positive:

(8) µ + 3p/c2 > 0 ⇔ w > −1/3

(the ‘Strong Energy Condition’), so ordinary matter will tend to cause the universe
to decelerate (S̈ < 0). It is also apparent that a positive cosmological constant
on its own will cause an accelerating expansion (S̈ > 0). When matter and a
cosmological constant are both present, either result may occur depending on
which effect is dominant. The first integral of equations (5, 7) when Ṡ �= 0 is the
Friedmann equation

(9)
Ṡ2

S2
=

κµ

3
+

Λ
3
− k

S2
.

This is just the Gauss equation relating the 3-space curvature to the 4-space cur-
vature, showing how matter directly causes a curvature of 3-spaces [Ehlers, 1993;
Ellis, 1971a]. Because of the spacetime symmetries, the ten EFE are equivalent
to the two equations (7, 9). Models of this kind, that is with a Robertson-Walker
(‘RW’) geometry with metric (2, 3) and dynamics governed by equations (5, 7, 9),
are called Friedmann-Lemâıtre universes (‘FL’ for short). The Friedmann equa-
tion (9) controls the expansion of the universe, and the conservation equation (5)
controls the density of matter as the universe expands; when Ṡ �= 0 , equation (7)
will necessarily hold if (5, 9) are both satisfied.

Given a determinate matter description (specifying the equation of state w =
w(µ, T ) explicitly or implicitly) for each matter component, the existence and
uniqueness of solutions follows both for a single matter component and for a com-
bination of different kinds of matter, for example µ = µbar + µrad + µcdm + µν
where we include cold dark matter (cdm) and neutrinos (ν). Initial data for such
solutions at an arbitrary time t0 (eg. today) consists of,

• The Hubble constant H0 := (Ṡ/S)0 = 100h km/sec/Mpc;

• A dimensionless density parameter Ωi0 := κµi0/3H2
0 for each type of matter

present (labelled by i);

• If Λ �= 0, either ΩΛ0 := Λ/3H2
0 , or the dimensionless deceleration parameter

q0 := −(S̈/S)0H−2
0 .

Given the equations of state for the matter, this data then determines a unique
solution {S(t), µ(t)}, i.e. a unique corresponding universe history. The total matter
density is the sum of the terms Ωi0 for each type of matter present, for example

(10) Ωm0 = Ωbar0 + Ωrad0 + Ωcdm0 + Ων0,
1A cosmological constant can also be regarded as a fluid with pressure p related to the energy

density µ by {p = −µc2 ⇔ w = −1}. For the history of the cosmological constant, see [Earman,
2001; Earman, 2003].
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and the total density parameter Ω0 is the sum of that for matter and for the
cosmological constant:

(11) Ω0 = Ωm0 + ΩΛ0.

Evaluating the Raychaudhuri equation (7) at the present time gives an important
relation between these parameters: when the pressure term p/c2 can be ignored
relative to the matter term µ (as is plausible at the present time),2

(12) q0 =
1
2

Ωm0 − ΩΛ0.

This shows that a cosmological constant Λ can cause an acceleration (negative q0);
if it vanishes, the expression simplifies: Λ = 0⇒ q = 1

2 Ωm0, showing how matter
causes a deceleration of the universe. Evaluating the Friedmann equation (9) at
the time t0, the spatial curvature is

(13) K0 := k/S2
0 = H2

0 (Ω0 − 1).

The value Ω0 = 1 corresponds to spatially flat universes (K0 = 0), separating
models with positive spatial curvature (Ω0 > 1 ⇔ K0 > 0) from those with
negative spatial curvature (Ω0 < 1⇔ K0 < 0).

The FL models are the standard models of modern cosmology, surprisingly effec-
tive in view of their extreme geometrical simplicity. One of their great strengths
is their explanatory role in terms of making explicit the way the local gravita-
tional effect of matter and radiation determines the evolution of the universe as a
whole, this in turn forming the dynamic background for local physics (including
the evolution of the matter and radiation).

2.1.1 The basic solutions

For baryons (pressure-free matter) and non-interacting radiation, the Friedmann
equation (9) takes the form

(14)
3Ṡ2

S2
=

A

S3
+

B

S4
+

Λ
3
− 3k

S2

where A := κµbar0S
3
0 and B := κµrad0S

4
0 . The behaviour depends on the cosmo-

logical constant Λ [Robertson, 1933; Rindler, 2001].
When Λ = 0, the universe starts off at a very dense initial state — according

to the classical theory, an initial singularity where the density and curvature go
infinite (see Sec. 2.1.2). Its future fate depends on the value of the spatial curva-
ture, or equivalently the density parameter Ω0. The universe expands forever if
{k = 0 ⇔ Ω0 = 1} or {k < 0 ⇔ Ω0 < 1}, but collapses to a future singularity if
{k > 0⇔ Ω0 > 1}. Thus Ω0 = 1 corresponds to the critical density µcrit separat-
ing Λ = 0 FL models that recollapse in the future from those that expand forever,
and Ω0 is just the ratio of the matter density to this critical density:

2Assuming we represent ‘dark energy’ (Sec. 2.3.6) as a cosmological constant.
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(15) {Ωcrit = 1⇔ κµcrit = 3H2
0} ⇒ Ω0 := κµ0/3H2

0 = µ0/µcrit .

When Λ < 0, all solutions start at a singularity and recollapse.
When Λ > 0, if k = 0 or k = −1 all solutions start at a singularity and expand

forever. If k = +1 there can again be models with a singular start, either expanding
forever or collapsing to a future singularity. However in this case a static solution
(the Einstein static universe) is also possible, as well as models asymptotic to this
static state in either the future or the past. Furthermore models with k = +1 can
bounce (collapsing from infinity to a minimum radius and re-expanding).

The dynamical behaviour of these models has been investigated in depth: first
for dust plus a cosmological constant [Robertson, 1933; Rindler, 2001], followed
by perfect fluids, fluids with bulk viscosity, kinetic theory solutions, and scalar
field solutions. Current models employ a realistic mixture of matter components
(baryons, radiation, neutrinos, cold dark matter, a scalar field, and perhaps a
cosmological constant). Informative phase planes show clearly the way higher
symmetry (self-similar) models act as attractors and saddle points for the other
models [Madsen and Ellis, 1988; Ehlers and Rindler, 1989].

The simplest expanding solutions are the following:

1. The Einstein-de Sitter model, for which {p = 0, Λ = 0, k = 0} ⇒ Ω0 = 1.
This is the simplest expanding non-empty solution:

(16) S(t) = C t2/3

starting from a singular state at time t = 0 (C is an arbitrary constant). Its
age (the proper time since the start of the universe) when the Hubble con-
stant takes the value H0 is τ0 = 2

3H0
. This is a good model of the expansion

of the universe since radiation domination ended until the recent times when
a cosmological constant started to dominate the expansion. It is also a good
model of the far future universe if k = 0 and Λ = 0.

2. The Milne model, for which {µ = p = 0, Λ = 0, k = −1} ⇒ Ω0 = 0, giving
a linearly expanding empty solution:

(17) S(t) = C t.

This is just flat space-time as seen by a uniformly expanding set of observers
[Rindler, 2001, pp. 360-363], singular at t = 0. Its age is τ0 = 1

H0
. It is a

good model of the far future universe if k < 0 and Λ = 0.

3. The de Sitter universe, for which {µ = p = 0, Λ �= 0, k = 0} ⇒ Ω0 = 0,
giving the steady state expanding empty solution:3

(18) S(t) = C exp (Ht),

3The Steady State universe of Bondi, Hold and Hoyle [Bondi, 1960] utilised this metric, but
was non-empty as they abandoned the EFE.
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where C and H are constants. As the expansion rate is constant forever,
there is no start and its age is infinite.4 It is a good model of the far future
universe for those cases which expand forever with Λ > 0. It can alternatively
be understood as a solution with Λ = 0 and containing matter with the
exceptional equation of state µ + p/c2 = 0. There are other RW forms of
the de Sitter Universe: a geodesically complete form with k = +1, S(t) =
S0 cosh Ht (a regular bounce), and another geodesically incomplete form
with k = −1 , S(t) = S0 sinh Ht (a singular start). This lack of uniqueness is
possible because this is a spacetime of constant curvature, with no preferred
timelike directions or space sections [Schrödinger, 1956; Hawking and Ellis,
1973; Rindler, 2001].5

2.1.2 An initial singularity?

The above are specific models: what can one say generically? When the inequality
(8) is satisfied, one obtains directly from the Raychaudhuri equation (7) the

Friedmann-Lemâıtre Universe Singularity Theorem [Ehlers, 1993;
Ellis, 1971a]: In a FL universe with Λ ≤ 0 and µ + 3p/c2 > 0 at all
times, at any instant t0 when H0 ≡ (Ṡ/S)0 > 0 there is a finite time
t∗: t0 − (1/H0) < t∗ < t0, such that S(t) → 0 as t → t∗; the universe
starts at a space-time singularity there, with µ → ∞ and T → ∞ if
µ + p/c2 > 0.

This is not merely a start to matter — it is a start to space, to time, to physics
itself. It is the most dramatic event in the history of the universe: it is the start of
existence of everything. The underlying physical feature is the non-linear nature of
the EFE: going back into the past, the more the universe contracts, the higher the
active gravitational density, causing it to contract even more. The pressure p that
one might have hoped would help stave off the collapse makes it even worse because
(consequent on the form of the EFE) p enters algebraically into the Raychaudhuri
equation (7) with the same sign as the energy density µ. Note that the Hubble
constant gives an estimate of the age of the universe: the time τ0 = t0 − t∗ since
the start of the universe is less than 1/H0.

This conclusion can in principle be avoided by a cosmological constant, but in
practice this cannot work because we know the universe has expanded by at least
a ratio of 6, as we have seen objects at a redshift6 of 5; from (14), the cosmological
constant would have to have an effective magnitude at least 63 = 216 times the
present matter density to dominate and cause a turn-around then or at any earlier
time, and so would be much bigger than its observed present upper limit (of the

4It is however singular in that it is geodesically incomplete; this metric covers only half the
de Sitter hyperboloid [Schrödinger, 1956; Hawking and Ellis, 1973].

5There is also a static (non-RW) form of the metric — the first form of the metric discovered.
6The redshift z for light emitted at te and observed at t0 is related to the expansion by

1 + z = S(t0)/S(te), see Sec. 2.3.3.
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same order as the present matter density). Accordingly, no turn around is possible
while classical physics holds [Ehlers and Rindler, 1989]. However energy-violating
matter components such as a scalar field (Sec. 2.6) can avoid this conclusion, if
they dominate at early enough times; but this can only be when quantum fields
are significant, when the universe was at least 1012 smaller than at present.

Because Trad ∝ S−1 (eqn.(6)), a major conclusion is that a Hot Big Bang must
have occurred; densities and temperatures must have risen at least to high enough
energies that quantum fields were significant, at something like the GUT energy.
The universe must have reached those extreme temperatures and energies at which
classical theory breaks down.

2.2 The hot big bang

The matter and radiation in the universe gets hotter and hotter as we go back in
time towards the initial quantum state, because it was compressed into a smaller
volume. In this Hot Big Bang epoch in the early universe, we can use standard
physical laws to examine the processes going on in the expanding mixture of matter
and radiation [Weinberg, 1972; Perkins, 2005]. A key feature is that about 300,000
years after the start of the Hot Big Bang epoch, nuclei and electrons combined to
form atoms. At earlier times when the temperature was higher, atoms could not
exist, as the radiation then had so much energy it disrupted any atoms that tried to
form into their constituent parts (nuclei and electrons). Thus at earlier times mat-
ter was ionized, consisting of negatively charged electrons moving independently
of positively charged atomic nuclei. Under these conditions, the free electrons in-
teract strongly with radiation by Thomson scattering. Consequently matter and
radiation were tightly coupled in equilibrium at those times, and the Universe was
opaque to radiation. When the temperature dropped through the ionization tem-
perature of about 4000K, atoms formed from the nuclei and electrons, and this
scattering ceased: the Universe became very transparent (today we are able to see
galaxies at enormous distances from us). The time when this transition took place
is known as the time of decoupling — it was the time when matter and radiation
ceased to be tightly coupled to each other, at a redshift zdec 	 1100 [Dodelson,
2003]. By (6), the universe was radiation dominated (µrad 
 µmat) at early times
and matter dominated (µrad � µmat) at late times;7 matter-radiation density
equality occurred significantly before decoupling (the temperature Teq when this
equality occurred was Teq 	 104K; at that time the scale factor was Seq 	 104S0,
where S0 is the present-day value). The dynamics of both the background model
and of perturbations about that model differ significantly before and after Seq
[Dodelson, 2003].

7The dynamically dominant Cold Dark Matter (Sec. 2.3.6) obeys the same density law (6) as
baryons.
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2.2.1 Cosmic Blackbody Radiation

Radiation was emitted by matter at the time of decoupling, thereafter travelling
freely to us through the intervening space. When it was emitted, it had the form of
blackbody radiation, because this is a consequence of matter and radiation being
in thermodynamic equilibrium at earlier times. Thus the matter at z = zdec forms
the Last Scattering Surface (LSS) in the early universe, emitting Cosmic Blackbody
Background Radiation8 (‘CBR’) at 4000K, that since then has travelled freely with
its temperature T scaling inversely with the scale function of the universe.9 As
the radiation travelled towards us, the universe expanded by a factor of about
1100; consequently by the time it reaches us, it has cooled to 2.75 K (that is,
about 3 degrees above absolute zero, with a spectrum peaking in the microwave
region), and so is extremely hard to observe. It was however detected in 1965, and
its spectrum has since been intensively investigated, its blackbody nature being
confirmed to high accuracy [Partridge, 1995]. Its existence is now taken as solid
proof both that the Universe has indeed expanded from a hot early phase, and
that standard physics applied unchanged at that era in the early universe.

2.2.2 Particle interactions and element formation

The thermal capacity of the radiation is hugely greater than that of the matter. At
very early times before decoupling, the temperatures of the matter and radiation
were the same (because they were in equilibrium with each other), scaling as 1/S(t)
(eqn.(6)). The early universe exceeded any temperature that can ever be attained
on Earth or even in the centre of the Sun; as it dropped towards its present value
of 3 K, successive physical reactions took place that determined the nature of
the matter we see around us today. At very early times and high temperatures,
only elementary particles can survive and even neutrinos had a very small mean
free path; as the universe cooled down, neutrinos decoupled from the matter and
streamed freely through space. At these times the expansion of the universe was
radiation dominated, and we can approximate the universe then by models with
{k = 0, w = 1/3, Λ = 0}, the resulting simple solution of (14) uniquely relating
time to temperature:

(19) S(t) = S0 t1/2, t = 1.92 sec
[

T

1010K

]−2

.

(There are no free constants in the latter equation).
At very early times, even neutrinos were tightly coupled and in equilibrium

with the radiation; they decoupled at about 1010K [Dodelson, 2003, pp. 44-46],
resulting in a relic neutrino background density in the universe today of about
Ων0 	 10−5 if they are massless (but it could be higher depending on their masses).
Key events in the early universe are associated with out of equilibrium phenomena

8This is often called “Cosmic Microwave Background”, or CMB for short. However it is only
microwave at the present epoch.

9This scaling for freely propagating radiation follows from the discussion in Sec. 2.3.3.
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[Dodelson, 2003, p. 58]. An important event was the era of nucleosynthesis, the
time when the light elements were formed. Above about 109K, nuclei could not
exist because the radiation was so energetic that as fast as they formed, they were
disrupted into their constituent parts (protons and neutrons). However below this
temperature, if particles collided with each other with sufficient energy for nuclear
reactions to take place, the resultant nuclei remained intact (the radiation being
less energetic than their binding energy and hence unable to disrupt them). Thus
the nuclei of the light elements — deuterium, tritium, helium, and lithium — were
created by neutron capture. This process ceased when the temperature dropped
below about 108 K (the nuclear reaction threshold). In this way, the proportions
of these light elements at the end of nucleosynthesis were determined; they have
remained virtually unchanged since. The rate of reaction was extremely high; all
this took place within the first three minutes of the expansion of the Universe.
One of the major triumphs of Big Bang theory is that theory and observation are
in excellent agreement provided the density of baryons is low: Ωbar0 	 0.044. Then
the predicted abundances of these elements (25% Helium by weight, 75% Hydrogen,
the others being less than 1%) agrees very closely with the observed abundances.
Thus the standard model explains the origin of the light elements in terms of known
nuclear reactions taking place in the early Universe [Schramm and Turner, 1998].
However heavier elements cannot form in the time available (about 3 minutes).

In a similar way, physical processes in the very early Universe (before nucle-
osynthesis) can be invoked to explain the ratio of matter to anti-matter in the
present-day Universe: a small excess of matter over anti-matter must be created
then in the process of baryosynthesis, without which we could not exist today (if
there were no such excess, matter and antimatter would have all annihilated to
give just radiation [Silk, 2005]). However other quantities (such as electric charge)
are believed to have been conserved even in the extreme conditions of the early
Universe, so their present values result from given initial conditions at the origin
of the Universe, rather than from physical processes taking place as it evolved. In
the case of electric charge, the total conserved quantity appears to be zero: after
quarks form protons and neutrons at the time of baryosynthesis, there are equal
numbers of positively charged protons and negatively charged electrons, so that
at the time of decoupling there were just enough electrons to combine with the
nuclei and form uncharged atoms (it seems there is no net electrical charge on
astronomical bodies such as our galaxy; were this not true, electromagnetic forces
would dominate cosmology, rather than gravity).

After decoupling, matter formed large scale structures through gravitational
instability [Bothun, 1998, pp. 183-222] which eventually led to the formation of
the first generation of stars [Silk, 2005] and is probably associated with the re-
ionization of matter [Dodelson, 2003, p. 73]. However at that time planets could
not form for a very important reason: there were no heavy elements present in the
Universe. The first stars aggregated matter together by gravitational attraction,
the matter heating up as it became more and more concentrated, until its tem-
perature exceeded the thermonuclear ignition point and nuclear reactions started
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burning hydrogen to form helium. Eventually more complex nuclear reactions
started in concentric spheres around the centre, leading to a build-up of heavy
elements (carbon, nitrogen, oxygen for example), up to iron. These elements can
form in stars because there is a long time available (millions of years) for the reac-
tions to take place. Massive stars burn relatively rapidly, and eventually run out
of nuclear fuel. The star becomes unstable, and its core rapidly collapses because
of gravitational attraction. The consequent rise in temperature blows it apart in
a giant explosion, during which time new reactions take place that generate ele-
ments heavier than iron; this explosion is seen by us as a Supernova (“New Star”)
suddenly blazing in the sky, where previously there was just an ordinary star.
Such explosions blow into space the heavy elements that had been accumulating
in the star’s interior, forming vast filaments of dust around the remnant of the
star. It is this material that can later be accumulated, during the formation of
second generation stars, to form planetary systems around those stars. Thus the
elements of which we are made (the carbon, nitrogen, oxygen and iron nuclei for
example) were created in the extreme heat of stellar interiors, and made available
for our use by supernova explosions. Without these explosions, we could not exist.

2.3 Cosmological Observations

Cosmological models only become meaningful when related to astronomical obser-
vations [Hoyle, 1960; Sandage, 1961; Ellis, 1971a; Weinberg, 1972]. These are of
two kinds: astronomical observations of distant matter tells us what was happen-
ing far away in the universe and (because of the finite speed of light) a long time
ago. On the other hand observations of nearby objects (matter on Earth, the solar
system, nearby stars for example) when related to theories of origins tell us what
was happening very near our past world line a very long time ago. The first set
of observations may be characterized as “null cone” observations, the second as
“geological” observations, one of the most important being the determination of
local element abundances, which are then related to nucleosynthesis calculations
(Sec. 2.2.2).

Observations are totally dependent on telescope and detector technology [Har-
wit, 1984; Bothun, 1998]. After the initial establishment of distance scales and
the basic evidence of cosmic homogeneity and expansion in the 1920s and 1930s,
progress was slow until the 1960s when observations were extended from the op-
tical to the entire electromagnetic spectrum. In recent decades cosmology has
changed from a data-poor to a data-rich subject. Massive new data sets are now
available because of the extraordinary improvement of telescope, detector, and
computer technology in recent decades, particularly the advent of new detectors
such as Charge Coupled Devices (CCD’s) and fibre optics (enabling simultaneous
measurement of hundreds of redshifts). We now have not only optical, ultravi-
olet, and infrared observations of galaxies, determining luminosities and spectra
with unprecedented sensitivity, but also radio, X-ray, and gamma-ray sky sur-
veys. Galaxies have been detected up to a redshift of 6 and we have identified
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many quasi-stellar objects and gamma-ray bursters as well as multiple images of
very distant gravitationally-lensed galaxies [Harwit, 1984]. Large-scale structures
(clusters of galaxies, superclusters, walls, and voids) have been identified, with
associated large-scale velocity flows [Bothun, 1998, pp. 85-137].

In addition to large-scale number-count and redshift surveys, we have mea-
sured the background radiation spectrum and anisotropies at all wavelengths. We
identify the radiation as ‘background’ precisely when it is constant on very small
angular scales (as opposed to discrete sources, which appear as isolated objects).
There is a complex relation of this radiation to the intergalactic matter density
and thermal history. The most important component of the background radiation
is the Cosmic Blackbody Radiation (‘CBR’) mentioned above (Sec. 2.2); detailed
observations have mapped its temperature over the whole sky at a sensitivity of
better than one part in 105. However other components of the background radia-
tion (X-ray and radio in particular) convey important information on the temper-
ature and density of intergalactic matter, and hence strongly restrict its possible
thermal history. For example hot matter emits X-rays, so the X-ray background
measurement restricts the amount of hot intergalactic matter allowed; while neu-
tral hydrogen strongly absorbs Ultra-Violet radiation to give the Lyman alpha
spectral absorption line, so absence of such absorption gives strong limits on the
amount of neutral hydrogen and hence on the temperature of intergalactic matter.

2.3.1 Isotropy

The first important point about cosmological observations is that when averaged
on a large enough physical scale (clusters of galaxies and above) they are statis-
tically isotropic about us; there is no direction apparently pointing to the centre
of the universe. The high degree of isotropy of the CBR strongly supports this
conclusion: its temperature is the same in all directions about us to better than
one part in 10,000 after we have allowed for the motion of the Earth relative to
the cosmos (about 250 km/sec), which creates a temperature dipole at one part in
a thousand.10 Any inhomogeneities or anisotropies in the matter distribution lead
to anisotropies in this radiation, as recently measured at only one part in 105 by
the extremely sensitive detectors of the COBE and WMAP satellites. This high
degree of isotropy is the major reason we believe the Universe itself is spatially
homogeneous and isotropic to a good approximation (see Sec. 4.2.2), providing
good observational support for use of the FL universe models as accurate models
of the observed region of the universe.

2.3.2 Distance scale and ages

The underlying problem in all astronomy is determining the distances of observed
objects. This is done by a ‘cosmic distance ladder’ [Bothun, 1998, pp. 25-83]

10The CBR dipole that could be interpreted as due to a major cosmological inhomogene-
ity is rather interpreted as being due to our motion (‘peculiar velocity’) relative to a spatially
homogeneous universe.
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whereby nearest objects have their distance determined by parallax (i.e. essen-
tially by local trigonometry); and more distant ones by a series of consecutive
distance indicators (Cepheid variables, RR Lyrae variables, brightest red super-
giants) until at a cosmological distance, redshift z is a primary distance indicator,
but is contaminated by local velocities of matter relative to the rest-frame of the
universe. Other distance indicators (for example the Tully-Fisher method, the
luminosity function of planetary nebulae, the globular cluster luminosity function,
surface brightness fluctuations) serve to refine the estimates [Bothun, 1998].

Closely associated with the distance scale is determination of the Hubble con-
stant H0 (the present rate of expansion of the universe), because estimates of the
size of the observable region of the universe scale with the Hubble constant. But
the Hubble constant also determines the age of the universe, so its determination
underlies a crucial consistency condition for cosmology: the age of objects in the
universe (rocks, planets, stars, star clusters, galaxies) must be less than the age
of the universe. This condition has been a cause of concern ever since we have
had good estimates of ages and of the Hubble constant.11 It seems not to be vi-
olated by current observations of low redshift objects given the current estimates
of H0 	 70 km/sec/Mpc, giving an age of the universe of about 15 billion years
whereas the oldest star clusters seem to be about 14 billion years old. However it
is very tight, perhaps even problematic, for very distant (and so much younger)
objects [Jain and Dev, 2005].

2.3.3 Observational relations

Light travels on null geodesics xa(λ) in spacetime (the tangent vector ka := dxa/dλ
is such that ka;bk

b = 0, kaka = 0). In a RW geometry, it suffices to consider only
radial null geodesics (by the symmetries of the model, these are equivalent to
generic geodesics). Then from (2) we find that for light emitted at time te and
received at time t0, the comoving radial distance u(t0, t1) := r0 − r1 between
comoving emitters and receivers is given by

(20) {ds2 = 0, dθ = 0 = dφ} ⇒ u(t0, t1) =
∫ t0

t1

dt

S(t)
=
∫ S0

S1

dS

SṠ

with Ṡ given by the Friedmann equation (9). The key quantities related to cos-
mological observations are redshift, area distance (or apparent size), and local vol-
ume corresponding to some increment in distance (determining number counts)
[Sandage, 1961; Ellis, 1971a; Weinberg, 1972]. The redshift z measured for an ob-
ject emitting light of wavelength λe that is observed with wavelength λ0 is given
by

11Indeed Hubble himself never fully accepted the expanding universe theory because of age
difficulties, preferring to refer to a redshift-distance relation rather than a velocity distance
relation [Hubble, 1936]. However the problem has been eased by a series of revisions of the
value of the Hubble constant since then, due to a better understanding of the primary distance
indicators.
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(21) 1 + z :=
λ0

λe
= (1 + zc)(1 + zv),

where zv is the redshift caused by the local peculiar motion of the object observed
(zv = 0 for comoving objects), and zc is the cosmological redshift given by

(22) 1 + zc =
S(t0)
S(te)

.

From eqn.(21), the same ratio of observed to emitted light holds for all wave-
lengths: a key identifying property of redshift. The problem in using redshifts
of objects as a distance indicator is to separate out the cosmological from the
Doppler components, which lead to redshift-space distortions [Dodelson, 2003, pp.
275-282]; this can reasonably be done for a cluster of galaxies by appropriate av-
eraging over cluster members (〈zv〉 = 0 for a comoving cluster). The area distance
r0 of an object at redshift zc and of linear size l which subtends angular size α is
given by12

(23) r0(zc) :=
l

α
= f(u)S(te).

Thus measures of apparent sizes will determine the area distance if the source
physical size is known. The flux of radiation F measured from a point source of
luminosity L emitting radiation isotropically is given by the fraction of radiant
energy emitted by the source in a unit of time that is received by the telescope:

(24) F =
L

4π

1
f2(u)S2(t0)(1 + z)2

;

(the two redshift factors account firstly for time dilation observed between observer
and source, and secondly for loss of energy due to redshifting of photons). The
source’s apparent magnitude m is defined from the flux: m = −2.5log10F + const.
On using (22, 23), equation (24) becomes

(25) F =
L

4π

1
r2
0(1 + z)4

.

showing that measures of magnitudes will determine the area distance if the
source’s intrinsic luminosity is known. On using (23) it follows from (25) that
the point-wise surface brightness of extended objects (the flux received per unit
solid angle) depends only on redshift [Kristian and Sachs, 1966; Ellis, 1971a] —
a key feature in determining detection probabilities and in gravitational lensing
observations. It further follows from this result that a blackbody spectrum emitted
at temperature Te when observed with a redshift z remains a blackbody spectrum
but with observed temperature T0 = Te/(1 + z) — a crucial feature in analyzing
the CBR observations.

12This depends only on zc because apparent shapes and sizes are independent of the motion
of the source.
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Using the Friedmann equation and the relevant equation of state for matter,
the area distance can be determined as a function of redshift zc in terms of the
Hubble constant H0, deceleration parameter q0, and cosmological constant Λ. In
the case of pressure-free matter with vanishing cosmological constant, one obtains
from (20), (9), (22), and (23)13 the Mattig relation [Sandage, 1961]

(26) r0(zc) =
1

H0q2
0

(q0 − 1)(1 + 2q0zc)1/2 + (q0(zc − 1) + 1)
(1 + zc)2

.

Consequently measures of either apparent size of sources of known physical size,
or of radiant flux from sources of known intrinsic luminosity, will determine the
deceleration parameter q0. Generalizations of this relation hold if a cosmological
constant or radiation is present. An interesting aspect is that there is a minimum
apparent size for objects of fixed physical size at some redshift zc = z∗ depending
on the density parameter and the cosmological constant. The past light cone of the
observer attains a maximum area at z∗; the entire universe acts as a gravitational
lens for further off objects, magnifying their apparent size so that very distant
objects can appear to have the same angular size as nearby ones [Hoyle, 1960;
Sandage, 1961; Ellis, 1971a]. For the Einstein-de Sitter universe, the minimum
angular diameter is at z∗ = 1.25; in low density universes, it occurs at higher
redshifts.

The number of objects seen in a solid angle dΩ for a distance increment du (char-
acterized by increments dz, dm in the observable variables z and m) is given by

(27) dN = W (u) ρ(te)S3(te)f(u)dudΩ

where the detection probability or ‘selection function’ is W (u) [Dodelson, 2003,
p. 263] and ρ(te) is the number density of objects at the time of emission (spatial
homogeneity is expressed in the fact that this is independent of the spatial coordi-
nates). The observed total number N of objects measured in a survey is given by
integrating from the observer to the survey limit: in terms of the radial coordinate
re of the source (which can be related to redshifts or magnitudes), N =

∫ re

r0
dN .

If the number of objects is conserved (e.g. observing galaxies in an epoch when
they are neither created nor destroyed), ρ(te) = ρ(t0)(1 + z)3 and we find from
(27) that in the idealized case when W is independent of distance (a reasonable
assumption for relatively nearby objects),

(28) N = Wρ(t0)dΩ
∫ re

r0

f(u)du.

The simple integral has to be separately done for the cases k = +1, 0,−1 [Sandage,
1961].

The above equations enable one to determine observational relations between
observable variables, for example (m, z), (α, z) or (N,m) relations for objects
with known intrinsic properties (known size or luminosity, for example), and so

13Or, more elegantly, from the geodesic deviation equation (see [Ellis and van Elst, 1999b]).
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to observationally determine q0. These relations have to be modified if there
is absorption by an intergalactic medium, gravitational lensing, or anisotropic
emission of radiation; and detailed comparisons with observations have to take into
account the spectrum of the source as well as source detection and identification
probabilities [Harwit, 1984]. Here we encounter the contrast between image and
reality : there can be many objects out there that we either do not detect, or do
not recognize for what they are [Disney, 1976]. An “observational map” relating
source properties to the nature of their images gives a useful view of how this
occurs [Ellis et al., 1984].

One important feature here is that a specific object will look completely differ-
ent at different wavelengths (optical, radio, X-ray for example); indeed it may be
detectable at one wavelength and not at another. This shows very clearly how our
images of reality are dependent on the detectors we use. To get a full picture of
what is out there, we need to use multiple modes of investigation — imaging at
all wavelengths together with intensity, spectral, and polarization measurements
[Harwit, 1984], as well as watching for time variations. A second important feature
is observational selection effects such as the Malmquist bias — if we have a popu-
lation of objects with different luminosities, at large distances we will only see the
more luminous objects (the fainter ones will not be detected); hence the average
luminosity will appear to increase with distance, but this is just an observational
effect rather than the real state of affairs. Using different detection thresholds
controls this effect to some degree.

2.3.4 Number Counts and the visible matter density

Number counts of galaxies as a function of redshift or luminosity show approxi-
mate spatial homogeneity of the universe [Hubble, 1936]. However counts of radio
sources and quasi-stellar objects (qso’s) show that the universe has not been in a
steady state as proposed by Bondi, Gold, and Hoyle [Bondi, 1960]. Indeed num-
ber counts are only compatible with a RW geometry if there has been evolution of
source numbers and/or luminosities [Sciama, 1971].

Number counts also give estimates of the density of visible (luminous) matter
in the universe: Ωvm0 	 0.015. This is very low relative to the critical density
(Ω0 = 1) and is also considerably less than the amount of baryons determined by
nucleosynthesis studies (Ωbar0 	 0.044, see Sec. 2.2.2). Thus much of the baryonic
matter in the universe is in some hidden (non-luminous) form [Bothun, 1998, pp.
223-272], e.g. burnt out stars [Hogan, 1999].

2.3.5 Apparent Luminosities and sizes: Dark Energy

Apparent sizes or luminosities as a function of redshift can be used to determine
the deceleration parameter q0 (Sec. 2.1) if the intrinsic source sizes or luminosities
are known. The problem is that until recently there were not known enough
galaxies or other objects of standard size or luminosity to use to determine q0,
and scatter in their properties leads to biassing of observations by the Malmquist
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effect. However this dramatically changed with recent observations of the decay
curves of the luminosity of supernovae in distant galaxies. It turns out that the
peak luminosity of type Ia supernovae is closely correlated with their light curve
decay time, for the first time giving reliable ‘standard candles’ for galaxies at large
distances [Perlmutter et al., 1998]. The conclusion from these observations is that,
rather than slowing down as expected, the rate of expansion of the universe is
speeding up at a rate corresponding to a cosmological constant with ΩΛ0 = 0.7.
This evidence is concordant with that from CBR observations and number counts
[Dodelson, 2003; Silk, 2005].

The nature of the field or matter causing this acceleration is unclear. Its equa-
tion of state w := pc2/µ, is unknown, and many physical and unphysical proposals
are being made in this regard. From (7), it has to violate the strong energy con-
dition (8) and so must have a large negative pressure. It could indeed be due to
a cosmological constant (w = −1), which would have dominated the expansion of
the universe since a redshift z 	 0.33, and would have been negligible earlier (and
is also negligible on small scales — it does not affect local astrophysics). However
it could also be some other form of matter or field with effective negative pressure
so that w < −1/3, as can happen in the case of a scalar field (see eqn.(33) below).
In that case it is called ‘quintessence’. There are many speculations as to what
this might be, but there is no clarity on the matter. One should note here that
alternative explanations of the observations are possible, for they can be exactly re-
produced by a spherically symmetric inhomogeneous universe model where we are
near the centre [Mustapha et al., 1998], or could at least partly be due to the back-
reaction of inhomogeneities on the cosmic expansion [Ellis and Buchert, 2006] or
the effect of inhomogeneities on the effective area distance [Kantowski et al., 1995;
Kantowski, 1998]. These alternatives are being investigated, but the most prob-
able cause remains some unknown kind of matter or field with effective negative
energies.

In summary, the standard gravitational equations together with the supernovae
observations imply presence of a cosmological constant or some equivalent form of
‘dark energy’ with a large effective negative energy density µgrav (due to negative
pressure) dominating the present expansion of the universe; its physical nature is
unknown. There is no known physics reason why this force should exist at this level
where it is just detectable — quantum field theory relates the cosmological con-
stant to the zero-point energy of the vacuum, and suggests it should be enormously
larger than observed [Weinberg, 1989; 2000a; 2000b; Rugh and Zinkernagel, 2002;
Zinkernagel, 2002; Susskind, 2005]. It is a major mystery why it exists at the
small (just detectable) level that observations indicate [Seife, 2003]. A key aspect
of present day cosmology is trying on the one hand to observationally determine
the effective equation of state of this ‘dark energy’ (running the field equations
backwards to obtain w(z) from the observations [Saini et al., 2000], and in partic-
ular determining whether w is constant or varying over time), and on the other
attempting to give a plausible theoretical explanation for its physical origin.
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2.3.6 Matter Distribution and Motion: Dark Matter

Detailed studies have been made of the distribution of galaxies and their motions.
They occur in clusters, in turn making up superclusters imbedded in vast walls sur-
rounding relatively sparsely populated intergalactic voids. The galaxy luminosity
function characterizes the numbers of galaxies occurring within each luminosity
class; the covariance function characterizes their spatial clustering [Peebles, 1993b;
Dodelson, 2003]. Large scale motions occur for galaxies in clusters, and for the
clusters themselves. It is easy to conceive of matter that is hard to detect (for ex-
ample, small rocks distributed through space); studies of galactic rotation curves
and of motions of galaxies in clusters [Bothun, 1998, pp. 139-181] imply the
existence of huge amounts of unseen dark matter, dominating the dynamics of
the Universe: its density is Ωdm0 	 0.3, much greater than both visible mat-
ter (Ωvm0 = 0.015) and baryons (Ωbar0 = 0.044), but significantly less than the
critical density Ω0 = 1. Thus the dark matter is non-baryonic, meaning it has
some kind of exotic nature rather than being the protons and neutrons that are
the substance of ordinary matter [Seife, 2003]. In contrast to the ‘dark energy’
discussed in the previous section, dark matter is dynamically effective on astro-
physical scales as well as on cosmological scales. Many attempts have been made
to identify its nature, for example it might be axions, supersymmetric partners
of known particles, quark nuggets, or massive neutrinos [Gribbin and Rees, 1991;
Perkins, 2005], but what it is composed of is still unknown. Laboratory searches
are under way to try to detect this matter, so far without success. A key question
is whether its apparent existence is due to our using the wrong theory of gravity
on these scales. This is under investigation, with various proposals for modified
forms of the gravitational equations that might explain the observations without
the presence of large quantities of dark matter. This is a theoretical possibility,
but the current consensus is that this dark matter does indeed exist.

An important distinction is whether dark matter consists of

(i) weakly interacting massive particles that cooled down quickly, thereafter
forming cold dark matter (‘CDM’) moving slowly at the time of structure
formation (and resulting in a bottom-up process with large scale structure
forming from smaller scale structures), or

(ii) particles that have a low mass and cooled slowly, therefore for a long time
forming hot dark matter, moving very fast at the time of structure formation
(and resulting in a top-down galaxy formation scenario).

Structure formation studies currently support the CDM hypothesis, with hierarchi-
cal formation of gravitationally bound objects taking place in a complex bottom up
process involving interactions of CDM, baryons, and radiation, with dwarf galaxies
forming initially [Silk, 2005; Mouri and Taniguchi, 2005] and then aggregating to
form larger structures. These studies are based on massive numerical simulations,
with initial conditions provided by the inflationary scenario discussed below, see
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Sec. 2.6. Unlike ‘dark energy’, CDM has an ordinary baryonic equation of state
(it is a perfect fluid (4) with pcdm = 0 ⇔ wcdm = 0).

Another way of detecting dark matter in clusters is by its gravitational lensing
effects [Schneider et al., 1992]. The bending of light by massive objects was one
of the classic predictions of General Relativity theory. Rich clusters of galaxies
or galaxy cores can cause strong lensing of more distant objects, where multiple
images of distance galaxies and qso’s occur, sometimes forming rings or arcs; and
weaker lensing by closer masses results in characteristic patterns of distortions of
images of distant objects. Analysis of multiple images can be used to reconstruct
the lensing mass distributions, and statistical analysis of weak lensing patterns of
image distortions are now giving us detailed information on the matter distribution
in distant galaxies and clusters. These studies show that to get enough lenses in an
almost flat cosmology (Ω0 	 1) requires the presence of a cosmological constant
— there cannot be a critical density of dark matter present [Dodelson, 2003;
Silk, 2005].

A key feature of present-day cosmology is attempts to identify the nature of
this dark matter, and if possible to detect it in a laboratory situation. While
observations favour the CDM scenario, some residual problems as regards the
emergence of fine-scale structure still need resolution [Silk, 2005].

2.3.7 The CBR Power spectrum

The CBR angular anisotropies are characterized by an angular power spectrum
showing the amount of power in perturbations at each physical scale on the LSS
[Bennet et al., 2003; Seife, 2003; Dodelson, 2003]. In the time from the the end
of inflation to the LSS, modes of different wavelengths can complete a different
number of oscillations. This translates the characteristic periods of the waves into
characteristic lengths on the LSS, leading to a series of maxima (‘acoustic peaks’)
and minima in the inhomogeneities on the LSS and consequently in the CBR
angular anisotropy power spectrum [Hu and Sugiyama, 1995b; Hu and Sugiyama,
1995a; Peacock, 1999; Perkins, 2005]. These inhomogeneities then form the seeds
for structure formation and so are related to the power spectrum of physical scales
for structures that form later. They are characterised by a (3-dimensional) spatial
power spectrum on the LSS; because we receive the observed CBR radiation from
the 2-sphere S2:LSS where our past light cone intersects the LSS, this is seen by
us as a 2-dimensional power spectrum of anisotropies on the sky (characterised by
the unit sphere S2 of all direction vectors ea: eaea = 1, eaua = 0).

The apparent angular size of the largest CBR peak (about 1o) allows estimates
of the area distance to the LSS and hence of the density of matter in the universe for
various values of the cosmological constant, and determines the major cosmological
parameters [Spergel et al., 2003]:

“By combining WMAP data with other astronomical data sets, we con-
strain the geometry of the universe: Ωtot = 1.02 ± 0.02, the equation
of state of the dark energy, w < −0.78 (95% confidence limit), and the
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energy density in neutrinos, Ωνh2 < 0.0076 (95% confidence limit).
For 3 degenerate neutrino species, this limit implies that their mass
is less than 0.23 eV (95% confidence limit). The WMAP detection of
early reionization rules out warm dark matter.”

There is however a problem here: while the agreement of theory and observations
for all small angular scales is remarkable, there is a divergence at the largest
angular scales: the observations show less power than expected. Specifically, the
quadrupole and octopole are much lower than theory predicts. Also the axes of
the quadrupole and octopole are very precisely aligned with each other, and there
are other angular anomalies [Starkman and Schwarz, 2005]. These effects might be
due to (i) observational contamination by the galaxy (which gets in the way of our
view of the LSS), (ii) a contingent (‘chance’) event (it represents ‘cosmic variance’,
discussed below, see Sec. 3), (iii) our living in a well-proportioned ‘small universe’
which is spatially closed so that there is a maximum size to possible fluctuations
[Weeks et al., 2003], or (iv) some unexpected new physical effect or deeper problem
with our understanding of the early universe. The jury is out as to which the case
is; this could turn out to be a crisis for the CBR analysis, but on the other hand
one can always just resort to saying it is a statistical fluke (the underlying problem
here being the uniqueness of the universe, as discussed in Sec. 3).

There are similar expected peaks in the polarization spectrum of this radiation,
and polarization maps should have a mode associated with gravitational waves
predicted by inflation to exist in the very early universe (Sec. 2.6); detection of
such modes will be a crucial test of inflation [Dodelson, 2003; Sievers et al., 2005b].
Studies of polarization indicate that reionisation of the universe took place as
early as a redshift of 17, contrary to what is deduced from qso studies. More
detailed studies of anisotropies involve the Sunyaev-Zel’dovich effect (changes in
the observed temperature due to scattering by hot matter in galaxy clusters) and
gravitational lensing.

There is a huge amount of information in the CBR maps, and their more ac-
curate measurement and interpretation is a central feature of current cosmology
[Steinhardt, 1995; Peacock, 1999; Dodelson, 2003; Perkins, 2005].

2.4 Causal and visual horizons

A fundamental feature affecting the formation of structure and our observational
situation is the limits arising because causal influences cannot propagate at speeds
greater than the speed of light. Thus the region that can causally influence us is
bounded by our past null cone. Combined with the finite age of the universe, this
leads to the existence of particle horizons limiting the part of the universe with
which we can have had causal connection.14

A particle horizon is by definition comprised by the limiting worldlines of the
furthest matter that ever intersects our past null cone [Rindler, 1956; 2001]. This

14There are also event horizons and apparent horizons in some cosmological models [Rindler,
1956; Tipler et al., 1980] and [Rindler, 2001, pp. 376-383].
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is the limit of matter that can have had any kind of causal contact with since the
start of the universe, characterized by the comoving radial coordinate value

(29) uph =
∫ t0

0

dt

S(t)
.

The present physical distance to the matter comprising the horizon is

(30) dph = S(t0)uph.

The key question is whether the integral (29) converges or diverges as we go to the
limit of the initial singularity where S → 0. Horizons will exist in standard FL
cosmologies for all ordinary matter and radiation, for uph will be finite in those
cases; for example in the Einstein-de Sitter universe (see Sec. 2.1.1), uph = 3t

1/3
0 ,

dph = 3t0. We will then have seen only a fraction of what exists, unless we
live in a universe with spatially compact sections so small that light has indeed
had time to traverse the whole universe since its start; this will not be true for
universes with the standard simply-connected topology. Penrose’s powerful use
of conformal methods (see [Hawking and Ellis, 1973; Tipler et al., 1980]) gives
a very clear geometrical picture of the nature of horizons [Ellis and Williams,
2000]. They may not exist in non-FL universes, for example Bianchi (anisotropic)
models [Misner, 1969]. In universes with closed spatial sections, a supplementary
question arises: Is the scale of closure smaller than the horizon scale? There may
be a finite time when causal connectivity is attained, and particle horizons cease
to exist. In standard k = +1 FL models, this occurs just as the universe reaches
the final singularity; if however there is a positive cosmological constant or other
effective positive energy density field, it will occur earlier. The horizon always
grows, because (29) shows that uph is a monotonically increasing function of t0.
Despite many contrary statements in the literature, it is not possible that matter
leave the horizon once it has entered. In a (perturbed) FL model, once causal
contact has taken place, it remains until the end of the universe.

The importance of horizons is two-fold: they underlie causal limitations relevant
in the origin of structure and uniformity [Misner, 1969; Guth, 1981], and they
represent absolute limits on what is testable in the universe [Ellis, 1975; 1980].

2.4.1 Causal limitations

As to causal limitations, horizons are important in regard both to the smoothness
of the universe on large scales, and the lumpiness of the universe on small scales.
The issue of smoothness is encapsulated in the horizon problem: if we measure
the temperature of the CBR arriving here from opposite directions in the sky in
a standard FL model, it came from regions of the surface of last scattering that
can have had no causal contact of any kind with each other since the start of the
universe. In a radiation-dominated early universe with scale factor (19), the size
of the particle horizon at the time of last scattering appears as an angular scale of
about 1o in the sky today, and corresponds to a comoving physical length of about
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400,000 light years when evaluated today. Why then are conditions so similar in
these widely separated regions? [Misner, 1968; Guth, 1981; Blau and Guth, 1987;
Kolb and Turner, 1990]. Note that this question is of a philosophical rather than
physical nature, i.e. there is no contradiction here with any experiment, but
rather an unease with an apparent fine tuning in initial conditions. This problem
is claimed to be solved by the inflationary universe scenario mentioned below, see
Sec. 2.6.

Associated with the existence of horizons is the prediction that physical fields in
different regions in the universe should be uncorrelated after symmetry breaking
takes place, because they cannot have interacted causally. Consequently, if grand
unified theories are correct, topological defects such as monopoles and cosmic
strings may be expected as relics of the expansion of the very early universe [Kolb
and Turner, 1990]. In a standard cosmology, far too many monopoles are predicted.
This is also solved by inflation.

As to the lumpiness, the issue here is that if we believe there was a state of
the universe that was very smooth — as indicated at the time of decoupling, by
the low degree of anisotropy of the CBR, and represented by the RW geometry
of the FL models — then there are limits to the sizes of structures that can have
grown since then by causal physical processes, and to the relative velocities of
motion that can have been caused by gravitational attraction in the available time
(for example, the peculiar motion of our own galaxy relative to the CBR rest
frame caused by the huge overdensity called the ‘Great Attractor’). If there are
larger scale structures or higher velocities, these must have been imprinted in the
perturbations at the time of last scattering, for they cannot have been generated
in a causal way since that time. They are set into the initial conditions, rather
than having arisen by physical causation from a more uniform situation. This is a
key factor in the theory of growth of perturbations in the early universe where the
expansion damps their growth. The quantity determining the relevant physical
scales for local causal influences in an expanding universe is the comoving Hubble
radius λH := (SH)−1; the way perturbations of wavelength λ develop depends on
whether λ > λH or λ < λH [Dodelson, 2003, pp. 146-150].

Actually the domain of causal influence is even more tightly constricted than
indicated by the past light cone: the limits coming from the horizon size are limits
on what can be influenced by particles and forces acting at the speed of light.
However only freely travelling photons, massless neutrinos, and gravitons can move
at that speed; and such particles coming from cosmological distances have very
little influence on our galaxy or the solar system (indeed we need very delicate
experiments to detect them). Any massive particles, or massless particles that are
interacting with matter, will travel slower (for example before decoupling, light
has a very small mean free path and information will travel only by sound waves
and diffusion in the tightly coupled matter-radiation fluid). The characteristics
for pressure-free scalar and vector perturbations are timelike curves, moving at
zero velocity relative to the matter; while density perturbations with pressure can
move at the speed of sound, only tensor perturbations can travel at the speed
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of light. Thus the true domain that influences us significantly is much less than
indicated by the particle horizon. It is the small region round our past world line
characterised after decoupling by the comoving scale from which matter coalesced
into our galaxy: a present distance of about 1 to 1.95 Mpc,15 corresponding to an
observed angle of about 0.64 arcminutes on the LSS. Before decoupling it would
have been limited by the sound horizon [Dodelson, 2003, p. 257] rather than the
particle horizon.

2.4.2 Observational limitations

Clearly we cannot obtain any observational data on what is happening beyond
the particle horizon; indeed we cannot even see that far because the universe
was opaque before decoupling. Our view of the universe is limited by the visual
horizon, comprised of the worldlines of furthest matter we can observe — namely,
the matter that emitted the CBR at the time of last scattering [Ellis and Stoeger,
1988]. This occurred at the time of decoupling t = tdec (zdec 	 1100), and so the
visual horizon is characterized by r = uvh where

(31) uvh =
∫ t0

tdec

dt

S(t)
< uph.

Indeed the LSS delineates our visual horizon in two ways: we are unable to see
to earlier times than its occurrence (because the early universe was opaque for
t < tdec), and we are unable to detect matter at larger distances than that we
see on the LSS (we cannot receive radiation from matter at co-moving coordinate
values r > uvh). The picture we obtain of the LSS by measuring the CBR from
satellites such as COBE and WMAP is just a view of the matter comprising the
visual horizon, viewed by us at the time in the far distant past when it decoupled
from radiation. The position of the visual horizon is determined by the geometry
since decoupling. Visual horizons do indeed exist, unless we live in a small universe,
spatially closed with the closure scale so small that we can have seen right around
the universe since decoupling. This is a possibility that will be discussed below
(Sec. 4.3.1). There is no change in these visual horizons if there was an early
inflationary period, for inflation does not affect the expansion or null geodesics
during this later period. The major consequence of the existence of visual horizons
is that many present-day speculations about the super-horizon structure of the
universe — e.g. the chaotic inflationary theory (Sec. 2.6) — are not observationally
testable, because one can obtain no definite information whatever about what lies
beyond the visual horizon [Ellis, 1975; 1980]. This is one of the major limits to
be taken into account in our attempts to test the veracity of cosmological models
(Sec. 4.3).

15Dodelson [Dodelson, 2003], p. 283; W Stoeger, private communication.
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2.5 Theoretical Developments

The cosmological application of Einstein’s Theory of Gravitation has also pro-
gressed greatly in past decades, as regards exact solutions and generic properties
of the field equations; as regards approximate solutions; and in terms of under-
standing the relationship between them.

2.5.1 Exact solutions and generic properties

Theory initially predicted there must have been a start to the universe, but it was
not clear for a long time if this was simply due to the very special exactly isotropic
and spatially homogeneous geometry of the standard Friedmann-Lemâıtre mod-
els. It was possible that more realistic models with rotation and acceleration might
show the prediction was a mathematical artefact resulting from the idealized mod-
els used. The singularity theorems developed by Penrose and Hawking [Hawking
and Ellis, 1973; Tipler et al., 1980; Earman, 1999] showed this was not the case:
even for realistic geometries, classical gravitational theory predicts a beginning
to the universe at a space-time singularity, provided the usual energy conditions
were satisfied. This study has led inter alia to a greatly increased understanding
of causality and topology of generic universe models [Tipler et al., 1980], includ-
ing the fact that singularities may have a quite different nature than those in the
Robertson-Walker models, for example being anisotropic [Tipler et al., 1980] or of
a non-scalar nature [Ellis and King, 1974].

Various classes of exact cosmological solutions are known (Kantowski-Sachs and
Bianchi spatially homogeneous but anisotropic models, Tolman-Bondi spherically
symmetric inhomogeneous models, and ‘Swiss-Cheese’ non-analytic models) en-
abling understanding of dynamical and observational behaviour of more general
classes of models than just the FL models [Ellis and van Elst, 1999a]. Dynam-
ical systems studies [Wainwright and Ellis, 1996; Uggla et al., 2003] relate the
behaviour of whole classes of anisotropic models in suitable state spaces, enabling
identification of generic patterns of behaviour (fixed points, saddle points, attrac-
tors, etc.) and hence the relationship between dynamics of higher symmetry and
lower symmetry universes. These studies help understanding to what degree the
FL models are generic within the families of possible cosmological models, and
which models might give observations similar to those in the FL models. In par-
ticular they are relevant in considering the possible geometry of the universe at
very early or very late times.

2.5.2 Perturbation theory, the gauge issue, and back reaction

Sophisticated perturbation theory has been developed to underlie the theory of
structure formation in the expanding universe, examining the dynamics of per-
turbed FL models. The fluid flow in these models can have shear, vorticity, and
acceleration, and the Weyl tensor Cijkl (see (1)) is not zero, so that density varia-
tions, tidal forces, peculiar velocities, and gravitational waves can be present. De-
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tailed studies use the kinetic theory approximation for matter (electrons, protons,
dark matter) and radiation (photons, neutrinos), with their dynamics described
by the Boltzmann equation [Dodelson, 2003, Ch. 4]; [Uffink, 2006], interacting
with space-time inhomogeneities characterised by a perturbed FL metric. A key
issue here is the gauge problem — how to choose the background model in the per-
turbed spacetime [Ellis and Stoeger, 1987]. If this is not properly handled then one
may attain apparent perturbation solutions that are pure gauge (they are math-
ematical rather than physical), so that one can alter the apparent growth rate
simply by changing coordinates. The key to handling this is either to keep care-
ful track at all stages of remaining gauge freedom and possible changes of gauge,
or (preferably, in my view) to use gauge invariant variables (see [Bardeen, 1980;
Ellis and Bruni, 1989; Challinor and Lasenby, 1998]).

Most of the literature on perturbation theory deals with the linear case, but
some studies tackle the non-linear regime (e.g. [Langlois and Vernizzi, 2005]), and
some consider questions such as the origin of magnetic fields and the causes of
galactic rotation. A key problem here is properly relating relativistic analyses of
astrophysical dynamics to the Newtonian approaches most often used by astro-
physicists (e.g. [Bothun, 1998], pp. 183-222); this is not straightforward.16 A
further unresolved issue is the nature of gravitational entropy [Penrose, 1989b;
Ellis, 2002; Penrose, 2004]. Many statements about the nature of entropy in
physics textbooks are wrong when gravity is dominant, leading to the sponta-
neous formation of structures such as stars and galaxies. There is as yet no agreed
definition of gravitational entropy that is generally applicable; until there is, cos-
mological arguments relying on entropy concepts are ill-founded.

The existence of inhomogeneities in the universe raises the issue of fitting and
back-reaction. To what degree does the nature of the exactly smooth FL models
reflect the geometrical and dynamical nature of more realistic ‘lumpy’ universe
models? [Ellis and Stoeger, 1987]. Inhomogeneities lead to extra terms appearing
in the evolution equations for the idealized background models, representing the
back-reaction of the perturbations on their dynamics [Ellis, 1984]. These could
possibly be dynamically significant [Ellis and Buchert, 2006], but this is a matter
of dispute.

2.6 Inflation

Particle physics processes dominated the very early eras, when exotic processes
took place such as the condensation of a quark-gluon plasma to produce baryons.
Quantum field theory effects were significant then, and this leads to an impor-
tant possibility: scalar fields producing repulsive gravitational effects could have

16Some exact General Relativity results, which must necessarily apply in the Newtonian limit
of General Relativity, have no Newtonian analogue; an example is the shear-free theorem applying
to pressure-free matter [Ellis, 1967]. The underlying issue is that there are 10 field equations to
be satisfied in General Relativity, with 20 integrability conditions (the Bianchi identities), but
only one field equation to be satisfied in Newtonian theory (Poisson’s equation) together with 4
conservation equations.
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dominated the dynamics of the universe at those times. This leads to the the-
ory of the inflationary universe, proposed by Alan Guth [1981; 1997]: if µgrav =
µ + 3p/c2 < 0, which can happen if a scalar field dominates the dynamics of the
early universe, an extremely short period of accelerating expansion will precede
the hot big bang era [Blau and Guth, 1987]. This produces a very cold and smooth
vacuum-dominated state, and ends in ‘reheating’: conversion of the scalar field to
radiation, initiating the hot big bang epoch. This inflationary process is claimed
to explain the puzzles mentioned above (Sec. 2.4.1): why the universe is so special
(with spatially homogeneous and isotropic geometry and a very uniform distri-
bution of matter), and also why the space sections are so close to being flat at
present (we still do not know the sign of the spatial curvature), which requires
very fine tuning of initial conditions at very early times. Inflationary expansion
explains these features because particle horizons in inflationary FL models will be
much larger than in the standard models with ordinary matter, allowing causal
connection of matter on scales larger than the visual horizon, and inflation also
will sweep topological defects outside the visible domain.

In more detail: in the case of a single scalar field φ with spacelike surfaces of
constant density, on choosing ua orthogonal to these surfaces, the stress tensor has
a perfect fluid form with

(32) µ =
1
2
φ̇2 + V (φ), p/c2 =

1
2
φ̇2 − V (φ),

and so

(33) µ + 3p/c2 = 2φ̇2 − 2V (φ).

The slow-rolling case is φ̇2 � V (φ), leading to µ + p/c2 = 2φ̇2 	 0⇒ µ + 3p/c2 	
−2µ < 0. This then enables a resolution of the horizon problem in inflationary
FL models: if sufficient inflation took place in the early universe, then all the
regions from which we receive CBR were causally connected; indeed if the universe
began in an inflationary state, or was inflationary with compact spatial sections,
there may be no causal horizons at all. The inflationary models also cause initial
perturbations to die away, including velocity perturbations, hence explaining the
observed smoothness of the universe on large scales. This process is expected to
create a universe with spatially very flat sections at late times:

(34) Ω0 = Ωdm 0 + ΩΛ 0 	 1 ⇔ Ωk 	 0.

This theory led to a major bonus: a proposal that initial tiny quantum fluc-
tuations were expanded to such a large scale by inflation that they provided
seeds initiating growth by gravitational attraction of large scale structures such
as clusters of galaxies. This theory makes clear observational predictions for
the spectrum of CBR anisotropies, which have since been spectacularly veri-
fied by observations from balloons and satellites, such as WMAP [Spergel et al.,
2003]. Thus inflation has provided us with our first coherent theory of structure
formation. Inhomogeneities started as quantum fluctuations in the inflationary
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epoch which are then amplified in physical scale by the inflationary expansion
but remain constant in amplitude when larger than the contemporary Hubble
scale, leading to Gaussian scale-free perturbations at the start of the HBB era.
Starting from these fluctuations, Cold Dark Matter (‘CDM’) creates potential
wells for baryons to fall into, but the radiation (tightly coupled to the electrons
and baryons) resists collapse. Gravity wins if the wavelength λ is greater than
the Jean’s length λJ (which is proportional to the speed of sound [Rees, 1995;
Ellis and van Elst, 1999a]). There are acoustic oscillations (sound waves) when
λ < λJ ; these oscillations ceased at decoupling, which led to a dramatic decrease
in λJ and the growth of structure by gravitational instability in a ‘bottom up’ way
(Sec. 2.3.6).17

A popular version of inflation is chaotic inflation [Linde, 1990; Guth, 2001;
Susskind, 2005] where inflation ends at different times in different places, so that
one ends up with numerous ‘pocket universe’ (expanding universe domains like the
one we see around us, or perhaps very different) all imbedded in a still-inflating
universe region and starting at different times, the whole forming a fractal-like
structure. It is argued this is an inevitable consequence of the nature of plausible
scalar field potentials.

Inflation is not an inevitable conclusion, for there are some alternatives pro-
posed [Hollands and Wald, 2002; Khoury et al., 2001], and the WMAP results can
be reproduced by any scenario where Gaussian scale-free perturbations of suitable
amplitude occur at the start of the Hot Big Bang era. However inflation is re-
garded by most cosmologists as the best proposal available for the era prior to the
Hot Big Bang epoch, leading to the presence of such perturbations. Nevertheless
one should note it is a generic proposal for what happened, rather than a specific
physical theory. While a great many possibilities have been proposed (it could for
example be an effective field due to higher-order gravity effects, or it could involve
multiple scalar fields), at the present time the identity of the proposed inflationary
field (‘the inflaton’) has not been established or linked to any known particle or
field. The hoped-for link between early universe dynamics and particle physics is
potential rather than real [Earman and Mosterin, 1999]. Detailed studies of the
CBR anisotropies and structure formation in conjunction with the observations
hope to distinguish between the various possibilities, for example testing whether
the spectral index n takes the scale-free value: n = 1, or whether rather there is
a tilted power spectrum (n �= 1). A unique spectrum of gravitational waves will
also be produced at very early times in an inflationary universe, and detection of
these waves either directly by proposed gravitational wave detectors or indirectly
by measuring the associated curl mode in the CBR polarization will be an im-
portant test of inflation, for example determining the ratio r of scalar to tensor
perturbations in the early universe [Dodelson, 2003].

17This is a highly simplified account; for more detailed versions, see e.g. [Dodelson, 2003;
Silk, 2005].



Issues in the Philosophy of Cosmology 1211

2.7 The very early universe

Quantum gravity processes are presumed to have dominated the very earliest
times, preceding inflation. There are many theories of the quantum origin of
the universe, but none has attained dominance. The problem is that we do not
have a good theory of quantum gravity [Rovelli, 2006], so all these attempts are
essentially different proposals for extrapolating known physics into the unknown.
A key issue is whether quantum effects can remove the initial singularity and make
possible universes without a beginning. Preliminary results suggest this may be
so [Bojowald, 2001; Rovelli, 2004; Mulryne et al., 2005].

2.7.1 Is there a quantum gravity epoch?

A preliminary issue is, can there be a non-singular start to the inflationary era,
thus avoiding the need to contemplate a preceding quantum gravity epoch? In the
inflationary epoch the existence of an effective scalar field leads to a violation of
the strong energy condition (8), therefore at first sight it seems that a bounce may
be possible preceding the start of the expanding inflationary era and avoiding the
inevitability of a quantum gravity epoch.

However a series of theorems suggest that inflationary models cannot bounce:
they are stated to be future infinite but not past infinite [Guth, 2001]. This is
an important issue, so it is worth looking at it further. There are two major re-
quirements to get a bounce. The Friedmann equation (9) relates the scale factor
S(t), curvature constant k, and the effective total energy density µ(t), which is de-
fined by this equation whatever dynamics may be involved (multiple scalar fields,
higher order gravity, higher dimensional theories leading to effective 4-dimensional
theories, etc.).18 The Raychaudhuri equation (7) includes the effective total pres-
sure p(t), which again is defined by this equation. In this section, a cosmological
constant Λ is represented as perfect fluid with µΛ + pΛ/c2 = 0. To get a bounce,
first one needs the curve S(t) of the scale factor as a function of time to bend up:
that is,

(35)
S̈

S
≥ 0⇔ µ + 3p/c2 < 0,

which is just a violation of the strong energy condition (8). This is the case if
µ+p/c2 = 0 (a vacuum); and indeed by eqn.(33) it is possible for example for any
slow-rolling scalar field. Second, one also needs a time when the scale factor is a
minimum. Thus there must be a time t∗ such that Ṡ(t∗) = 0. From the Friedmann
equation (9),

(36) Ṡ2(t∗) = 0⇔ κµ(t∗)
3

=
k

S2(t∗)
.

18See [Copeland et al., 2005] for the ways various quantum gravity theories result in modified
Friedmann equations.
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With k ≤ 0 this is possible only if µ(t∗) < 0. Even with a scalar field (see eqn.(32))
this can only be achieved by having negative potential energies, which appears to
be an unphysical requirement. With k = +1 this is possible with µ(t∗) > 0
[Robertson, 1933], which is compatible with ordinary matter.

Thus if you want a bounce in an inflationary universe, it is sensible to look to
k = +1 inflationary models, which indeed will turn around if a vacuum domain
occurs for long enough (curvature will eventually always win over a vacuum as
we go back into the past [Ellis et al., 2002b; Ellis et al., 2002a]). The theorems
mentioned above do not include this case (see [Guth, 2001]); they only consider
inflationary universes with k = 0 and k = −1. And one should note here that
although the scale-free k = 0 exponential case clearly is the model underlying the
way many people approach the problem, it is highly exceptional — it is of zero
measure within the space of all inflationary FL models.

Explicit non-singular models can be constructed, the simplest being the de
Sitter universe in the k = +1 frame (Sec. 2.1.1), which is an exact eternal solution
that bounces at a minimum radius S0. This model has the problem that it does
not exit inflation (it corresponds to an exactly constant potential), but variants
exist where exit is possible; there are also viable non-singular models that start off
asymptotic to the Einstein Static universe in the distant past and avoid the need
for a quantum gravity epoch [Ellis and Maartens, 2004]. These models start off in
a very special state, precisely because they are asymptotic to the Einstein static
universe in the distant past. This is a possible situation. It seems likely that the
options for the start of inflation are (i) avoiding the quantum gravity era, but at
the cost of having special (‘fine tuned’) initial conditions, or (ii) having a quantum
gravity epoch preceding the inflationary era. Thus a key issue is whether the start
of the universe was very special or generic.

2.7.2 Quantum gravity effects: The origin of the universe

Contemporary efforts to explain the beginning of the universe, and the particular
initial conditions that have shaped its evolution, usually adopt some approach
or other to applying quantum theory to the creation of the universe [Lemâıtre,
1931]. Many innovative attempts have been made here; as this article focuses on
General Relativity and its application to cosmology, and it would be impossible to
do justice to the various approaches to quantum cosmology [Rovelli, 2006] without
a very much longer article. I will just make a few comments on these approaches.

The attempt to develop a fully adequate quantum gravity approach to cosmol-
ogy is of course hampered by the lack of a fully adequate theory of quantum gravity,
as well as by the problems at the foundation of quantum theory (the measurement
problem, collapse of the wave function, etc., see [Isham, 1997; Dickson, 2006;
Landsman, 2006]) which can be ignored in many laboratory situations but have
to be faced in the cosmological context [Perez et al., 2005]. The various attempts
at quantum cosmology each develop in depth some specific aspect of quantum
theory that may be expected to emerge from a successful theory of quantum grav-
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ity applied to the universe as a whole, being for example based on either (i) the
Wheeler-DeWitt equation and the idea of the wave function of the universe, or (ii)
on some version of embedding in higher dimensional space time (inspired by string
theory), or (iii) an appropriate application of loop quantum gravity. In effect they
attempt either

(a) to give a true theory of creation ex nihilo [Vilenkin, 1982]; such efforts how-
ever cannot truly “solve” the issue of creation, for they rely on some struc-
tures or other (e.g. the elaborate framework of quantum field theory and
much of the standard model of particle physics) pre-existing the origin of
the universe, and hence themselves requiring explanation; or

(b) to describe a self-sustaining or self-referential universe which by-passes the
issue of creation, either by

(b1) originating from an eternally pre-existing state, via the recurring idea of
a Phoenix universe [Dicke and Peebles, 1979] (as in Veneziano’s ‘pre-big
bang theory’ based on analogues of the dualities of string theory, or self-
repeating universes such as the chaotic inflationary models of Linde);
creation from fluctuations in some quite different pre-existing structure
(e.g. emergence from de Sitter space time; or the ‘ekpyrotic universe’
initiated by a collision between pre-existing ‘branes’ in a higher dimen-
sional spacetime); or emerging from an eternal static initial state; or

(b2) starting from a state with different properties of time than usual (or
with an an emergent notion of time): as in the Hartle–Hawking no-
boundary proposal [Hawking, 1987; Hawking, 1993], and the Gott causal
violation proposal [Gott and Li, 1998] where the universe ‘creates it-
self’ and starts normal expansion in the domain without closed timelike
lines.

Any of these may be combined with one or other proposals for

(c) an effective ensemble of universes [Tegmark, 2003], realized either

(c1) in space-time regions that are part of either a larger entangled quantum
entity, or are part of a single classical space-time, but are effectively
disconnected from each other, or

(c2) in truly disconnected form.

All of these proposals however are strongly speculative, none being based solidly
in well-founded and tested physics, and none being in any serious sense supported
by observational evidence. They are all vast extrapolations from the known to the
unknown. They may or may not be true. One thing is certain: they can’t all be
true!
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2.8 The concordance model

Observational support for the idea of expansion from a Hot Big Bang epoch is
very strong, the linear magnitude-redshift relation for galaxies demonstrating the
expansion,19 with source number counts and the existence of the blackbody CBR
being strong evidence that there was indeed evolution from a hot early stage.
Agreement between measured light element abundances and the theory of nucle-
osynthesis in the early universe confirms this interpretation. This basic theory is
robust to critical probing. Much present activity attempts to link particle physics
interactions during very early stages of the expansion of the universe to the cre-
ation of structures by gravitational instability much later, traces of the early seed
fluctuations being accessible to us through present day CBR anisotropy patterns.
Thus the present dominant cosmological paradigm is a quantum gravity era of some
kind followed by inflation; a hot big bang epoch; decoupling of matter and radia-
tion; and then gravitational instability leading to formation of clusters of galaxies
from the seed density perturbations that occur on the LSS.

Together with supernova data, analysis of the CBR angular anisotropies and in
particular their peaks gives a concordance model of this kind [Bennet et al., 2003;
Tegmark, 2002; Tegmark et al., 2004; Dodelson, 2003; Scott, 2005] that is then
confirmed by the statistics of matter clustering [Eisenstein et al., 2005a] together
with observations of gravitational lensing and large-scale motions of matter [Silk,
2005]. This model is characterized by specific values for a set of cosmological
parameters [Liddle, 2004], in particular

(37) Ωcdm0 	 0.3, ΩΛ0 	 0.7, Tcbr0 = 2.75K, H0 	 65km/sec/mpc, t0 	 1.4 ×
1010years.

Also Ωbar0 	 0.044 is the density of baryons, Ωvis0 	 0.015 that of luminous
matter, and Ων0 	 10−5 that of massless neutrinos, implying Ω0 	 0.3 + 0.7 	 1
in agreement with the inflationary prediction (34). The sign of k is uncertain,
but if the combined evidence of all current observations is taken at face value it
is positive, with Ω0 = 1.02± 0.02 [Spergel et al., 2003]. As noted above, there are
some concerns firstly over age issues (see Sec. 2.3.2); secondly concerning the large
angle CBR anisotropies (see Sec. 2.3.7); and thirdly regarding details of CDM
structure formation at small scales (see Sec. 2.3.6); but none of these issues seems
to be crucial at present.

2.8.1 Some misunderstandings

Despite its simplicity, there are some common misconceptions about the standard
universe models (cf. [Lineweaver and Davis, 2005]) that can lead to philosophical
misunderstandings.

Misconception 1: The universe is expanding into something. It is not, as it
is all there is. It is just getting bigger, while always remaining all that is. One

19The alternative interpretation as gravitational redshifts in a static universe does not work
because of the linearity of the observed redshift-distance relation [Ellis et al., 1978].
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should note here that a RW universe can be represented as a 4-dimensional curved
spacetime expanding in a 5-dimensional flat embedding space time [Robertson,
1933]; however there is no necessity to view the 5-dimensional spacetime in this
representation as physically real. Furthermore this embedding is no longer possible
when we take perturbations into account; a 10 dimensional flat spacetime is needed
for locally embedding a realistic (perturbed) universe model (and to do so globally
requires many more dimensions, in general).

Misconception 2: The universe expands from a specific point, which is the centre
of the expansion. All spatial points are equivalent in these universes, and the
universe expands equally about all of them. Every fundamental observer sees
exactly the same thing in an exact RW geometry. There is no centre to a FL
universe.

Misconception 3: Matter cannot recede from us faster than light. It can, at an
instant; two distantly separated fundamental observers in a surface {t = const}
can have a relative velocity greater than c if their spatial separation is large enough
[Rothman and Ellis, 1993; Davis and Lineweaver, 2004]. No violation of special
relativity is implied, as this is not a local velocity difference, and no information is
transferred between distant galaxies moving apart at these speeds. For example,
there is presently a sphere around us of matter receding from us at the speed of
light;20 matter beyond this sphere is moving away from us at a speed greater than
the speed of light. The matter that emitted the CBR was moving away from us
at a speed of about 61c when it did so [Rothman and Ellis, 1993].

Misconception 4: The existence of a preferred RW frame (that in which the
universe appears isotropic) contradicts relativity theory, which says all reference
frames are equally good. But this equivalence of frames is true for the equations
rather than their solutions. Almost all particular solutions will have preferred
world lines and surfaces; this is just a particular example of a broken symmetry —
the occurrence of solutions of equations with less symmetries than the equations
display. This feature is a key theme in modern physics [Brading and Castellani,
2006; Harvey, 2006].

Misconception 5: The space sections are necessarily infinite if k = 0 or −1.
This is only true if they have their ‘natural’ simply connected topology. If their
topology is more complex (e.g. a 3-torus) they can be spatially finite [Ellis, 1971a;
Lachièze et al., 1995]. There are many ways this can happen; indeed if k = −1
there is an infinite number of possibilities.

Misconception 6: Inflation implies spatial flatness (k = 0 ⇔ Ωk = 1) exactly.
There is nothing in inflationary theory which determines the sign of the spatial
curvature. Inflationary universes are very nearly flat at late times; this is very
different from being exactly flat (a condition which requires infinite fine tuning of
initial conditions; if say the two millionth digit in the value of Ωk is non-zero at

20This sphere is not the same as the particle horizon, as is sometimes claimed (see [Rothman
and Ellis, 1993]).
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any time, then the universe is not spatially flat). Inflationary theory does not have
the theoretical teeth required to imply that the universe has exactly flat spatial
sections; hence a key issue for cosmology is observationally determining the sign
of the spatial curvature, which is potentially dynamically important in both the
very early universe [Ellis et al., 2002b; Ellis et al., 2002a] and the late universe (it
determines if recollapse is possible, should the dark energy decay away).

2.8.2 Overall

Cosmology has changed from a speculative enterprize into a data-driven science
that is part of standard physical theory [Barnett et al., 1996]; a wealth of obser-
vations supports this dominant theory [Peebles et al., 1991; Silk, 1997; Perkins,
2005]. Nevertheless some theoretical proposals are being made for the very early
stages that have no observational support; and sometimes it may be impossible to
ever obtain such support, both as regards the proposed physics and the geometry.
Thus in some respects it remains a principle driven enterprise, with observation
subordinate to theory.

We now explore the relation between cosmology and philosophy in terms of a
series of Theses clustered around a set of major Issues. One can obtain a synoptic
overview of the overall argument by simply considering the full set of Issues and
Theses. They are summarized in the Table at the end.

3 ISSUE A: THE UNIQUENESS OF THE UNIVERSE.

The first and most fundamental issue is that there is only one Universe [Munitz,
1962; McCrea, 1960; Ellis, 1991]. This essential uniqueness of its object of study
sets cosmology apart from all other sciences. In particular, the unique initial con-
ditions that led to the particular state of the universe we see were somehow “set”
by the time that physical laws as we know them started governing the evolution
of both the universe and its contents, whenever that time may be. We cannot
alter these unique initial conditions in any way — they are given to us as absolute
and unchangeable, even though they are understood as contingent rather than
necessary; that is, they could have been different while still being consistent with
all known physical laws. The implications are that

Thesis A1: The universe itself cannot be subjected to physical exper-
imentation. We cannot re-run the universe with the same or altered conditions
to see what would happen if they were different, so we cannot carry out scientific
experiments on the universe itself. Furthermore,

Thesis A2: The universe cannot be observationally compared with other
universes. We cannot compare the universe with any similar object, nor can we
test our hypotheses about it by observations determining statistical properties of a
known class of physically existing universes.
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Where this all becomes of observational relevance is in the idea of cosmic variance
[Dodelson, 2003, pp. 241, 343]. The theory of structure formation in the early
universe makes statistical predictions only (it cannot attempt to predict the specific
structures that will actually be formed). Testing the theory compares our universe
to a theoretical ensemble of universes, and declares a variance between what is
measured in the actual universe and the expected properties based on the ensemble
of models. If this variance is small enough, a deviation from expected values is
pronounced as a statistical deviation, i.e. of no physical significance — we do
not need to explain it any further; if it is large, it needs explanation. This is a
key issue for example in the analysis of the CBR anisotropy observations [White
et al., 1993; Kamionkowski and Loeb, 1997]. The power spectrum of the CBR as
measured by WMAP is less than expected at large angular scales (Sec. 2.3.7). One
school of thought claims this is just a statistical fluctuation; another that it needs
explanation, and might for example be evidence of a small universe [Luminet et
al., 2003; Luminet, 2005]. This debate arises because there is just one universe,
and on large angular scales there are just a few measurements that can possibly
be made (on small angular scales we can make many measurements and so this
uncertainty becomes very small).

Consequent on A1 and A2,

Thesis A3: The concept of ‘Laws of Physics’ that apply to only one ob-
ject is questionable. We cannot scientifically establish ‘laws of the universe’ that
might apply to the class of all such objects, for we cannot test any such proposed
law except in terms of being consistent with one object (the observed universe).

This is insufficient: one observational point cannot establish the nature of a causal
relation. Indeed the concept of a ‘law’ becomes doubtful when there is only one
given object to which it applies [Munitz, 1962]. The basic idea of a physical law is
that it applies to a set of objects all of which have the same invariant underlying
behaviour (as defined by that law), despite the apparent variation in properties
in specific instances, this variation resulting from varying initial conditions for
the systems on which the law acts. This understanding is tested by physical
experiments in which initial conditions for evolution of a set of similar systems are
varied, and observations by which the statistical nature of a set of objects of the
same broad kind is investigated. Neither is possible in the case of cosmology.

The laws of physics apply locally to the objects in the cosmos, and determine
the evolution of the cosmos as a whole when locally applied everywhere with
suitable initial/boundary conditions imposed (in the case of the RW models, via
the Friedmann equation for example). Apart from this, we cannot establish higher-
level effective laws that apply to all universes and determine their structure, as we
can at all other levels of the hierarchy of complexity. All that we can do at this
level of structure is observe and analyze the one unique object that exists. This
is expressed by McCrea as follows: “When we speak of the other solutions of the
equations of stellar structure, besides the one we are interested in at the moment,
as representing systems that could exist, we mean that they could exist in the
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universe as we know it. Clearly no such attitude is possible towards the universe
itself” [McCrea, 1953].

Since the restriction of a global solution to a local neighborhood is also a so-
lution, we have zillions of “mini-universe” on which to test the laws that control
the local nature of the universe. But a mini-universe is not the universe itself;
it is a small part of the whole. By examining these “mini-universes” and seeing
if they are essentially the same everywhere, we can to some degree check firstly
that the laws of physics are the same everywhere in the universe (a key feature of
all cosmological analysis, cf. Sec. 7.1), and secondly that the universe is spatially
homogeneous (this is discussed in depth below, see Sec. 4.2.2). But the latter fea-
ture is what has to be explained by a ‘law of the universe’; verifying homogeneity
does not explain why it is the case; this comes about because of specific initial
conditions, which some suggest are due to hypothesized ‘laws of the universe’,
applicable to the whole rather than to its parts. Finally,

Thesis A4: The concept of probability is problematic in the context of
existence of only one object. Problems arise in applying the idea of probability
to cosmology as a whole — it is not clear that this makes much sense in the context
of the existence of a single object which cannot be compared with any other existing
object.

But a concept of probability underlies much of modern argumentation in cosmol-
ogy. Talk of ‘fine tuning’ for example is based on the use of probability (it is
a way of saying something is improbable). This assumes both that things could
have been different, and that we can assign probabilities to the set of unrealized
possibilities in an invariant way. The issue here is to explain in what sense they
could have been different with well-defined probabilities assigned to the different
theoretical possibilities, if there is indeed only one universe with one set of initial
conditions fixed somehow before physics came into being, or perhaps as physics
came into being. We cannot scientifically establish laws of creation of the universe
that might determine such initial conditions and resulting probabilities. If we use
a Bayesian interpretation, which some suggest can be meaningfully applied to only
one object [Garrett and Coles, 1993], the results depend on our ‘prior knowledge’,
which in this case can be varied by changing our initial pre-physics assumptions.
Related issues arise concerning the meaning of ‘the wave function of the universe’,
at the heart of quantum cosmology. This wave function gives no unique prediction
for any specific single universe.

Two comments on the above. First, it is useful to distinguish between the ex-
perimental sciences — physics, chemistry, microbiology for example — on the one
hand, and the historical and geographical sciences — astronomy, geology, evolu-
tionary theory for example, on the other. It is the former that are usually in mind
in discussions of the scientific method. The understanding in these cases is that
we observe and experiment on a class of identical or almost identical objects and
establish their common behaviour. The problem then resides in just how iden-
tical those objects are. Quarks, protons, electrons, are all exactly identical to
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each other, and so have exactly the same behaviour (indeed this feature underlies
well-tested quantum statistics). All DNA molecules, frogs, human beings, and
ecosystems are somewhat different from each other, but are similar enough never-
theless that the same broad descriptions and laws apply to them; if this were not
so, then we would be wrong in claiming they belonged to the same class of objects
in the first place. Water molecules, gases, solids, liquids are in an intermediate
category — almost identical, certainly describable reliably by specific physical and
chemical laws.

As regards the geographical and historical sciences, here one explicitly studies
objects that are unique (the Rio Grande, the continent of Antarctica, the Solar
System, the Andromeda galaxy, etc.) or events that have occurred only once (the
origin of the Solar System, the evolution of life on Earth, the explosion of SN1987a,
etc.). Because of this uniqueness, comment A1 above applies in these cases also:
we can only observe rather than experiment; the initial conditions that led to
these unique objects or events cannot be altered or experimented with. However
comment A2 does not apply: at least in principle, there is a class of similar objects
out there (other rivers, continents, planetary systems, galaxies, etc.) or similar
events (the origin of other galaxies, the evolution of other planetary systems, the
explosion of other supernovae, etc.) which we can observe and compare with our
specific exemplar, also carrying out statistical analyses on many such cases to
determine underlying patterns of regularity; and in this respect these topics differ
from cosmology.

If we truly cannot carry out such analyses — that is, if A2 applies as well in
some particular case — then that subject partakes in this respect of the nature of
cosmology. One may claim that the dividing line here is that if we convince our-
selves that some large-scale physical phenomenon essentially occurs only once in
the entire universe, then it should be regarded as part of cosmology proper ; whereas
if we are convinced it occurs in many places or times, even if we cannot observa-
tionally access them (e.g. we believe that planets evolved around many stars in
other galaxies), then study of that class of objects or events can be distinguished
from cosmology proper precisely because there is a class of them to study. The
second comment is that some workers have tried to get around this set of problems
by essentially denying the uniqueness of the universe. This is done by proposing
the physical existence of ‘many universes’ to which concepts of probability can be
properly applied (cf. Sec. 2.7.2), envisaged either as widely separated regions of a
larger universe with very different properties in each region (as in chaotic inflation
for example), as multiple realizations of quantum outcomes, or as an ensemble
of completely disconnected universes — there is no physical connection whatever
between them — in which all possibilities are realized. We return to this in Sec.
9.2.
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4 ISSUE B: THE LARGE SCALE OF THE UNIVERSE IN SPACE AND
TIME.

The problems arising from the uniqueness of the universe are compounded by
its vast scale in both space and time, which poses major problems for observa-
tional cosmology. We therefore need to adduce various Principles in addition to
the observations, in order to attain unique models: theory comes in as basis for
interpreting observations.

4.1 Observations in a large scale universe

The distance to the nearest galaxy is about 106 light years, that is about 1024cm.,
while the size of the earth is about 109cm. The present size of the visible universe
is about 1010 light years, that is about 1028cm. This huge size relative to our own
physical scale (about 102cm) places major constraints on our ability to observe
distant regions (and certainly prevents us experimenting with them). The unique-
ness of cosmology in this respect is that it deals with this scale: the largest with
which we can have causal or observational contact.

Thesis B1: Astronomical observations are confined to the past null cone,
fading with distance. We can effectively only observe the universe, considered
on a cosmological scale, from one space-time event. Visual observations are pos-
sible only on our past light cone, so we are inevitably looking back into the past as
we observe to greater distances. Uncertainty grows with distance and time.

The vast scale of the universe implies we can effectively only view it from one
spacetime event (‘here and now’) [Ellis, 1971a; Ellis, 1975]. If we were to move
away from this spatial position at almost the speed of light for say 10, 000 years,
we would not succeed in leaving our own galaxy, much less in reaching another
one; and if we were to start a long-term astronomical experiment that would store
data for say 20, 000 years and then analyze it, the time at which we observe the
universe would be essentially unchanged (because its age is of the order of 1010

years: the extra time would make a negligible difference). This is quite unlike
other geographic sciences: we can travel everywhere on earth and see what is
there. The situation would be quite different if the universe were much smaller.
Given its actual scale, such that we are now seeing galaxies whose present distance
from us is about 109 light years, the effect is as if we were only able to observe
the earth from the top of one mountain, and had to deduce its nature from those
observations alone [Ellis, 1975].

Because we can only observe by means of particles — photons, massless neutri-
nos, gravitons — travelling to us at the speed of light, astronomical observations
of distant sources and background radiation by telescopes operating at all wave-
lengths (optical, infrared, ultraviolet, radio, X-ray) are constrained to rays lying in
our past light cone. These allow detailed observations (including visual pictures,
spectral information, and polarization measurements) of matter as it intersects our
past light cone. In observing distant regions, we can also aspire to use neutrino
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and gravitational wave telescopes, and perhaps cosmic rays, also representing in-
formation coming to us at the speed of light or less. However all our detailed data
about distant regions is gathered along our past light cone.

As a consequence, three interrelated problems occur in interpreting the astro-
nomical observations. The first is that (because we can only view the universe
from one point) we only obtain a 2-dimensional projection on the sky of the 3-
dimensional distribution of matter in the universe. To reconstruct the real distri-
bution, we need reliable distance measurements to the objects we see. However
because of variation in the properties of sources, most are not reliable standard
candles or standard size objects to use in calibrating distances, and in these cases
we have to study statistical properties of classes of sources to estimate distances.

Second, we necessarily see distant galaxies and other objects at earlier times
in their history (where their world lines intersect this past light cone).21 Thus
cosmology is both a geographic and a historical science combined into one: we see
distant sources at an earlier epoch, when their properties may have been different.
As we are looking back in the past, source evolution must be taken into account;
their properties at the time they emitted the light may be quite different from their
properties now. We can only determine the distances of objects if we understand
this evolution; but in practice it is one of the unknowns we have to try to determine
(cf. Sec. 4.2.3).

Third, distant sources appear very small and very faint, both because of their
physical distance, and because their light is highly redshifted (due to the expansion
of the universe). Simply detecting them, let alone determining their characteris-
tics, becomes rapidly more difficult with distance. Furthermore absorption by
intervening matter can interfere with light from distant objects. The further back
we look, the worse these problems become; thus our reliable knowledge of the
universe decreases rapidly with distance [Ellis, 1975].

The situation is however improved by the availability of geological-type data
[Hoyle, 1960]; that is, the present-day status of rocks, planets, star clusters, galax-
ies, and so on, which contains much information on the past history of the matter
comprising those objects. Thus we can obtain detailed information on conditions
near our past world-line in spacetime [Ellis, 1971a; Ellis, 1975] at very early times
if we can interpret this data reliably, for example by relating theories of structure
formation to statistical studies of source properties.

Thesis B2: ‘Geological’ type observations can probe the distant past
of our past world line. Physical and astrophysical observations tell us about
conditions near matter world-lines in the far distant past. They can be used also
to investigate the far distant past of more distant objects.

This involves us in physical cosmology: namely the study of the evolution of
structures in the universe, tested by comparison with astronomical observation.
Particularly useful are measurements of the abundances of elements which resulted

21For example we see the Andromeda galaxy as it was two million years ago, long before
humans existed on Earth [Silk, 2005].
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from nucleosynthesis in the Hot Big Bang, giving us data about conditions long
before decoupling (Sec. 2.2.2). If we can obtain adequate quality data of this kind
for objects at high redshifts, we can use this to probe conditions very early on
in their histories at some distance from our past worldline. Encouraging in this
regard is the possibility of determination of element abundances at high redshift
[Dodelson, 2003, pp. 11-12]; [Pettini, 1999]).

4.2 Determining Spacetime Geometry: Observational Limits.

The unique core business of observational cosmology is determining the large-scale
geometry of everything there is, or at least of everything we can observe.

4.2.1 Direct determination versus theory based approaches

One can go about this in a direct manner: trying to determine the geometry of
the universe directly from observations (assuming one has some understanding of
the sources observed). The way this can be done (curiously known as the ‘inverse
approach’) has been fully characterized [Kristian and Sachs, 1966; Ellis et al.,
1985]; indeed there is an interesting result here, namely

Observational Cosmology Theorem: The data in principle available on our
past null cone from astronomical observations is just necessary and sufficient to
determine the space-time geometry on that null cone [Ellis et al., 1985]. From this
data one can in principle determine the space time in the past of the null cone
and, if a no-interference conditions is assumed, to its future.

However this is difficult to carry out both because of the problem of estimating
distances for all observed sources, requiring a knowledge of the nature of the
sources (Sec. 4.2.3),22 and because of the serious difficulty in obtaining some of
the needed data (which include apparent distortions of all distant objects, and the
transverse velocities of all observed matter). The further we observe down the past
light cone, the larger the uncertainty becomes. This direct observational approach,
where no prior model is assumed for the space-time geometry, has been pursued to
some degree (and in essence underlies for example the observational studies that
discovered large-scale structure such as the great walls and voids). Nevertheless it
is not widely adopted as an overall approach to cosmology, both because of these
observational difficulties, but also because it has little explanatory value; it just
tells us what the geometry and matter distribution is, but not why it is of that
nature.

The usual option in cosmology proper is rather to use a theory-based approach:
we a priori assume a model based on a space-time geometry with high symmetry
(usually a FL model, see Sec. 2.1), and then determine its essential free parame-
ters from comparison of theoretical relations with astronomical observations (Sec.
2.3.3). Detailed observations of the matter distribution and large-scale velocities

22The link between observations and models always requires some theory, and is never direct.
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as well as CBR anisotropies then help us determine deviations from the exact
model, both statistically (an astrophysical description [Dodelson, 2003]) and in
detail (an astronomical description [Ellis and Stoeger, 1987]).

4.2.2 Indirect determination: justifying a Friedmann-Lemâıtre geometry

The standard models of cosmology are the Friedmann-Lemâıtre (FL) family of
universe models that are exactly spatially homogeneous and isotropic everywhere
(Sec. 2.1). They are easy to understand, and have tremendous explanatory power;
furthermore their major physical predictions (the existence of blackbody CBR
and specific light element production in the early universe) seem confirmed. The
issue is, to what degree does observational data uniquely indicate these universe
models for the expanding universe geometry? Here one is assuming a large enough
averaging scale for spatial homogeneity to be valid; this scale should be explicitly
indicated [Ellis, 1984] (it is about 100 Mpc at present [Dodelson, 2003]).23 These
are the background models for cosmology; perturbed FL models then characterize
the nature of deviations from the exact FL geometry that are expected on smaller
scales (Sec. 2.5.2).

The key feature here is the observed isotropy about our location (Sec. 2.3.1).
Considered on a large enough angular scale, astronomical observations are very
nearly isotropic about us, both as regards source observations and background
radiation; indeed the latter is spectacularly isotropic, better than one part in 104

after a dipole anisotropy, understood as resulting from our motion relative to
the rest frame of the universe, has been removed [Partridge, 1995]. Because this
applies to all observations (in particular, there are not major observed matter con-
centrations in some other universe region), this establishes that in the observable
region of the universe, to high accuracy both the space-time structure and the mat-
ter distribution are isotropic about us. We can easily construct exact spherically
symmetric universe models [Bondi, 1947; Ellis and van Elst, 1999a], as indicated
by these observations. In general they will be spatially inhomogeneous, with our
Galaxy located at or near the centre; this is currently a philosophically unpopular
proposal, but is certainly possible. The question is whether we can give convinc-
ing observational evidence for spatial homogeneity in addition to the spherical
symmetry. Various arguments are used for this purpose.

(a) The cosmological principle [Bondi, 1960; Weinberg, 1972]: Just assume spa-
tial homogeneity because it is the simplest case and you don’t need anything
more complex on the basis of current data. We simply adopt a philosophical
principle as the basis of argument. This is essentially an a priori prescrip-
tion for initial conditions for the universe (a universe that initially has a
RW geometry will have that geometry at later times, because symmetries of

23There exist hierarchical models where neither the fluid approximation nor homogeneity is
ever attained at any scale because of their fractal nature [de Vaucouleurs, 1970]. The regularity of
the observed galactic motions, as evidenced by the (m, z) relations, speaks against these models,
as do large-scale observations of the matter distribution [Peebles, 1993a].
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the initial data are preserved by the Einstein equations [Hawking and Ellis,
1973]); but it is not usually expressed that way.

(b) FL observational relations: If we could show that the source observational
relations had the unique FL form (26, 28) as a function of distance, this
would establish spatial homogeneity in addition to the isotropy, and hence a
RW geometry [Ellis et al., 1985]. This is essentially what is done for example
in using number counts towards establishing spatial homogeneity [Hubble,
1936]. However because of Thesis B1 above, the observational problems
mentioned earlier — specifically, unknown source evolution — prevent us
from carrying this through: we cannot measure distances reliably enough.
Astrophysical cosmology could resolve this in principle, but is unable to do
so in practice. Indeed the actual situation is the inverse: taking radio-source
number-count data at its face value, without allowing for source evolution,
contradicts a RW geometry.

In the face of this, the usual procedure is to assume that spatial homogene-
ity is known in some other way, and deduce the source evolution required
to make the observations compatible with this geometric assumption [Ellis,
1975]. It is always possible to find a source evolution that will achieve this
[Mustapha et al., 1998]. Thus attempts to observationally prove spatial ho-
mogeneity this way fail; indeed an alternative interpretation would be that
this data is evidence of spatial inhomogeneity, i.e. that we live in a spheri-
cally symmetric inhomogeneous universe where we are situated somewhere
near the centre, with the cosmological redshift being partly gravitational, cf.
[Ellis et al., 1978] (and conceivably with a contribution to the CBR dipole
from this inhomogeneity if we are a bit off-centre). Similarly the supernova
data usually understood as implying the existence of a cosmological constant
(Sec. 2.3.5) could also be interpreted in this way as evidence of inhomogene-
ity, without the need for ‘dark energy’. Most people regard such proposals
as very unappealing — but that does not prove they are incorrect.

(c) Physical arguments: One can claim that physical processes such as inflation
(Sec. 2.6) make the existence of almost-RW regions highly likely, indeed much
more probable than spherically symmetric inhomogeneous regions. This is
a viable argument, but we must be clear what is happening here — we are
replacing an observational test by a theoretical argument based on a phys-
ical process that may or may not have happened (for there is no definitive
observational proof that inflation indeed took place). It is strongly bolstered
because predictions for the detailed pattern of CBR anisotropy on small
scales [Hu and Sugiyama, 1995b], based on the inflationary universe theory,
have been confirmed [Perkins, 2005]; but that argument will only become
rigorous if it is shown that spherically symmetric inhomogeneous models
(with or without inflation) cannot produce similar patterns of anisotropy.
But they probably can, because the acoustic oscillations that lead to the
characteristic predicted anisotropy patterns in fact take place after inflation,
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and can equally happen if suitable initial conditions occur without a previous
inflationary phase.

What about alternative observational routes? Another proposal is,

(d) Uniform thermal histories: the idea is to use the uniformity in the nature
of the objects we see in the sky (we see the same types of galaxy at large
distances, for example) to deduce they must have all undergone essentially
the same thermal history, and then to prove from this homogeneity of ther-
mal histories that the universe must be spatially homogeneous. For exam-
ple, observations showing that element abundances at high redshift in many
directions are the same as locally, are very useful in constraining inhomo-
geneity by showing that conditions in the very early universe at the time
of nucleosynthesis must have been the same at distant locations in these di-
rections [82]. However turning this idea into a proper test of homogeneity
has not succeeded so far: indeed it is not clear if this can be done, because
some (rather special) counter-examples to this conjecture have been found
[Bonnor and Ellis, 1986]. Nevertheless the approach could be used to give
evidence against spatial homogeneity: for example, if element abundances
were measured to be different at high redshifts in any direction [Pettini, 1999;
Sigurdson and Furlanetto, 2005], or if ages of distant objects were incompat-
ible with local age estimates [Jain and Dev, 2005].

Finally the argument for spatial homogenity that is most generally accepted:

(e) Isotropy everywhere: If all observers see an isotropic universe, then spatial
homogeneity follows [Walker, 1944; Ehlers, 1993; Ellis, 1971a]; indeed ho-
mogeneity follows if only three spatially separated observers see isotropy.
Now we cannot observe the universe from any other point, so we cannot
observationally establish that far distant observers see an isotropic universe.
Hence the standard argument is to assume a Copernican Principle: that
we are not privileged observers. This is plausible in that all observable
regions of the universe look alike: we see no major changes in conditions
anywhere we look. Combined with the isotropy we see about ourselves,
this implies that all observers see an isotropic universe, and this estab-
lishes a RW geometry [Walker, 1944; Ellis, 1971a; Hawking and Ellis, 1973].
This result holds if we assume isotropy of all observations; a powerful en-
hancement was proved by Ehlers, Geren, and Sachs [Ehlers et al., 1968;
Hawking and Ellis, 1973], who showed that if one simply assumes isotropy of
freely-propagating radiation about each observer in an expanding universe
domain,24 the result follows from the Einstein and Liouville equations; that
is,

24This result does not hold in a static universe, for then the radiation temperature depends
only on the potential difference between the emitter and observer, hence the radiation is isotropic
everywhere even if the universe inhomogeneous, cf. [Ellis et al., 1978].
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EGS Theorem: Exact isotropy of the CBR for every geodesically moving
fundamental observer at each point in an expanding universe domain U im-
plies an exact RW geometry in U.

Thus we may establish spatial homogeneity by assuming a weak Copernican prin-
ciple: we are not in a privileged position where the CBR just happens to be highly
isotropic by chance; hence all comoving observers may be assumed to measure
highly isotropic CBR, and the result follows. This is currently the most persua-
sive observationally-based argument we have for spatial homogeneity.

A problem is that it is an exact result, assuming exact isotropy of the CBR;
is the result stable? Indeed it is: almost-isotropy of freely-propagating CBR for
an expanding family of geodesically-moving fundamental observers everywhere in
some region proves the universe geometry is almost-RW in that region [Stoeger et
al., 1995]. Thus the result applies to the real universe — provided we make the
Copernican assumption that all other observers, like us, see almost isotropic CBR.
And that is the best we can do at present. Weak tests of the isotropy of the CBR
at other spacetime points come from the Sunyaev-Zel’dovich effect [Goodman,
1995] and from CBR polarization measurements [Kamionkowski and Loeb, 1997],
giving broad support to this line of argument but not enough to give good limits
on spatial inhomogeneity.

The observational situation is clear:

Thesis B3: Establishing a Robertson-Walker geometry for the universe
relies on plausible philosophical assumptions. The deduction of spatial ho-
mogeneity follows not directly from astronomical data, but because we add to the
observations a philosophical principle that is plausible but untestable.

The purpose of the above analysis is not to seriously support the view that the
universe is spherically symmetric and inhomogeneous, as is allowed by the obser-
vations, but rather to show clearly the nature of the best observationally-based
argument by which we can (quite reasonably) justify the assumption of spatial
homogeneity.

Accepting this argument, the further question is, in which spacetime regions
does it establish a RW-like geometry? The CBR we detect probes the state
of the universe from the time of decoupling of matter and radiation (at a red-
shift of about 1100) to the present day, within the visual horizon. The argu-
ment from CBR isotropy can legitimately be applied for that epoch. However,
it does not necessarily imply isotropy of the universe at much earlier or much
later times, because there are spatially homogeneous anisotropic perturbation
modes that are unstable in both directions of time; and they will occur in a
generic situation. Indeed, if one examines the Bianchi (spatially homogeneous but
anisotropic) universes, using the powerful tools of dynamical systems theory, one
can show that intermediate isotropisation can occur [Wainwright and Ellis, 1996;
Wainright et al., 1998]: despite being highly anisotropic at very early and very
late times, such models can mimic a RW geometry arbitrarily closely for an ar-
bitrarily long time, and hence can reproduce within the errors any set of FL-like
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observations. We can obtain strong limits on the present-day strengths of these
anisotropic modes from CBR anisotropy measurements and from data on element
abundances, the latter being a powerful probe because (being of the ‘geological’
kind) they can test conditions at the time of element formation, long before decou-
pling. But however low these observational limits, anisotropic modes can dominate
at even earlier times as well as at late times (long after the present). If inflation
took place, this conclusion is reinforced: it washes out any information about very
early universe anisotropies and inhomogeneities in a very efficient way.

As well as this time limitation on when we can regard homogeneity as estab-
lished, there are major spatial limitations. The above argument does not apply
far outside the visual horizon, for we have no reason to believe the CBR is highly
isotropic there. Indeed if chaotic inflation is correct, conditions there are not the
same.

4.2.3 Determining the RW parameters

Given that a RW geometry is a good description of the observable universe on a
large scale, the further issue is what are the best-fit parameters that characterize
it, selecting the specific universe we observe from the family of all FL models (Sec.
2.1). Important observational issues are:

• Determining the Hubble parameter H0, which sets the overall scale of the
observed universe region.

• Determining the trio of the density parameter Ω0, deceleration parameter
q0, and cosmological constant Λ (or equivalently the density parameter ΩΛ),
which are the major defining characteristics of a specific FL model. The
CBR data, supernova observations, deep number counts, source covariance
functions, velocity measurements, and gravitational lensing observations can
determine these quantities.

• Determining the sign of the curvature k, showing whether the universe has
closed spatial sections and also whether it is possible for it to recollapse in
the future or not. Analyses of the observations should always attempt to
determine this sign, and not assume that k = 0 (as is often done) [Wright,
2006].

• Various parameters are used to characterize the nature of dark matter (Sec.
2.3.6) and dark energy (Sec. 2.3.5). As their dynamics is unknown, these too
have to be determined observationally.

We only obtain good estimates of these quantities by the observational relation-
ships characterized above (Sec. 2.3.3) using statistical analysis of the classes of
objects we observe. Problems arise because of our lack of adequate theories of
their historical development.
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Thesis B4: Interpreting cosmological observations depends on astro-
physical understanding. Observational analysis depends on assessing a variety
of auxiliary functions characterizing the sources observed and the observations
made. These introduce further parameters that have to be observationally or theo-
retically determined, allowing considerable freedom in fitting specific models to the
observations. Physical cosmology aims to characterize perturbed FL models (which
account for structure formation) rather than just the background exactly smooth
FL models; this introduces further parameters to be determined.

It is useful here to distinguish between methods aimed at determining the proper-
ties of the background (zeroth order) FL model directly, and those aimed at deter-
mining properties of the perturbations of these models [Tegmark, 2002]. Methods
for determining the parameters of the background model (Sec. 2.1) depend on
assuming properties of the distance indicators used (galaxies, radio sources, etc.).
They will have their own properties (brightness profiles, luminosities, physical
sizes, spectra, etc.) and dynamical evolution; but these are often not well under-
stood, and will have to be represented in a parametric way (e.g. by parameters
describing luminosity evolution). In each case we end up assuming important as-
pects of the astrophysics and evolutionary histories of the objects observed, which
are not part of the cosmological model proper. The statistical properties of the
sources observed are also characterized by parametrized functions (e.g. the lumi-
nosity function characterizing the numbers of galaxies in each luminosity class)
that have to be known in order to analyze the observations. This situation is an
exemple of Lakatos’ view of how scientific programmes work, with a belt of aux-
iliary hypotheses interposing between the core theoretical proposal and the data
used to test it [Lakatos, 1980]. This makes the analysis rather model-dependent,
where the models are only indirectly related to the background model — their
explanation is the aim of astrophysics rather than cosmology. Thus if observa-
tional results disagree with a particular cosmological model, one can always claim
it is the understanding of the auxiliary hypotheses that is at fault rather than the
model being proposed [Lakatos, 1980].

By contrast, many of the methods of estimating Ω0 (and to some degree Λ) de-
pend on studying the growth and nature of inhomogeneities in the universe, that
is they investigate perturbed FL models (Sec. 2.5.2), whose properties of course
depend on the background model, but introduce a whole set of further functions
and parameters describing the perturbations [Dodelson, 2003], for example the an-
gular correlation function for matter (or its Fourier transform, the 2-dimensional
power spectrum), the power spectrum of density fluctuations [Tegmark, 2002],
red-shift space correlation functions [Peebles, 1993a; Eisenstein et al., 2005a], and
correlation function for velocities [Dodelson, 2003]. Associated parameters include
a scalar spectral index (characterizing the spectrum of physical sizes of inhomo-
geneities), the bias parameter b (expressing how galaxy formation is biassed to-
wards density peaks in the inhomogeneities [Dodelson, 2003, p. 280]) and the
initial fluctuation magnitudes Q (the seeds for structure formation). Determining
these parameters is part of the task of cosmology proper: to fully characterize the
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perturbed cosmological model, we aim to determine both the background parame-
ters and the quantities describing the perturbations. Model selection then depends
on the parameters used to describe them — what is assumed known, and what is
to be determined [Liddle, 2004; Scott, 2005]. For example, standard inflationary
theory predicts a scale-invariant spectrum of Gaussian perturbations; do we test
that assumption, or take it for granted? This comes up in the issue of what ‘priors’
are assumed when conducting statistical tests.

4.2.4 Consistency tests

A key question for cosmology is what kinds of observations provide critical tests of
the standard FL models. If there were no observations that could disprove them,
the subject would be of questionable scientific status. An important such test is
obtaining estimates of the age of the universe t0, which is dependent on H0, Ω0,
and Λ, and comparing them with estimates of the ages of objects in the universe
(determined on astrophysical grounds):

Thesis B5: A crucial observational test for cosmology is that the age of
the universe must be greater than the ages of stars. The tension between
the age of the universe and ages of stars is one area where the standard models
are vulnerable to being shown to be inconsistent, hence the vital need to establish
reliable distance scales, basic to estimates of both H0 and the ages of stars, and
good limits on Λ. Other consistency tests help confirm the standard model and
consolidate cosmology’s standing as an empirical science.

At present this age issue is acceptable for local objects, because of a recent revision
of our distance scale estimates [Harris et al., 1998], assisted by data that Λ is
positive [Perlmutter et al., 1998]; but continued vigilance is needed on this front,
particularly as there are indications of problems for high redshift objects [Jain
and Dev, 2005]. If this ever became serious we might have to resort to spherically
symmetric inhomogeneous models rather than spatially homogeneous models, with
the ‘bang time’ (characterizing the start of the universe) dependent on distance
from us [Mustapha et al., 1998].

Note that this issue is crucially unlike the case of the large angle CBR anisotropies
(Sec. 2.3.7): the low CBR anisotropies at large angular scales can as a last resort
be dismissed as a statistical fluke; the age issue cannot. It is to do with the internal
consistency of individual cosmological models, not with probabilities. Thus it is a
plus for cosmology that the age issue exists. Other consistency tests include

• Showing that the CBR temperature Tcbr varies with redshift according to
Tcbr = 2.75 (1 + z) [Meyer, 1994];

• Confirming that helium abundances are consistent with a primordial value
of 25% at large distances (high redshifts) in all directions [Dodelson, 2003,
pp. 11-12]; also [Pettini, 1999; Sigurdson and Furlanetto, 2005]; and
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• Checking that there is a 2% number count dipole parallel to the CBR dipole
for all cosmological sources [Ellis and Baldwin, 1984].

4.3 The hidden universe

If we do not live in a small universe (Sec. 4.3.1), the further essential point is that
the region of the universe we can observe is restricted, firstly because we cannot
see to earlier times than the LSS (the universe was opaque before then (see Sec.
2.2)), and secondly because a finite time has elapsed since the universe became
transparent to radiation, and light can only have travelled a finite distance in
that time. As no signal can travel to us faster than light, we cannot receive any
information from galaxies more distant than our visual horizon [Ellis and Stoeger,
1988]. The most distant matter we can observe is that which emitted the CBR
(Sec. 2.4.2).

Thesis B6: Observational horizons limit our ability to observationally
determine the very large scale geometry of the universe. We can only
see back to the time of decoupling of matter and radiation, and so have no direct
information about earlier times; and unless we live in a ‘small universe’, most
of the matter in the universe is hidden behind the visual horizon. Conjectures as
to its geometry on larger scales cannot be observationally tested. The situation is
completely different in the small universe case: then we can see everything there
is in the universe, including our own galaxy at earlier times.

The key point here is that unless we live in a small universe, the universe itself is
much bigger than the observable universe. There are many galaxies — perhaps an
infinite number — at a greater distance than the horizon, that we cannot observe
by any electromagnetic radiation. Furthermore no causal influence can reach us
from matter more distant than our particle horizon — the distance light can have
travelled since the creation of the universe, so this is the furthest matter with which
we can have had any causal connection [Rindler, 1956; Hawking and Ellis, 1973;
Tipler et al., 1980]. We can hope to obtain information on matter lying between
the visual horizon and the particle horizon by neutrino or gravitational radiation
observatories; but we can obtain no reliable information whatever about what lies
beyond the particle horizon. We can in principle feel the gravitational effect of
matter beyond the horizon because of the force it exerts (for example, matter
beyond the horizon may influence velocities of matter within the horizon, even
though we cannot see it). This is possible because of the constraint equations
of general relativity theory, which are in effect instantaneous equations valid on
spacelike surfaces.25 However we cannot uniquely decode that signal to determine
what matter distribution outside the horizon caused it: a particular velocity field
might be caused by a relatively small mass near the horizon, or a much larger

25They are valid at any late time in a solution of the EFE because they were valid initially —
the initial data must satisfy constraint equations — and once they are satisfied, the constraints
are preserved by the dynamic field equations.
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mass much further away [Ellis and Sciama, 1972]. Claims about what conditions
are like on very large scales — that is, much bigger than the Hubble scale —
are unverifiable [Ellis, 1975], for we have no observational evidence as to what
conditions are like far beyond the visual horizon. The situation is like that of an
ant surveying the world from the top of a sand dune in the Sahara desert. Her
world model will be a world composed only of sand dunes — despite the existence
of cities, oceans, forests, tundra, mountains, and so on beyond her horizon.

It is commonly stated that if we live in a low-density universe and the cos-
mological constant vanishes, the universe has infinite spatial sections. However
this deduction only applies if firstly the RW-like nature of the universe within
the past light cone continues to be true indefinitely far outside it, and secondly
the space sections have their ‘natural’ simply-connected topology — and there is
no way we can obtain observational evidence that these conditions are both true.
In contrast to this, in chaotic inflationary models (Sec. 2.6), it is a definite pre-
diction that the universe will not be like a RW geometry on a very large scale
— rather it will consist of many RW-like domains, each with different parameter
values, separated from each other by highly inhomogeneous regions outside our
visual horizon [Linde, 1990], the whole forming a fractal-like structure. This pre-
diction is just as untestable as the previously prevalent assumption (based on a
Cosmological Principle) that the universe is RW-like on such scales [Bondi, 1960;
Weinberg, 1972]. Neither can be observationally confirmed or denied. The same
issue arises in an even more extreme form in relation to the idea of a multiverse.
We return to this below, see Sec. 9.2.

4.3.1 Small universes

There is one case where this kind of spatial observational limit does not obtain.
This is when a Small Universe occurs, that is, a universe which closes up on
itself spatially for topological reasons [Ellis, 1971b], and does so on such a small
scale that we have seen right round the universe since the time of decoupling.
Then we can see all the matter that exists, with multiple images of many objects
occurring [Ellis and Schreiber, 1986]. This possibility is observationally testable
by examining source statistics, by observation of low power in the large angle CBR
anisotropies, and by detecting identical temperature variation on various circles in
the CBR sky [Lachièze et al., 1995]. There are weak hints in the observed CBR
anisotropies (the lack of power on large angular scales) that this could actually be
the case [Luminet et al., 2003; Luminet, 2005], but this is not solidly confirmed.
Checking if the universe is a small universe or not is an important task; the nature
of our observational relationship to the universe is fundamentally different if it is
true [Ellis and Schreiber, 1986].

4.4 The observed universe

The observable part of the universe (i.e. back to the visual horizon) is strictly
limited, and we have already seen most of it. We can only observe distant objects
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by electromagnetic radiation at all wavelengths, by neutrinos, and by gravita-
tional waves. We already have very complete broad coverage of the entire sky by
electromagnetic observations at all wavelengths right back to the surface of last
scattering, which is the limit of what will ever be observable by electromagnetic
radiation. Detailed observations (such as the Hubble Deep Field) are available for
restricted domains in angle and depth. Detailed observations at suitable wave-
lengths are beginning to discern what lies behind the Milky Way, which tends
to obscure a substantial fraction of the sky. It is unlikely there are many new
astronomical phenomena undiscovered in this observable region, although it will
be crucial determining more detailed features of the phenomena we have already
discovered (e.g. the nature of dark matter and dark energy).

Thesis B7: We have made great progress towards observational com-
pleteness. We have already seen most of the part of the universe that is observable
by electromagnetic radiation. It is plausible that not many new astronomical phe-
nomena remain to be discovered by us observationally; we will determine more
details (so understanding more about what we have seen) and see more objects,
but not discover many new kinds of things.

Indeed Harwit [1984] has used the multiplicity of discovery of specific astronomical
phenomena to estimate how many new essentially different such phenomena there
are still waiting to be discovered.

Neutrinos and gravitational waves will in principle allow us to peer back to
much earlier times (the time of neutrino decoupling and the quantum gravity era
respectively), but are much harder to observe at all, let alone in useful directional
detail. Nevertheless the latter has the potential to open up to us access to eras quite
unobservable in any other way. Maybe they will give us unexpected information on
processes in the very early universe which would count as new features of physical
cosmology.

5 ISSUE C: THE UNBOUND ENERGIES IN THE EARLY UNIVERSE

The analogous problems for physical cosmology arise because energies occurring
in the Hot Big Bang early universe phase (Sec. 2.2) are essentially unbounded,
so the highest energies we can attain in particle accelerators cannot reach the
levels relevant to very early times. The uniqueness of cosmology in this regard is
that it is the only science contemplating spacetime regions that have experienced
such high energies, and with which we are in intimate causal contact despite the
huge timescales involved — indeed events at those early times determined much of
what we see around us today. The nuclear reactions underlying nucleosynthesis are
well understood, and their cross-sections reasonably well-known; the processes of
baryosynthesis and quark-gluon recombination are reasonably understood and are
on the border of being testable; but physical processes relevant at earlier times are
inaccessible to testing by laboratory or accelerator-based experiment. The Physics
Horizon by definition separates those aspects of physics we can hope to test by
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high-energy experiments on Earth or in the Solar System, from those where it is
reasonable to expect no such test will ever be possible:

Thesis C1: The Physics Horizon limits our knowledge of physics rele-
vant to the very early universe. We cannot experimentally test much of the
physics that is important in the very early universe because we cannot attain the
required energies in accelerators on Earth. We have to extrapolate from known
physics to the unknown and then test the implications; to do this, we assume some
specific features of known lower energy physics are the true key to how things are
at higher energies. We cannot experimentally test if we have got it right.

Note that this is independent of the issue of setting of initial conditions for the
universe, considered below, see Sec. 6.2: the problem arises after the initial con-
ditions have been set and the universe is running according to invariable physical
laws. We cannot be confident of the validity of the physics we presuppose then.
Rather than using known physics to predict the evolution of the universe, we end
up testing proposals for this physics by exploring their implications in the early
universe, which is the only ‘laboratory’ where we can test some of our ideas re-
garding fundamental physics at the highest energies [Yoshimura, 1988]; this is
particularly true in the case of quantum gravity proposals. The problem is we
cannot simultaneously do this and also carry out the aim of physical cosmology,
namely predicting the evolution of the early universe from known physical theory.

Our understanding of physics at those times has of necessity to be based on
extrapolation of known physics way beyond the circumstances in which it can be
tested. The trick is to identify which features are the key to use in that extrapo-
lation: for example, variational principles, broken symmetries and phase changes,
duality invariance, entropy limits are candidates. If we confirm our guesses for the
relevant physics by their satisfactory implications for the early universe, tested in
some suitable way, then this is impressive progress; but if this is the only way we
can test the proposed physics, the situation is problematic. If the hypothesis solves
only the specific issues it was designed to solve in the early universe and nothing
else, then in fact it has little explanatory power, rather it is just an alternative
(perhaps theoretically preferable) description of the known situation. One obtains
positive observational support for a particular proposal for the relevant physics
only if it predicts multiple confirmed outcomes (rather than just one), for example
predicting particles that are then confirmed to exist in a laboratory, so that a sin-
gle hypothesis simultaneously solves several different observational issues. Some
of the options may be preferred to others on various theoretical grounds; but one
must distinguish this from their having observational support. They lack phys-
ical power if they have no other testable consequences. A particular example is
the inflationary universe proposal (Sec. 2.6): the supposed inflaton field under-
lying an inflationary era of rapid expansion in the early universe [Guth, 1981;
Gibbons et al., 1983; Kolb and Turner, 1990; Guth, 1997] has not been identified,
much less shown to exist by any laboratory experiment. Because this field φ is un-
known, one can assign it an arbitrary potential V (φ), this arbitrariness reflecting
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our inability to experimentally determine the relevant behaviour. It can be shown
that virtually any desired scale evolution S(t) of the universe can be attained by
suitable choice of this potential [Ellis and Madsen, 1991]; and also almost any
desired perturbation spectrum can be obtained by a (possibly different) suitable
choice [Lidsey et al., 1997]. Indeed in each case one can run the mathematics back-
wards to determine the required potential V (φ) from the desired outcome (Sec.
9.3.1 below). The mathematical existence of such a theoretical potential of the
desired form for cosmological purposes does not by itself prove a particle or field
exists with that effective potential.

Thesis C2: The unknown nature of the inflaton means that inflationary
universe proposals are incomplete. The promise of inflationary theory in
terms of relating cosmology to particle physics has not been realized. This will only
be the case when the nature of the inflaton has been pinned down to a specific field
that experiment confirms or particle physics requires to exist.

The very impressive achievement of inflation is that the predicted CBR anisotropy
spectrum is verified and agrees with the matter power spectrum [Eisenstein et al.,
2005a]; but that prediction depends only on the physics from the era of tight
coupling of matter and radiation to the present day, given a suitable initial fluctu-
ation spectrum in the early universe, rather than on the specific hypothesis of an
inflationary origin for that spectrum. The true clincher would be if properties of
an inflationary field were predicted from the cosmology side and then confirmed
in the laboratory; indeed that would count as one of the great feats of theoreti-
cal physics. This may not happen however because of the experimental problems
focused on here, arising because we cannot reproduce on Earth all the conditions
relevant to very early cosmology.

One key application where this issue becomes significant is in respect of the
chaotic inflation theory (Sec. 2.6). As remarked above, see Sec. 4.3, its geomet-
ric predictions are observationally unverifiable. It would nevertheless be a good
physical prediction if it was a more or less inevitable outcome of known and tested
underlying physics. However this is not the case: the proposed underlying physics
is not experimentally tested, indeed it is not even uniquely defined or associated
with any specific known physical particle or field. The claim that it inevitably
follows from string theory [Susskind, 2005] suffers from the problem that string
theory is not a well-defined or tested part of physics.

6 ISSUE D: EXPLAINING THE UNIVERSE — THE QUESTION OF
ORIGINS.

This is the unique core business of physical cosmology: explaining both why the
universe has come into existence and evolved to the present very high-symmetry
FL geometry on large scales, and how structures come into existence on smaller
scales.
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6.1 Start to the universe

Did a start to the universe happen? If so, what was its nature? This has been dis-
cussed above (Sec. 2.7.2), and the issue is unresolved. The major related question
is whether the process of expansion only happens once in the life of the Universe,
or occurs repeatedly. The first option is the standard model, where the entire evo-
lution of the Universe is a once-off affair, with all the objects we see, and indeed the
Universe itself, being transient objects that will burn out like dead fireworks after
a firework display. In this case everything that ever happens occurs during one
expansion phase of the Universe (possibly followed by one collapse phase, which
could occur if k = +1 and the present ‘dark energy’ field dies away in the future).
This evolution might have a singular start at a space-time singularity; a beginning
where the nature of time changes character; a non-singular bounce from a single
previous collapse phase; or a start from a non-singular static initial state [Mulryne
et al., 2005]. An alternative is that many such phases have occurred in the past,
and many more will occur in the future; the Universe is a Phoenix Universe [Dicke
and Peebles, 1979], new expansion phases repeatedly arising from the ashes of the
old. While the idea of one or more bounces is an old one [Tolman, 1934], actual
mechanisms that might allow this bounce behaviour have not yet been elucidated
in a fully satisfactory way. A variant is the chaotic inflation idea of new expand-
ing universe regions arising from vacuum fluctuations in old expanding regions,
leading to a universe that has a fractal-like structure at the largest scales, with
many expanding regions with different properties emerging out of each other in a
universe that lasts forever (Sec. 2.6).

As discussed above, see Sec. 2.7.1, it is possible (if the universe has positive
spatial curvature) that the quantum gravity domain can be avoided and there was
no start to the universe; however this probably requires special initial conditions
[Ellis and Maartens, 2004]. If a quantum gravity domain indeed occurred, we
cannot come to a definite conclusion about whether there was a creation event or
not because we do not know the nature of quantum gravity, nor how to reliably
apply it in the cosmological context where the issue of initial conditions arises.
Loop quantum gravity suggests the universe may be singularity-free [Bojowald,
2001], with bounces or a non-singular start, but that theory is unconfirmed. Tested
physics cannot give a decisive answer; it is possible that testable physics also cannot
do so.

Thesis D1: An initial singularity may or may not have occurred. A start
to the universe may have occurred a finite time ago, but a variety of alternatives
are conceivable: eternal universes, or universes where time as we know it came
into existence in one or another way. We do not know which actually happened,
although quantum gravity ideas suggest a singularity might be avoided.

This is a key issue in terms of the nature of the universe: a space-time singularity
is a dramatic affair, where the universe (space, time, matter) has a beginning and
all of physics breaks down and so the ability to understand what happens on a
scientific basis comes to an end. However eternal existence is also problematic,
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leading for instance to the idea of Poincaré’s eternal return: everything that ever
happened will recur an infinite number of times in the future and has already
occurred an infinite number of times in the past [Barrow and Tipler, 1984]. This
is typical of the problems associated with the idea of infinity (discussed further
below, see Sec. 9.3.2). It is not clear in the end which is philosophically preferable:
a singularity or eternal existence. That decision will depend on what criteria of
desirability one uses (such criteria are discussed below, see Sec. 8.1).

6.2 The issue of initial conditions

While occurrence of an initial singularity is striking in that it is a start to physics
and spacetime as well as matter, whether it occurred or not is in a sense irrelevant
to the key issue of what determined the nature of the universe:

Thesis D2: Testable physics cannot explain the initial state and hence
specific nature of the universe. A choice between different contingent possi-
bilities has somehow occurred; the fundamental issue is what underlies this choice.
Why does the universe have one specific form rather than another, when other
forms consistent with physical laws seem perfectly possible? The reasons underly-
ing the choice between different contingent possibilities for the universe (why one
occurred rather than another) cannot be explored scientifically. It is an issue to be
examined through philosophy or metaphysics.

Even if a literal creation does not take place, as is the case in various of the present
proposals, this does not resolve the underlying issue of what determined why the
universe is the way it is, given that it could presumably have been otherwise. If the
proposal is evolution from a previous eternal state — Minkowski space for example
— then why did that come into existence, and why did the universe expansion as
a bubble from that vacuum start when it did, rather than at some previous time
in the pre-existent eternity? Whenever it started, it could have started before!
Some attempts involve avoiding a true beginning by going back to some form of
eternal or cyclic initial state, for example Tolman’s series of expansion and collapse
cycles [Tolman, 1934], proposals for creation of the universe as a bubble formed
in a flat space-time [Tryon, 1973], Linde’s eternal chaotic inflation [Linde, 1990],
Veneziano’s re-expansion from a previous collapse phase [Ghosh et al., 1998], the
ekpyrotic universe proposal [Khoury et al., 2001], and theories involving foun-
dational limits on information through a “holographic principle” [Susskind and
Lindesay, 2004]. These do not avoid the ultimate problem; it can be claimed they
simply postpone facing it, for one now has to ask all the same questions of origins
and uniqueness about the supposed prior state to the Hot Big Bang expansion
phase. The Hartle-Hawking ‘no-boundary’ proposal [Hawking, 1993] avoids the
initial singularity because of a change of space-time signature, and so gets round
the issue of a time of creation in an ingenious way; and Gott’s causality violation
in the early universe [Gott and Li, 1998] does the same kind of thing in a different
way. Such proposals cannot overcome the ultimate existential question: Why has
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one specific state occurred rather than any of the other possibilities? How was it
decided that this particular kind of universe would be the one actually instantiated?
This question cannot be solved by physics alone, unless one can show that only
one form of physics is self-consistent; but the variety of proposals made is evidence
against that suggestion.

The explanation of initial conditions has been the aim of the family of theories
one can label collectively as ‘quantum cosmology’ [Hawking, 1993; Gott and Li,
1998; Gibbons et al., 2003]; however as discussed earlier, here we inevitably reach
the limits to what the scientific study of the cosmos can ever say — if we assume
that such studies must of necessity involve an ability to observationally or experi-
mentally check our theories. No physical experiment at all can help here because of
the uniqueness of the universe, and the feature that no spacetime exists prior to (in
a causal sense) such a beginning; so brave attempts to define a ‘physics of creation’
stretch the meaning of ‘physics’. Prior to the start (if there was a start) physics
as we know it is not applicable and our ordinary language fails us because time
did not exist, so our natural tendency to contemplate what existed or happened
‘before the beginning’ is highly misleading — there was no ‘before’ then, indeed
there was no ‘then’ then! Talking as if there was is commonplace, but quite mis-
leading in trying to understand a scientific concept of ‘creation’ [Grunbaum, 1989].
We run full tilt into the impossibility of testing the causal mechanisms involved,
when physics did not exist. No experimental test can determine the nature of any
mechanisms that may be in operation in circumstances where even the concepts
of cause and effect are suspect. This comes particularly to the fore in proposing
‘laws of initial conditions for the universe’ — for here we are apparently proposing
a theory with only one object. Physics laws are by their nature supposed to cover
more than one event, and are untestable if they do not do so (Sec. 3).

6.3 Special or general

The present state of the universe is very special. Explanation of the present large-
scale isotropy and homogeneity of the universe means determining the dynamical
evolutionary trajectories relating initial to final conditions, and then essentially
either explaining initial conditions, where we run into difficulties (Sec. 6.2), or
showing they are irrelevant. The issue raised is whether the universe started off in
a very special geometrical state:

Thesis D3: The initial state of the universe may have been special or
general. Whether there was generality or speciality of geometrical initial condi-
tions for the universe is a key question. It seems likely that the initial state of the
observed part of the universe was not generic.

The assumption that the universe is geometrically special was encoded in the
Cosmological Principle, taken as a founding principle in cosmology until the 1960’s,
i.e. as an ‘explanation’ of special initial conditions [Bondi, 1960; Weinberg, 1972].
Then Misner introduced the chaotic cosmology programme [Misner, 1968], based
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on the idea of a universe with generic initial conditions being isotropised at later
times by physical processes such as viscosity, making initial conditions irrelevant.
This concept of isotropisation then became central to the inflationary family of
theories (Sec. 2.6), with the underlying assumption being that ‘fine tuning’ of
initial conditions is unphysical and to be avoided. Both programmes are however
only partially successful: one can explain a considerable degree of isotropisation
and homogenization of the physical universe by either process, but this will not
work in all circumstances. Inflation can get rid of much anisotropy [Wald, 1983] but
inhomogeneity must be restricted if inflation is to succeed in producing a universe
like that we see today, and the success of inflation in solving the horizon issue for FL
models — where exact homogeneity exists to start with — will not necessarily be
replicated in anisotropic models. Universes that are initially too anisotropic may
never inflate, and the horizon problem may not be solved in such models if they
do;26 and only rather special states lead to ordinary thermodynamics [Penrose,
1989a; Penrose, 2004; Wald, 2005; Carroll and Chen, 2005], which is taken to be
true in inflationary physics.

Inflation can only be guaranteed to succeed if initial conditions are somewhat
restricted; some degree of geometric speciality must have occurred at the start
of the observed region of the universe. This special domain might possibly occur
within the context of a much larger universe domain where conditions vary ran-
domly, and only isolated regions lead to inflation and eventually domains such as
that we see around us; attractive as this may be, it is an untestable hypothesis
(essentially a version of the multiverse proposal, see Sec. 9.2).

Special initial conditions (which inflation proposes to explain) might have just
occurred that way. The ultimate issue is that we have no proof as to whether initial
conditions for the universe were special or general; either could have occurred. If
we state these conditions must have been general, we are making a philosophical
claim, for it is not a provable physical statement. Part of the problem is that we
have no agreed measure on the space of possible universes; what seems special or
general depends on the choice of such a measure.

7 ISSUE E: THE UNIVERSE AS THE BACKGROUND FOR EXISTENCE

The universe provides the environment for all of science, by determining the initial
conditions within which all physical laws are constrained to operate, thus setting
boundary conditions for all local physics. Together with suitable equations of state
for the matter or structural equations for complex systems, these determine the
nature of physical outcomes. The uniqueness of cosmology lies in that it considers
the origin of such conditions.

26Most inflationary studies show only that the geometric horizon problem is solved in the very
special RW geometries; but there is no physical horizon problem in those geometries, for they
are by by assumption spatially homogeneous and isotropic ab initio.
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7.1 Laws and boundary conditions

A fundamental assumption underlying physical cosmology is the idea that the laws
of physics are the same everywhere in the physical universe: those we determine
in a laboratory here and now will be the same as apply at very distant places (e.g.
determining the astrophysics of qso’s at redshift z = 6), at very early times (e.g.
at the time of nucleosynthesis), and at very late times. Without this assumption,
explanatory theories have no solid foundation. However because of the uniqueness
of the universe discussed above (see Sec. 3), unlike the rest of physics where the
distinction is clear and fundamental, in the cosmological context the distinction
between laws and boundary conditions becomes blurred.

Thesis E1: Physical laws may depend on the nature of the universe. We
have an essential difficulty in distinguishing between laws of physics and boundary
conditions in the cosmological context of the origin of the universe. Effective phys-
ical laws may depend on the boundary conditions of the universe, and may even
vary in different spatial and/or temporal locations in the cosmos.

Because we cannot vary the initial conditions in any way, as far as we are concerned
they are necessary rather than contingent — so the essential distinction between
initial conditions and laws is missing. The distinction is clear once the cosmos
has come into existence — but we are concerned with ‘prior’ conditions associated
with the creation of the cosmos and the very existence of physical laws. Certainly
any proposal for distinguishing between laws of nature and boundary conditions
governing solutions to those laws is untestable in this context. Given the feature
that the universe is the unique background for all physics, it is therefore not far-
fetched to suggest that it is possible the cosmos influences the nature of local
physical laws, rather than just their initial conditions [Ellis and Sciama, 1972;
Ellis, 2002]. This has been examined over many decades in three specific cases.

(a) Varying ‘constants’ : It might be that there is a time variation in physical
constants of nature [Barrow, 2003] related to the expansion of the universe,
as proposed in the case of the gravitational constant G by Dirac [Dirac, 1938],
developed in depth by Jordan and then Brans and Dicke [Brans and Dicke,
1961]. Such proposals must be consistently developed in relation to the rest
of physics and should be related to dimensionless constants, as otherwise they
may simply be disguised variations in the units of measurements used, rather
than being a genuine physical change (various claims that the speed of light
‘c’ may vary fall into this category [Ellis and Uzan, 2005]). This proposal has
received impetus in recent times from ideas based in quantum field theory
and string theory, suggesting that many of the ‘constants of nature’ are in fact
contingent, depending on the nature of the vacuum state [Susskind, 2003;
Freivogel et al., 2005a]. This kind of proposal is to some degree open to
observational test [Cowie and Songaila, 1995; Will, 1979], and in the cases
where it has been investigated it seems that it does not occur in the visible
region of the universe — the constants of nature are indeed invariant, with
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one possible exception: the fine structure constant, where there is claimed
to be evidence of a very small change over astronomical timescales [Barrow,
2003]. That issue is still under investigation. Testing such invariance is
fundamentally important, precisely because cosmology usually assumes as a
ground rule that physics is the same everywhere in the universe. If this were
not true, local physics would not guide us adequately as to the behaviour of
matter elsewhere or at other times, and cosmology would become an arbi-
trary guessing game. In order to proceed in a scientific manner when such
variation is proposed, one needs then to hypothesize the manner of such
variation. Thus the old laws where G was constant are replaced by new laws
governing its time variation [Brans and Dicke, 1961]; the principle of nature
being governed by invariant (unchanging) physical laws and associated con-
stants remains.27 Thus in the end the proposal is to replace simpler old laws
by new more complex ones. These must then be assumed invariant, or we
cannot proceed scientifically.

(b) Inertia and Mach’s Principle: It might be that the local inertial properties of
matter are determined by the distant distribution of matter in the universe,
so that if the universe were different, inertia would be different. This is
the complex of ideas referred to as Mach’s principle [Barbour and Pfister,
1995], which served as a major impetus for Einstein’s cosmological ideas.
The precise meaning and implications of this idea remain controversial.

(c) The arrow of time: The existence and direction of the macroscopic arrow of
time in physics — and hence in chemistry, biology, psychology, and society —
is related to boundary conditions in the past and future of the universe. The
fundamental physical laws by themselves are time symmetric, and so unable
to explain this feature [Davies, 1974; Ellis and Sciama, 1972; Zeh, 1992;
Uffink, 2006]. A recent argument of this kind is Penrose’s claim that the
existence of the arrow of time is crucially based in the universe having had
rather special initial conditions [Penrose, 1989b; Penrose, 1989a; Wald, 2005].
Thus what appears in ordinary physics as an immutable law of nature (viz.
the Second Law of Thermodynamics with a given arrow of time) may well be
the result of specific boundary conditions at the start and end of the universe.
It might not be true in all universes, even if the underlying fundamental
physical laws are the same.

In each case proposals have been made as to the possible nature of the deeper un-
derlying unchanging laws, and the relations between the state of the universe and
the resultant effective laws in that context. This is also proposed in the ‘landscape’
of possibilities of string theory [Susskind, 2005]. These proposals are however in-
trinsically untestable, for the reasons explained above (Sec. 3): we cannot change

27“Despite the incessant change and dynamic of the visible world, there are aspects of the
fabric of the universe which are mysterious in their unshakeable constancy. It is these mysterious
unchanging things that make our universe what it is and distinguish it from other worlds we
might imagine” (Barrow [Barrow, 2003], p. 3).
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the boundary conditions of the universe and see what happens; but they do serve
as a continuing fertile source of ideas.

7.2 Alternative physics

In any case, the important conclusion is that it is certainly appropriate for cosmol-
ogy to consider what would have happened if, not only the boundary conditions
at the beginning of the universe, but also the laws of physics had been different
[Susskind, 2005]:

Thesis E2: We cannot take the nature of the laws of physics for granted.
Cosmology is interested in investigating hypothetical universes where the laws of
physics are different from those that obtain in the real universe in which we live
— for this may help us understand why the laws of physics are as they are (a
fundamental feature of the real physical universe).

One cannot take the existence and nature of the laws of physics (and hence of
chemistry) as unquestionable in cosmology — which seems to be the usual habit
in biological discussions on the origin and evolution of life. This is in stark contrast
to the rest of science, where we are content to take the existence and nature of the
laws describing the fundamental behaviour of matter as given and unchangeable.
Cosmological investigation is interested in the properties of hypothetical universes
with different physical behaviour. Consideration of ‘what might have been’ is a
useful cosmological speculation that may help throw light on what actually is; this
is a statement of the usefulness of ‘Gedanken experiments’ in cosmology.

Indeed if one wants to investigate issues such as why life exists in the universe,
consideration of this larger framework — in essence, a hypothetical ensemble of
universes with many varied properties — is essential (this is of course not the
same as assuming an ensemble of such universes actually exists, cf. the discussion
below in Sec. 9.2). However we need to be very cautious about using any claimed
statistics of universes in such a hypothetical ensemble of all possible or all conceiv-
able universes. This is usually not well defined, and in any case is only relevant
to physical processes if either the ensemble actually exists, rather than being a
hypothetical one, or if it is the outcome of processes that produce well-defined
probabilities — an untestable proposal. We can learn from such considerations
the nature of possible alternatives, but not necessarily the probability with which
they might occur (if that concept has any real meaning).

7.3 Emergence of complexity

As the universe evolves an increase of complexity takes place in local systems as
new kinds of objects come into being that did not exist before — nuclei, atoms,
stars and galaxies, planets, life, consciousness, and products of the mind such as
books and computers [Morowitz, 2002]. New kinds of physical states come into
being at late times such as Bose-Einstein condensates, that plausibly cannot exist
without the intervention of intelligent beings.
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Thesis E3: Physical novelty emerges in the expanding universe. New
kinds of physical existence come into being in the universe as it evolves, that did
not exist previously. Their existence is allowed by the boundary conditions provided
by the universe for local systems, together with the possibility space generated by
the underlying physics. While their physical existence is novel, every new thing
that comes into being is foreshadowed in possibility structures that precede their
existence.

Physical existence is new as the universe evolves, but there had to be precursors
of the novel in the possibility space allowed by physics, so that they could come
into being. In this sense the truly novel does not emerge ex nihilo but rather
is discovered. The universe is the environment that allows this to happen. The
nature of the features leading to the existence of life, and their possible causes, is
discussed in Sec. 9.1.

8 ISSUE F: THE EXPLICIT PHILOSOPHICAL BASIS

Consequent on the discussion above, and particularly items B6, C2, and D2, it
follows that

Thesis F1: Philosophical choices necessarily underly cosmological the-
ory. Unavoidable metaphysical issues inevitably arise in both observational and
physical cosmology. Philosophical choices are needed in order to shape the theory.

There is of course always a philosophical basis to any scientific analysis, namely
adoption of the basic scientific method and a commitment to the attempt to ex-
plain what we see as far as possible simply in terms of causal laws, ultimately
based in physics. This will clearly be true also in cosmology. However we need
further explicit philosophical input in order to attain specific geometric models —
for example a Copernican principle, as explained above, see Sec. 4.2.2 — and to
determine what form physical cosmology should take in the very early universe,
for example deciding which physical principle to use as the core of one’s extrapo-
lation of known physics to the unknown (Sec. 5). Underlying both sets of choices
are criteria for satisfactoriness of a cosmological model, which help decide which
feature to focus on in formulating a theory. Of particular importance is the scope
chosen for our cosmological theory; together with the choice of criteria for a good
theory, this is a philosophical decision that will shape the rest of the analysis.
Some cosmologists tend to ignore the philosophical choices underlying their theo-
ries; but simplistic or unexamined philosophical standpoints are still philosophical
standpoints!

8.1 Criteria for theories

As regards criteria for a good scientific theory [Kuhn, 1977], typical would be the
following four areas of assessment:
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1. Satisfactory structure: (a) internal consistency, (b) simplicity (Occam’s ra-
zor), and (c) aesthetic appeal (‘beauty’ or ‘elegance’).

2. Intrinsic explanatory power : (a) logical tightness, (b) scope of the theory
— the ability to unify otherwise separate phenomena, and (c) probability of
the theory or model with respect to some well-defined measure;

3. Extrinsic explanatory power, or relatedness: (a) connectedness to the rest
of science, (b) extendability — providing a basis for further development;

4. Observational and experimental support, in terms of (a) testability: the abil-
ity to make quantitative as well as qualitative predictions that can be tested;
and (b) confirmation: the extent to which the theory is supported by such
tests as have been made.

It is particularly the latter that characterizes a scientific theory, in contrast to other
types of theories claiming to explain features of the universe and why things happen
as they do. It should be noted that these criteria are philosophical in nature in
that they themselves cannot be proven to be correct by any experiment. Rather
their choice is based on past experience combined with philosophical reflection.
One could attempt to formulate criteria for good criteria for scientific theories,
but of course these too would need to be philosophically justified. The enterprise
will end in infinite regress unless it is ended at some stage by a simple acceptance
of a specific set of criteria.

Thesis F2: Criteria of satisfactoriness for theories cannot be scientifi-
cally chosen or validated. Criteria of satisfactoriness are necessary for choos-
ing good cosmological theories; these criteria have to be chosen on the basis of
philosophical considerations. They should include criteria for satisfactory struc-
ture of the theory, intrinsic explanatory power, extrinsic explanatory power, and
observational and experimental support.

The suggestion here is that the above proposed criteria are a good set to use in
investigating cosmology; they include those most typically used ([Kuhn, 1977]; and
see [Penrose, 2004; Susskind, 2005] for comments on such criteria).

8.1.1 Conflicts between criteria.

These criteria are all acknowledged as desirable. The point then is that generally in
pursuing historical sciences, and in particular in the cosmological context, they will
not all be satisfied to the same degree, and may even lead to opposing conclusions:

Thesis F3: Conflicts will inevitably arise in applying criteria for satisfac-
tory cosmological theories. Philosophical criteria for satisfactory cosmological
theories will in general come into conflict with each other, so that one will have
to choose between them to some degree; this choice will shape the resulting theory.
[Ellis, 1991].
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The thrust of much recent development has been away from observational tests
towards strongly theoretically based proposals, indeed sometimes almost discount-
ing observational tests. At present this is being corrected by a healthy move to
detailed observational analysis of the consequences of the proposed theories, mark-
ing a maturity of the subject. However because of all the limitations in terms of
observations and testing [criteria (4)], in the cosmological context we still have
to rely heavily on other criteria, and some criteria that are important in most of
science may not really make sense. This is true of 2(c) in particular, as discussed
above, see Sec. 3; nevertheless many approaches still give the idea of probability
great weight. At a minimum, the ways this can make sense needs exploration
and explication. Furthermore the meaning of some of the criteria may come into
dispute. 1(b) is clearly a case in point : for example, is the idea of an existent en-
semble of universes displaying all possible behaviours simple (because it is a single
idea that can be briefly stated), or immensely complex (because that statement
hides all the complexities and ambiguities involved in the idea of an infinity of
possibilities)? 1(c) is also controversial(‘beauty is in the eye of the beholder’), see
[Susskind, 2005] for a discussion.

The tenor of scientific understanding may change, altering the balance of what
is considered a good explanation and what is not. An example [Ellis, 1990] is the
way cosmologists strongly resisted the idea of an evolving universe in the 1920’s,
at a time when biological evolution was very well established but the idea of
continental drift was also being strongly resisted. The change to an appreciation
of the explanatory power of an evolving model came later in both cases; but even
then in the cosmological case, for either aesthetic or metaphysical reasons, some
still sought for a steady state description, resisting the implication of a beginning
to the universe. That tendency is still with us today, in the form of models that
are eternal in one way or another (e.g. some forms of chaotic inflation). Another
example is the change from supposition of underlying order, expressed in the idea of
a Cosmological Principle, to a broad supposition of generic disordered conditions,
embodied in the ideas of inflation. Associated with this is a shift from making
geometric assumptions to providing physical explanatory models. It is this shift
that underlies the major present support for inflation:

Thesis F4: The physical reason for believing in inflation is its explana-
tory power as regards structure growth in the universe. Inflation predicts
the existence of Gaussian scale-free perturbations in the early universe thereby
(given the presence of cold dark matter) explaining bottom-up structure formation
in a satisfactory way. This theory has been vindicated spectacularly through ob-
servations of the CBR and matter power spectra. It is this explanatory power that
makes it so acceptable to physicists, even though the underlying physics is nei-
ther well-defined nor tested, and its major large-scale observational predictions are
untestable.

The physical explanatory power of inflation in terms of structure formation, sup-
ported by the observational data on the fluctuation spectra, is spectacular. For
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most physicists, this trumps the lack of identification and experimental verification
of the underlying physics (Sec. 5). Inflation provides a causal model that brings
a wider range of phenomena into what can be explained by cosmology (Criterion
2(b)), rather than just assuming the initial data had a specific restricted form.
Explaining flatness (Ω0 	 1 as predicted by inflation) and homogeneity reinforces
the case, even though these are philosophical rather than physical problems (they
do not contradict any physical law; things could just have been that way). However
claims on the basis of this model as to what happens very far outside the visual
horizon (as in the chaotic inflationary theory) results from prioritizing theory over
the possibility of observational and experimental testing [Earman and Mosterin,
1999]. It will never be possible to prove these claims are correct.

8.2 The scope of cosmology

To sensibly choose priorities for the criteria just discussed, we need an answer to
the question, How much should we try to explain?

Thesis F5: Cosmological theory can have a wide or narrow scope of
enquiry. The scope we envisage for our cosmological theory shapes the questions
we seek to answer. The cosmological philosophical base becomes more or less dom-
inant in shaping our theory according to the degree that we pursue a theory with
more or less ambitious explanatory aims in terms of all of physics, geometry, and
underlying fundamental causation.

This is a choice one has to make, as regards both foundations and outcomes. Given
a decision on this, one can sensibly debate what is the appropriate philosophical
position to adopt in studying a cosmological theory with that scope. The study
of expansion of the universe and structure formation from nucleosynthesis to the
present day is essential and well-informed. The philosophical stance adapted is
minimal and highly plausible. The understanding of physical processes at earlier
times, back to quantum gravity, is less well founded. The philosophical stance
is more significant and more debatable. Developments in the quantum gravity
era are highly speculative; the philosophical position adopted is dominant because
experimental and observational limits on the theory are lacking.

One can choose the degree to which one will pursue the study of origins [Fabian,
1989] back to earlier and earlier times and to more fundamental causal issues, and
hence the degree to which specific philosophical choices are dominant in one’s
theory. The basic underlying cosmological questions are [Ellis, 1991]:

1. Why do the laws of physics have the form they do? Issues arise such as what
makes particular laws work? For example, what guarantees the behaviour
of a proton, the pull of gravity? What makes one set of physical laws ‘fly’
rather than another? If for example one bases a theory of cosmology on
string theory [Susskind, 2005], then who or what decided that quantum
gravity would have a nature well described by string theory? If one considers
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all possibilities, considering string theory alone amounts to a considerable
restriction.

2. Why do boundary conditions have the form they do ? The key point here
(Sec. 6.2), is how are specific contingent choices made between the various
possibilities, for example whether there was an origin to the universe or not.

3. Why do any laws of physics at all exist ? This relates to unsolved issues
concerning the nature of the laws of physics: are they descriptive or pre-
scriptive? (Sec. 9.3.3). Is the nature of matter really mathematically based
in some sense, or does it just happen that its behaviour can be described in
a mathematical way?

4. Why does anything exist ? This profound existential question is a mystery
whatever approach we take.28

Finally the adventurous also include in these questions the more profound
forms of the contentious Anthropic question [Carr and Rees, 1979; Davies,
1982; Barrow and Tipler, 1984; Tegmark, 1998; Susskind, 2005]:

5. Why does the universe allow the existence of intelligent life? This is of
somewhat different character than the others and largely rests on them but
is important enough to generate considerable debate in its own right.

The status of all these questions is philosophical rather than scientific, for they
cannot be resolved purely scientifically. How many of them — if any — should we
consider in our construction of and assessments of cosmological theories?

One option is to decide to treat cosmology in a strictly scientific way, excluding
all the above questions, because they cannot be solved scientifically. One ends
up with a solid technical subject that by definition excludes such philosophical
issues. This is a consistent and logically viable option. This logically unassailable
position however has little explanatory power; thus most tend to reject it because
of criteria 2(b) and 3 above.

The second option is to decide that these questions are of such interest and
importance that one will tackle some or all of them, even if that leads one outside
the strictly scientific arena. It is here that criteria 2 and 3 above are to some
degree in conflict with criterion 4. Thus if we try to explain the origin of the
universe itself, these philosophical choices become dominant precisely because the
experimental and observational limits on the theory are weak; this can be seen by
viewing the variety of such proposals that are at present on the market.

8.3 Limits of Representation and Knowledge of Reality

It follows from the above discussion that there are limits to what the scientific
method can achieve in explanatory terms. We need to respect these limits and

28But see Grunbaum [Grunbaum, 2004] for a dissenting view.
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acknowledge clearly when arguments and conclusions are based on some philosoph-
ical stance rather than purely on testable scientific argument. If we acknowledge
this and make that stance explicit, then the bases for different viewpoints are clear
and alternatives can be argued about rationally.

A crucial underlying feature here is relating the nature of epistemology to on-
tology: how do we relate evidence to our theories of existence? A further key issue
is the relation of models to reality:

Thesis F6: Reality is not fully reflected in either observations or the-
oretical models. Problems arise from confusion of epistemology (the theory of
knowledge) with ontology (the nature of existence): existence is not always man-
ifest clearly in the available evidence. The theories and models of reality we use
as our basis for understanding are necessarily partial and incomplete reflections of
the true nature of reality, helpful in many ways but also inevitably misleading in
others. They should not be confused with reality itself !

The confusion of epistemology with ontology occurs all the time, underlying for
example the errors of both logical positivism and extreme relativism. In particular,
it is erroneous to assume that lack of evidence for the existence of some entity is
proof of its non-existence. In cosmology it is clear for example that regions may
exist from which we can obtain no evidence (because of the existence of horizons);
so we can sometimes reasonably deduce the existence of unseen matter or regions
from a sound extrapolation of available evidence (no one believes matter ends at
or just beyond the visual horizon). However one must be cautious about the other
extreme, assuming existence can always be assumed because some theory says so,
regardless of whether there is any evidence of existence or not. This happens in
present day cosmology, for example in presentations of the case for multiverses,
even though the underlying physics has not been experimentally confirmed. It
may be suggested that arguments ignoring the need for experimental/observational
verification of theories ultimately arise because these theories are being confused
with reality, or at least are being taken as completely reliable total representations
of reality. This occurs in

• Confusing computer simulations of reality with reality itself, when they can
in fact represent only a highly simplified and stylized version of what actually
is;

• Confusing the laws of physics themselves with their abstract mathematical
representation (if indeed they are ontologically real, c.f. Sec. 10.1), or con-
fusing a construction of the human mind (‘Laws of Physics’) with the reliable
behaviour of ponderable matter (if they are not ontologically real);

• Confusing theoretically based outcomes of models with proven observational
results (e.g. claiming the universe necessarily has flat spatial sections: Ω0 =
1, and so this can be taken for granted, when the value of Ω0 can and
should be observationally determined precisely because this then tests that
prediction).
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No model (literary, intuitive, or scientific) can give a perfect reflection of reality.
Such models are always selective in what they represent and partial in the com-
pleteness with which they do so. The only model that would reflect reality fully is
a perfect fully detailed replica of reality itself! This understanding of the limits of
models and theories does not diminish the utility of these models; rather it helps
us use them in the proper way. This is particularly relevant when we consider how
laws of nature may relate to the origins of the universe itself, and to the existence
and nature of life in the expanding universe. The tendency to rely completely on
our theories, even when untested, seems sometimes to arise because we believe
they are the same as reality — when at most they are descriptions of reality.

9 KEY ISSUES

There are some interrelated key issues where the features identified above either
are at the heart of current debates, or are likely to be at the heart of future debates.
They are: the reason cosmological conditions allow the existence of life (anthropic
issues), the closely related issue of the possible existence of multiverses; and the
natures of existence, including the questions of the existence of infinities and the
nature of the laws of physics. We look at them in turn in this section. To some
degree they have already been considered above, but they are specifically featured
here because of the important role they will probably play in discussion in the
future.

9.1 Issue G: The anthropic question: Fine tuning for life

One of the most profound fundamental issues in cosmology is the Anthropic ques-
tion, see [Davies, 1982; Barrow and Tipler, 1984; Earman, 1987; Fabian, 1989;
Davies, 1987; Balashov, 1991; Rees, 1999; Rees, 2003; Barrow, 2003]: why does the
Universe have the very special nature required in order that life can exist?. The
point is that a great deal of “fine tuning” is required in order that life be possible.
There are many relationships embedded in physical laws that are not explained by
physics, but are required for life to be possible; in particular various fundamental
constants are highly constrained in their values if life as we know it is to exist:
“A universe hospitable to life — what we might call a biophilic universe — has to
be special in many ways ... Many recipes would lead to stillborn universes with no
atoms, no chemistry, and no planets; or to universes too short lived or too empty
to evolve beyond sterile uniformity” [Rees, 2003].
How has it come about that the Universe permits the evolution and existence
of intelligent beings at any time or place? “What features of the universe were
essential for creatures such as ourselves, and is it through coincidence or for some
deeper reason that our universe has these features?” [Gribbin and Rees, 1991].
Whether one regards this as an appropriate issue for cosmology to discuss depends,
as discussed above (Sec. 8.2), on the scope one envisages for cosmology. The
viewpoint taken here will be that this is one of the major issues one might wish
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to explain, and indeed a substantial literature considers this. Here we explore the
nature of this fine tuning, and then consider possible answers as to how it arises.
There are three aspects that we consider in turn (cf. [Susskind, 2005]).

9.1.1 Laws of physics and the existence of complexity

The laws of physics and chemistry are such as to allow the functioning of living
cells, individuals, and ecosystems of incredible complexity and variety, and it is
this that has made evolution possible. What requires explanation, is why the laws
of physics are such as to allow this complex functionality to work, without which
no evolution whatever would occur. We can conceive of universes where the laws
of physics (and so of chemistry) were different than in ours. Almost any change
in these laws will prevent life as know it from functioning.

The first requirement is the existence of laws of physics that guarantee the kind
of regularities that can underlie the existence of life. These laws as we know them
are based on variational and symmetry principles; we do not know if other kinds of
laws could produce complexity. If the laws are in broad terms what we presently
take them to be, the following inter alia need to be right, for life of the general
kind we know to exist [Davies, 1982; Gribbin and Rees, 1991]:

• Quantization that stabilizes matter and allows chemistry to exist through
the Pauli exclusion principle.

• The neutron-proton mass differential must be highly constrained. If the
neutron mass were just a little less than it is, proton decay could have taken
place so that by now no atoms would be left at all [Davies, 1982].

• Electron-proton charge equality is required to prevent massive electrostatic
forces overwhelming the weaker electromagnetic forces that govern chemistry.

• The strong nuclear force must be strong enough that stable nuclei exist
[Davies, 1982]; indeed complex matter exists only if the properties of the
nuclear strong force lies in a tightly constrained domain relative to the elec-
tromagnetic force [Tegmark, 2003].

• The chemistry on which the human body depends involves intricate folding
and bonding patterns that would be destroyed if the fine structure constant
(which controls the nature of chemical bonding) were a little bit different.

• The number D of large spatial dimensions must be just 3 for complexity to
exist [Tegmark, 2003; Rees, 2003].

Hogan has examined the freedom in the parameters of the standard model of
particle physics and concluded that 5 of the 17 free parameters of the standard
model must lie in a highly constrained domain if complex structures are to exist
[Hogan, 2003]. This is of course taking the basic nature of the standard model of
particle physics for granted. If this were not so, it is difficult to determine what the
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constraints would be. However his study is sufficient to show that whatever the
nature of fundamental physics, and in particular of particle physics, may be, only
a small subset of all possible laws of physics will be compatible with the existence
of complexity.

9.1.2 Laws of physics and the existence of congenial environments

The creation through astrophysical processes of suitable habitats for life to exist
(the existence of planets circling stable stars, for example) depends to some degree
on the nature of the fundamental physical laws. If the laws are in broad terms
what we presently take them to be, the requirements for such habitats to exist
include:

• The gravitational force must create large stable structures (planets and stars)
that can be the habitat for life and their energy source respectively. This
requires the gravitational force to be very weak relative to electrical forces.
The ratio N of the strength of the electromagnetic force to the gravitational
force must be close to the observed value: N 	 1036 [Rees, 1999, Ch. 3].

• The weak force must allow helium production that leaves sufficient hydrogen
over; it is related to gravity through a numerical factor of 10−11, which
cannot be much different. And for this to work, the neutron-proton mass
difference must be close to the mass of the electron [Davies, 1982].

• A stellar balance should allow a long lifetime for stars like the sun, so allowing
the transmutation of the light elements into heavy elements. This requires
that the nuclear fusion efficiency E be close to the observed value: E 	 0.007
[Rees, 1999, Ch. 4].

• One needs to overcome the beryllium “bottleneck” in the making of heavy el-
ements through nuclear reactions in stars [Gribbin and Rees, 1991; Susskind,
2005]. The production of carbon and oxygen in stars requires the careful
setting of two different nuclear energy levels to provide a resonance; if these
levels were just a little different, the elements we need for life would not exist
[Fabian, 1989]. Indeed it was on this basis that Hoyle famously predicted a
carbon-12 energy level that has since been experimentally confirmed.

• One needs something like the existence of neutrinos and the weak interaction
with its specific coupling constant in order to underly supernovae explosions
that spread heavy elements through space, as seeds for planetary formation
[Gribbin and Rees, 1991].

• The nuclear force must be weak enough that di-protons do not exist, other-
wise no protons will be left over to enable heavier elements to exist [Davies,
1982].

• The neutrino mass must not be too high, or the universe will not last long
enough [Davies, 1982].
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9.1.3 Cosmological boundary/initial conditions and congenial environments

Finally, given laws of physics that are suitable in terms of satisfying the require-
ments of both the previous sections, the universe itself must also be suitable, in
terms of its initial or boundary conditions, for life to exist. If the laws of physics are
basically the same as we now believe them to be, these cosmological requirements
include

• The size of the universe and its age must be large enough. There could be
universes that expanded and then recollapsed with a total lifetime of only
100,000 years; we need a sufficiently old universe for second generation stars
to come into existence and then for planets to have a stable life for long
enough that evolution could lead to the emergence of intelligent life. Thus
the universe must be at about 15 billion years old for life to exist [Gribbin
and Rees, 1991], hence we must have Ωmatter 	 0.3 [Rees, 1999, Ch. 6].

• The size of the cosmological constant must not be too large, or galaxies
will not form; we need |ΩΛ| < 1 for galaxies to exist [Rees, 1999, Ch. 7];
[Susskind, 2005].

• The seeds in the early universe for fluctuations that will later grow into
galaxies must be of the right size that structures form without collapsing
into black holes: the number Q characterizing the size of primordial ripples
on the LSS (and hence the geometry of the perturbed cosmological model,
see Sec. 2.5.2) must therefore be of the order Q 	 10−5 [Rees, 1999, Ch. 8].

The complex of interacting systems in a human body could not possibly work if
a series of delicate conditions were not maintained. For example, the background
radiation might never drop below 3000 K, so that matter was always ionized (elec-
trons and nuclei always remaining separate from each other); the molecules of life
could then never form. Black holes might be so common that they rapidly at-
tracted all the matter in the universe, and there never was a stable environment
in which life could develop. Cosmic rays could always be so abundant that any
tentative organic structures were destroyed before they could replicate. Overall,

• There must be non-interference with local systems. The concept of locality
is fundamental, allowing local systems to function effectively independently
of the detailed structure of the rest of the Universe. We need the universe
and the galaxies in it to be largely empty, and gravitational waves and tidal
forces to be weak enough,29 so that local systems can function in a largely
isolated way [Ellis, 2002].

• The fact that the night sky is dark (‘Olbers’ paradox’ [Bondi, 1960; Harrison,
2000]) is a consequence of the expansion of the universe together with the
photon to baryon ratio. This feature is a necessary condition for the existence

29Thus the Weyl tensor Cabcd must be suitably small everywhere, presumably implying an
almost-RW geometry, cf. [Stoeger et al., 1995].



1252 George F R Ellis

of life: the biosphere on Earth functions by disposing of waste energy to the
heat sink of the dark night sky [Penrose, 1989b]. Thus one way of explaining
why the sky is observed to be dark at night is that if this were not so, we
would not be here to observe it.

• The existence of the arrow of time, and hence of laws like the second law
of thermodynamics, are probably necessary for evolution and for conscious-
ness. This depends on boundary conditions at the beginning and end of the
Universe (Sec. 7.1).

• Presumably the emergence of a classical era out of a quantum state is re-
quired. The very early universe would be a domain where quantum physics
would dominate, leading to complete uncertainty and an inability to predict
the consequence of any initial situation; we need this to evolve to a state
where classical physics leads to the properties of regularity and predictabil-
ity that allow order to emerge.

• Physical conditions on planets must be in a quasi-equilibrium state for long
enough to allow the delicate balances that enable our existence, through the
very slow process of evolution, to be fulfilled.

Thus the existence of suitable local systems to be a habitat for life depends criti-
cally on the large-scale properties of very distant matter. These provides a stable
local environment within which life can develop.

9.1.4 Fine tuning overall

Thus there are many ways that conditions in a universe could prevent life occur-
ring. Life will occur only if: there exist heavy elements; there is sufficient time
for evolution of advanced life forms to take place; there are regions in the universe
that are neither too hot nor too cold; there are precisely restricted values of the
fundamental constants that control chemistry and local physics; and so on. These
conditions will not be true in a generic universe. In summary,

Thesis G1: Life is possible because both the laws of physics and
the boundary conditions for the universe have a very special nature.
Only particular laws of physics, and particular initial conditions in the Universe,
allow the existence of intelligent life of the kind we know. No evolutionary process
whatever is possible for any kind of life if these laws and conditions do not have
this restricted form.
Why is this so? One should note that we can only meaningfully refer here to
‘life as we know it’. One of the recurring issues is whether there could be some
other quite different basis for life. You can if you wish speculate that life might
exist in some immaterial form, or based only on light elements, or existent deep
in empty space without the need for stars or planets to provide a viable habitat.
The anthropic literature is based on assuming this is not viable, but we cannot
prove anything in this regard. We have no idea of any basis by which life might
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come into existence other than the broad principles we see in the life around us.
The basic principles of life as we understand it require a great degree of complex
organization enabling it to fulfil a complex variety of functions that can only, as
far as we know, be based in material existence with information storage, energy
usage, sensing of the external world, etc., which requires at a minimum heavy
elements (carbon, nitrogen, oxygen, phosphorus for example), a long-term energy
source (such as the flow of energy from the sun), and a stable environment (such as
the surface of a planet). When we abandon this basis for understanding — saying
‘yes but some other form of life might exist’ without providing any proposal for
its possible structure — one enters the unprofitable realm of speculation. It does
not seem to provide any useful way forward.

9.1.4.1 The Weak Anthropic Principle. There are two purely scientific
approaches to the Anthropic issue.30 The first is the Weak Anthropic Principle
(WAP), based on the comment: it is not surprising the observed Universe admits
the existence of life, for the Universe cannot be observed unless there are observers
in it [Barrow and Tipler, 1984; Balashov, 1991]. This seemingly empty statement
gains content when we turn it round and ask, at what times and places in the
Universe can life exist, and what are the inter-connections that are critical for
its existence? It could not for example exist too early in the present expansion
phase, for the night sky would then have been too hot. Furthermore one can
deduce various necessary relations between fundamental quantities in order that
the observers should exist (e.g. those mentioned above), so that if for example the
fundamental constants vary with time or place in the Universe, life will only be
possible in restricted regions where they take appropriate Anthropic values.

Hence this view basically interprets the Anthropic principle as a selection prin-
ciple: the necessary conditions for observers to exist restricts the times and places
from which the Universe can be observed. Because it is quite possible that con-
ditions would not be right for life to exist anywhere in an arbitrarily selected
universe, it is also usually conjoined with the idea of the existence of a multiverse,
as discussed below, see Sec. 9.2. This is an interesting and often illuminating view-
point. For example, neither the Chaotic Inflationary Universe idea (Sec. 2.6) nor
any other multiverse proposal works unless we add such an Anthropic component
into their interpretation to explain why we observe the Universe from a viewpoint
where life exists. It is now used by some physicists to explain the low value of the
cosmological constant (which quantum field theory predicts should have a very
much larger value than observed, see Sec. 9.2.5), and occurs in the context of the
possibility landscape of string theory [Susskind, 2005].

30I omit the so-called Final Anthropic Principle (FAP for short), which maintains that intelli-
gent life must necessarily evolve and then remain in existence until the end of the universe, for I
do not believe it merits serious discussion as a scientific proposal; indeed it led to a famous book
review referring to the Completely Ridiculous Anthropic Principle (CRAP for short) [Gardner,
1986].
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9.1.4.2 The Strong Anthropic Principle. By contrast, the Strong An-
thropic Principle (SAP) [Barrow and Tipler, 1984; Balashov, 1991] claims that
it is necessary that intelligent life exist in the Universe; the presence of life is
required in order that a universe model make sense. This is clearly a very con-
troversial claim, for it is hard to provide scientific reasons to support this view.
One can suggest that the most solid justification attempted is through the claim
that the existence of an observer is necessary in order that quantum theory can
make sense. However, this justification is based on one of a number of different
interpretations of quantum theory; the nature of these quantum foundations is
controversial, and not resolved [Isham, 1997; Dickson, 2006; Landsman, 2006].

Furthermore if we were to suppose this justification correct, then the next step
is to ask: Why does the Universe need quantum mechanics anyway? The argument
would be complete only if we could prove that quantum mechanics was absolutely
necessary for every self-consistent Universe; but that line of reasoning cannot be
completed at present, not least because quantum mechanics itself is not a fully
self-consistent theory. Apart from the conceptual problems at its foundation due
to the unresolved measurement issue [Isham, 1997], it suffers from divergences
that so far have proved irremediable in the sense that we can work our way round
them to calculate what we need, but cannot remove them. The SAP proposal has
no accepted physical foundation, and also raises problematic philosophical issues
[Earman, 1987]. I will not pursue it further here.

9.1.5 The relation to fundamental physical theories

Many physicists go further, rejecting any Anthropic form of reasoning. They
regard it as a cop-out resorted to when physical theories fail to give the needed
answers, and seek to obtain a full answer from physics alone [Scott, 2005; Susskind,
2005]. One possibility is that there is a fundamental theory of everything that
determines the nature of physics completely, with no arbitrary parameters left,
and this still to be discovered theory just happens to be of such a nature as to
admit life.

However in this case the Anthropic issue returns with a vengeance: How could
it be that such a theory, based for example on variational principles and the spe-
cific invariance groups of particle physics, could just happen to lead to biophilic
parameter values? There is no clear way to answer such a question. Uniqueness
of fundamental physics resolves the parameter freedom only at the expense of cre-
ating an even deeper mystery, with no way of resolution apparent. In effect, the
nature of the unified fundamental force would be pre-ordained to allow, or even
encourage, the existence of life; but there would be no apparent reason why this
should be so.

A second possibility is that physics allows many effective theories with varying
parameters — some form of multiverse, as for example may be implied by string
theory [Susskind, 2003; Freivogel et al., 2005a; Susskind, 2005]. If these varying
options are all equally real, life can occur because in some cases the parameters will
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lie in the restricted biophilic regime. Thus from this viewpoint the Anthropic idea
is intimately linked with the existence of multiverses, which provide a legitimate
domain for their application. We will turn to an examination of multiverses in
the next section, but before doing so we will consider the range of metaphysical
options for resolving the anthropic question.

9.1.6 The metaphysical options

To make progress on the Anthropic issue, we have to seriously consider the nature
of ultimate causation: What is the fundamental cause for the phenomena we see?
If we pursue the chain of physical cause and effect to its conclusion, we are still
left with the question: Why did this occur, and not something else? Whatever the
reason is, it is the ultimate cause we are seeking. Note that we are here leaving the
terrain of science itself, and starting to probe the domain of metaphysics — the
foundations of science and indeed of existence. As noted above, one can simply
decide not to pursue such issues. If we do continue to question, there appear to
be basically six approaches to the issue of ultimate causation: namely Random
Chance, Necessity, High Probability, Universality, Cosmological Natural Selection,
and Design. We briefly consider these in turn.

Option 1: Random Chance, signifying nothing. The initial conditions in the
Universe just happened, and led to things being the way they are now, by pure
chance. Probability does not apply. There is no further level of explanation that
applies; searching for ‘ultimate causes’ has no meaning.

This is certainly logically possible, but not satisfying as an explanation, as we
obtain no unification of ideas or predictive power from this approach. Nevertheless
some implicitly or explicitly hold this view.

Option 2: Necessity. Things have to be the way they are; there is no other
option. The features we see and the laws underlying them are demanded by the
unity of the Universe: coherence and consistency require that things must be the
way they are; the apparent alternatives are illusory. Only one kind of physics is
self-consistent: all logically possible universes must obey the same physics.

To really prove this would be a very powerful argument, potentially leading to
a self-consistent and complete scientific view. But we can imagine alternative
universes! — why are they excluded? Furthermore we run here into the problem
that we have not succeeded in devising a fully self-consistent view of physics:
neither the foundations of quantum physics nor of mathematics are on a really
solid consistent basis. Until these issues are resolved, this line cannot be pursued
to a successful conclusion.

Option 3: High probability. Although the structure of the Universe appears very
improbable, for physical reasons it is in fact highly probable.

These arguments are only partially successful, even in their own terms. They run
into problems if we consider the full set of possibilities: discussions proposing this
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kind of view actually implicitly or explicitly restrict the considered possibilities a
priori, for otherwise it is not very likely the Universe will be as we see it. Besides,
we do not have a proper measure to apply to the set of initial conditions, enabling
us to assess these probabilities. Furthermore, as discussed above, see Sec. 3, ap-
plication of probability arguments to the Universe itself is dubious, because the
Universe is unique. Despite these problems, this approach has considerable sup-
port in the scientific community, for example it underlies the chaotic inflationary
proposal (Sec. 2.6). It attains its greatest power in the context of the assumption
of universality:

Option 4: Universality. This is the stand that “All that is possible, happens”:
an ensemble of universes or of disjoint expanding universe domains is realized in
reality, in which all possibilities occur [Rees, 1999; Rees, 2003; Tegmark, 2003]. In
its full version, the anthropic principle is realized in both its strong form (if all
that is possible happens, then life must happen) and its weak form (life will only
occur in some of the possibilities that are realized; these are picked out from the
others by the WAP, viewed as a selection principle). There are four ways this has
been pursued.

1. Spatial variation. The variety of expanding universe domains is realised in
space through random initial conditions, as in chaotic inflation (Sec. 2.6).
While this provides a legitimate framework for application of probability,
from the viewpoint of ultimate explanation it does not really succeed, for
there is still then one unique Universe whose (random) initial conditions
need explanation. Initial conditions might be globally statistically homoge-
neous, but also there could be global gradients in some physical quantities
so that the Universe is not statistically homogeneous; and these conditions
might be restricted to some domain that does not allow life. It is a partial
implementation of the ensemble idea; insofar as it works, it is really a variant
of the “high probability” idea mentioned above. If it was the more or less
unique outcome of proven physics, then that would provide a good justifica-
tion; but the physics underlying such proposals is not even uniquely defined,
much less tested. Simply claiming a particular scalar field with some specific
stated potential exists does not prove that it exists!

2. Time variation. The variety of expanding universe domains could be re-
alised across time, in a universe that has many expansion phases (a Phoenix
universe), whether this occurs globally or locally. Much the same comments
apply as in the previous case.

3. Quantum Mechanical. It could occur through the existence of the Everett-
Wheeler “many worlds” of quantum cosmology, where all possibilities occur
through quantum branching [Deutsch, 1998]. This is one of the few genuine
alternatives proposed to the Copenhagen interpretation of quantum mechan-
ics, which leads to the necessity of an observer, and so potentially to the
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Strong Anthropic interpretation considered above (see Sec. 9.1). The many-
worlds proposal is controversial: it occurs in a variety of competing formu-
lations [Isham, 1997], none of which has attained universal acceptance. The
proposal does not provide a causal explanation for the particular events that
actually occur: if we hold to it, we then have to still explain the properties
of the particular history we observe (for example, why does our macroscopic
universe have high symmetries when almost all the branchings will not?).
And above all it is apparently untestable: there is no way to experimentally
prove the existence of all those other branching universes, precisely because
the theory gives the same observable predictions as the standard theory.

4. Completely disconnected. They could occur as completely disconnected uni-
verses: there really is an ensemble of universes in which all possibilities
occur, without any connection with each other [Lewis, 1986; Rees, 2003;
Tegmark, 2003]. A problem that arises then is, What determines what is
possible? For example, what about the laws of logic themselves? Are they
inviolable in considering all possibilities? We cannot answer, for we have no
access to this multitude of postulated worlds. We explore this further below
(Sec. 9.2).

In all these cases, major problems arise in relating this view to testability and
so we have to query the meaningfulness of the proposals as scientific explanations.
They all contradict Occam’s razor: we “solve” one issue at the expense of envis-
aging an enormously more complex existential reality. Furthermore, they do not
solve the ultimate question: Why does this ensemble of universes exist? One might
suggest that ultimate explanation of such a reality is even more problematic than
in the case of single universe. Nevertheless this approach has an internal logic of
its own which some find compelling. We consider this approach further below, see
Sec. 9.2.

Option 5: Cosmological Natural Selection. If a process of re-expansion after col-
lapse to a black hole were properly established, it opens the way to the concept
not merely of evolution of the Universe in the sense that its structure and contents
develop in time, but in the sense that the Darwinian selection of expanding uni-
verse regions could take place, as proposed by Smolin [Smolin, 1992]. The idea is
that there could be collapse to black holes followed by re-expansion, but with an
alteration of the constants of physics through each transition, so that each time
there is an expansion phase, the action of physics is a bit different. The crucial
point then is that some values of the constants will lead to production of more
black holes, while some will result in less. This allows for evolutionary selection
favouring the expanding universe regions that produce more black holes (because
of the favourable values of physical constants operative in those regions), for they
will have more “daughter” expanding universe regions. Thus one can envisage
natural selection favouring those physical constants that produce the maximum
number of black holes.
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The problem here is twofold. First, the supposed ‘bounce’ mechanism has never
been fully explicated. Second, it is not clear — assuming this proposed process can
be explicated in detail — that the physics which maximizes black hole production
is necessarily also the physics that favours the existence of life. If this argument
could be made water-tight, this would become probably the most powerful of the
multiverse proposals.

Option 6: Purpose or Design. The symmetries and delicate balances we observe
require an extraordinary coherence of conditions and cooperation of causes and
effects, suggesting that in some sense they have been purposefully designed. That
is, they give evidence of intention, both in the setting of the laws of physics and
in the choice of boundary conditions for the Universe. This is the sort of view
that underlies Judaeo-Christian theology. Unlike all the others, it introduces an
element of meaning, of signifying something. In all the other options, life exists
by accident; as a chance by-product of processes blindly at work.

The prime disadvantage of this view, from the scientific viewpoint, is its lack of
testable scientific consequences (“Because God exists, I predict that the density
of matter in the Universe should be x and the fine structure constant should be
y”). This is one of the reasons scientists generally try to avoid this approach.
There will be some who will reject this possibility out of hand, as meaningless
or as unworthy of consideration. However it is certainly logically possible. The
modern version, consistent with all the scientific discussion preceding, would see
some kind of purpose underlying the existence and specific nature of the laws of
physics and the boundary conditions for the Universe, in such a way that life (and
eventually humanity) would then come into existence through the operation of
those laws, then leading to the development of specific classes of animals through
the process of evolution as evidenced in the historical record. Given an acceptance
of evolutionary development, it is precisely in the choice and implementation of
particular physical laws and initial conditions, allowing such development, that
the profound creative activity takes place; and this is where one might conceive of
design taking place.31

However from the viewpoint of the physical sciences per se, there is no reason
to accept this argument. Indeed from this viewpoint there is really no difference
between design and chance, for they have not been shown to lead to different
physical predictions.

9.1.7 Metaphysical Uncertainty

In considering ultimate causation underlying the anthropic question, in the end we
are faced with a choice between one of the options above. As pointed out already
by Kant and Hume, although we may be able to argue strongly for one or other
of them, we cannot prove any of the options are correct [Hume, 1993].

31This is not the same as the view proposed by the ‘Intelligent Design’ movement. It does not
propose that God tweaks the outcome of evolutionary processes.
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Thesis G2: Metaphysical uncertainty remains about ultimate causa-
tion in cosmology. We cannot attain certainty on the underlying metaphysical
cosmological issues through either science or philosophy.

If we look at the anthropic question from a purely scientific basis, we end up
without any resolution, basically because science attains reasonable certainty by
limiting its considerations to restricted aspects of reality; even if it occasionally
strays into the area of ultimate causation, it is not designed to deal with it. By
itself, it cannot make a choice between these options; there is no relevant experi-
ment or set of observations that can conclusively solve the issue. Thus a broader
viewpoint is required to make progress, taking into account both the scientific and
broader considerations. The issue is of a philosophical rather than scientific na-
ture. One important issue that then arises is what kind of data is relevant to these
philosophical choices, in addition to that which can be characterized as purely
scientific data (Sec. 9.3.4).

9.2 Issue H: The possible existence of multiverses

If there is a large enough ensemble of numerous universes with varying properties,
it may be claimed that it becomes virtually certain that some of them will just
happen to get things right, so that life can exist; and this can help explain the
fine-tuned nature of many parameters whose values are otherwise unconstrained by
physics [Rees, 1999; Rees, 2003]. As discussed in the previous section, there are a
number of ways in which, theoretically, multiverses could be realized [Lewis, 1986;
Tegmark, 2003]. They provide a way of applying probability to the universe
[Sciama, 1971; Bostrom, 2002] (because they deny the uniqueness of the universe).
However, there are number of problems with this concept. Besides, this proposal
is observationally and experimentally untestable; thus its scientific status is de-
batable.

9.2.1 Definition

In justifying multiverses, it is often stated that ‘all that can occur, occurs’ (or
similarly). However that statement does not adequately specify a multiverse. To
define a multiverse properly requires two steps [Ellis et al., 2004]. First, one
needs to specify what is conceived of in the multiverse, by defining a possibility
space: a space M of all possible universes, each of which can be described in
terms of a set of states s in a state space S. Each universe m in M will be
characterized by a set of distinguishing parameters p, which are coordinates on
S. Choices are needed here. In geometrical terms, will it include only Robertson–
Walker models, or more general ones (e.g. Bianchi models, or models without
symmetries)? In gravitational terms, will it include only General Relativity, or
also brane theories, models with varying G, loop quantum gravity models, string
theory models with their associated possibility ‘landscapes’, and models based on
the wave function of the universe concept? Will it allow only standard physics but
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with varying constants, or a much wider spectrum of physical possibilities, e.g.
universes without quantum theory, some with five fundamental forces instead of
four, and others with Newtonian gravity? Defining the possibility space means
making some kind of assumptions about physics and geometry that will then
apply across the whole family of models considered possible in the multiverse,
and excluding all other possibilities.

Second, one needs to specify which of the possible universes are physically re-
alized in the multiverse, and how many times each one occurs. A multiverse must
be a physically realized multiverse and not a hypothetical or conceptual one if it is
to have genuine explanatory power. Thus one needs a distribution function f(m)
specifying how many times each type of possible universe m inM is realised. The
function f(m) expresses the contingency in any actualization. Things could have
been different! Thus, f(m) describes a specific ensemble of universes or multiverse
envisaged as being realised out of the set of possibilities. For example, f(m) might
be non-zero for all possible values of all the parameters p (‘all that can happen,
happens’); but it could be that f describes a multiverse where there are 10100 iden-
tical copies of one particular universe (the realization process finds a particularly
successful recipe, and then endlessly replicates it).

Additionally we need a measure dπ that enables this function to determine
numbers and probabilities of various properties in the multiverse: the number of
universes corresponding to a set of parameter increments will be dN given by

(38) dN = f(m)dπ

for continuous parameters; for discrete parameters, we add in the contribution from
all allowed parameter values. The total number of universes N in the ensemble
will be given by

(39) N =
∫
M

f(m)dπ

(which will often diverge), where the integral ranges over all allowed values of the
member parameters and we take it to include all relevant discrete summations.
The expectation value P of a quantity p(m) defined on the set of universes will be
given by

(40) P =
∫
M

p(m)f(m)dπ.

These three elements (the possibility space, the measure, and the distribution
function) must all be clearly defined in order to give a proper specification of a
multiverse [Ellis et al., 2004]. This is almost never done.

9.2.2 Non-uniqueness: Possibilities

There is non-uniqueness at both steps. Stating “all that is possible, happens” does
not resolve what is possible. The concept of multiverses is not well defined until the
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space of possible universes has been fully characterized; it is quite unclear how to
do this uniquely. The issue of what is to be regarded as an ensemble of ‘all possible’
universes can be manipulated to produce any result you want, by redefining what
is meant by this phrase — standard physics and logic have no necessary sway
over them: what I envisage as ‘possible’ in such an ensemble may be denied by
you. What super-ordinate principles are in operation to control the possibilities
in the multiverse, and why? A key point here is that our understandings of the
possibilities are always of necessity arrived at by extrapolation from what we know,
and my imagination may be more fertile than yours, and neither need correspond
to what really exists out there — if indeed there is anything there at all. Do we
include only

• Weak variation: e.g. only the values of the constants of physics are allowed to
vary? This is an interesting exercise but is certainly not an implementation
of the idea ‘all that can happen, happens’. It is an extremely constrained
set of variations.

• Moderate variation: different symmetry groups, or numbers of dimensions,
etc. We might for example consider the possibility landscapes of string theory
[Freivogel et al., 2005b] as realistic indications of what may rule multiverses
[Susskind, 2003; Freivogel et al., 2005a; Susskind, 2005]. But that is very far
indeed from ‘all that is possible’, for that should certainly include spacetimes
not ruled by string theory.

• Strong variation: different numbers and kinds of forces, universes without
quantum theory or in which relativity is untrue (e.g. there is an aether),
some in which string theory is a good theory for quantum gravity and others
where it is not, some with quite different bases for the laws of physics (e.g.
no variational principles).

• Extreme variation: universes where physics is not well described by mathe-
matics; with different logic; universes ruled by local deities; allowing magic as
in the Harry Potter series of books; with no laws of physics at all? Without
even mathematics or logic?

Which is claimed to be the properties of the multiverse, and why? We can express
our dilemma here through the paradoxical question: Are the laws of logic necessary
in all possible universes?

9.2.3 Non-uniqueness: existence and causation

A specific multiverse is defined by specifying the distribution function f(m) of
actually realized universes. It is unclear what mechanism can underlie such a
distribution, and any proposal for such a mechanism is completely untestable. We
need some indication as to what determines existence within the possibilities defined
by the supposed possibility space: What decides how many times each one happens?
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Unless we understood the supposed underlying mechanisms we can give no serious
answer; and there is no prospect whatever of testing any proposed mechanism. The
mechanisms supposed to underlie whatever regularities there are in the multiverse
must pre-exist the existence of not merely this universe but also every other one.
If one assumes a universe that is connected in the large but is locally separated
into causally disconnected domains with different physical properties(as in chaotic
inflation), one attains a plausible picture of a creation mechanism that can underlie
an effective multiverse — but at the expense of supposing the validity of untested
and perhaps untestable physics. Because of this one does not obtain a specification
of a unique multiverse: the physics could be different than what we assumed.

9.2.4 Explanatory power

What explanatory power do we get in return for these problems? It has been sug-
gested they explain the parameters of physics and of cosmology and in particular
the very problematic observed value of the cosmological constant [Weinberg, 2000a;
Weinberg, 2000b; Susskind, 2005]. The argument goes as follows: assume a mul-
tiverse exists; observers can only exist in one of the highly improbable biophilic
outliers where the value of the cosmological constant is very small [Hartle, 2004].
A similar argument has been proposed for neutrino masses [Tegmark et al., 2003].
If the multiverse has many varied locations with differing properties, that may in-
deed help us understand the Anthropic issue: some regions will allow life to exist,
others will not [Barrow and Tipler, 1984; Leslie, 1989]. This does provide a useful
modicum of explanatory power. However it is far from conclusive. Firstly, it is
unclear why the multiverse should have the restricted kinds of variations of the
cosmological constant assumed in the various analyses mentioned. If we assume
‘all that can happen, happens’ the variations will not be of that restricted kind;
those analyses will not apply.

Secondly, ultimate issues remain: Why does this unique larger whole have the
properties it does? Why this multiverse rather than any other one? Why is it a
multiverse that allows life to exist? Many multiverses will not allow any life at all.
To solve this, we can propose an ensemble of ensembles of universes, with even
greater explanatory power and even less prospect of observational verification; and
so on. The prospect of an infinite regress looms. Indeed if we declare (as suggested
at the start of this article) that ‘the Universe’ is the total of all that physically
exists, then when an ensemble of expanding universe domains exists, whether
causally connected or not, that ensemble itself should be called ‘the Universe’, for
it is then the totality of physically existing entities. All the foundational problems
for a single existing universe domain recur for the multiverse — because when
properly considered, it is indeed the Universe!

9.2.5 Testability

If an ensemble exists with members not connected in any physical way to the
observable universe, then we cannot interact with them in any way nor observe
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them, so we can say anything we like about them without fear of disproof.32 Thus
any statements we make about them can have no solid scientific or explanatory
status; they are totally vulnerable to anyone else who claims an ensemble with
different properties (for example claiming different kinds of underlying logics are
possible in their ensemble, or claiming many physically effective gods and devils
in many universes in their ensemble).

Thesis H1: Multiverse proposals are unprovable by observation or ex-
periment, but some self-consistency tests are possible. Direct observations
cannot prove or disprove that a multiverse exists, for the necessary causal relations
allowing observation or testing of their existence are absent. Their existence can-
not be predicted from known physics, because the supposed causal or pre-causal
processes are either unproven or indeed untestable. However some self-consistency
conditions for specific multiverse models can be tested.

Any proposed physics underlying a multiverse proposal, such as Coleman-de Luc-
cia tunneling [Coleman and de Luccia, 1980], will be an extrapolation of known
physics; but the validity of that major extrapolation to cosmology is untestable.

Attempts have been made to justify the existence of multiverses as testable
firstly via Rees’ ‘slippery slope’ argument [Rees, 2003]. This runs as follows:
we can reasonably assume galaxies that we cannot see exist outside the visual
horizon (Sec. 8.3); why not extend this argument by small steps to show totally
disconnected universes exist? The problem is that this assumes a continuity of
existence that does not hold good. The domain outside our horizon is assumed to
exist with similar properties to those inside because they are a continuous extension
of it and have a largely common causal origin; their nature can be inferred from
what we can see. Disconnected multiverse domains are assumed to have quite
different properties, and their nature cannot be inferred from what we can see as
there is no continuity or causal connection.

Secondly, several authors (Leslie [Leslie, 1989], Weinberg [Weinberg, 2000a;
Weinberg, 2000b], and Rees [Rees, 2003] for example) have used arguments based
on the idea that the universe is no more special than it has to be; a form of
“speciality argument.” According to Rees, if our universe turns out to be even
more specially tuned than our presence requires, the existence of a multiverse to
explain such “over-tuning” would be refuted; but the actual universe is not more
special than this, so the multiverse is not refuted.

In more detail: naive quantum physics predicts the cosmological constant Λ to
be very large. But our presence in the universe requires it to be small enough that
galaxies and stars can form, so Λ must obviously be below that galaxy-forming
threshold. If our universe belongs to an ensemble in which Λ was equally likely to
take any value in the biophilic region (the uniform probability assumption),33 then

32But there are counter arguments by Leibniz [Wilson, 1989] and Lewis [Lewis, 1986, section
2.4, pp. 108–115].

33The probability distribution for Λ will plausibly peak far away from the biophilic region,
tailing down to a low value that will be approximately constant in that narrow region, cf.[Hartle,
2004].
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we would not expect it to be too far below this threshold. This is because, if it’s
too far below the threshold, the probability of randomly choosing that universe in
the ensemble becomes very small — there are very few universes with such small
values of Λ in the biophilic subset of the ensemble. That is, it would be more
likely that any bio-friendly universe in the ensemble would have a value of Λ closer
to the threshold value. Present data on this value indicates that it is not too far
below the threshold. Thus, our universe is not markedly more special that it needs
to be as far as Λ is concerned, and so explaining its fine-tuning by existence of a
multiverse is legitimate.

Is this argument compelling? It is a reasonable test of consistency for a multi-
verse that is known to exist, so that probability considerations apply; but they do
not apply if there is no multiverse (Sec. 3). Additionally, probability considerations
cannot ever be conclusive. Indeed,

Thesis H2: Probability-based arguments cannot demonstrate the exis-
tence of multiverses. Probability arguments cannot be used to prove the existence
of a multiverse, for they are only applicable if a multiverse exists. Furthermore
probability arguments can never prove anything for certain, as it is not possible to
violate any probability predictions, and this is a fortiori so when there is only one
case to consider, so that no statistical observations are possible.

All one can say on the basis of probability arguments is that some specific state is
very improbable. But this does not prove it is impossible, indeed if it is stated to
have a low probability, that is precisely a statement that it is possible. Thus such
arguments can at best only give plausibility indications even when they are appli-
cable. The assumption that probability arguments can be conclusive is equivalent
to the claim that the universe is generic rather than special; but whether this is so
or not is precisely the issue under debate (see Thesis D3). The argument is useful
as a plausibility argument for a multiverse, but is not proof of its existence.

Finally, it has been proposed that the existence of multiverses is an inevitable
consequence of the universe having infinite space sections [Tegmark, 2003; Seife,
2004], because that leads to infinite spatial repetition of conditions (cf. [Ellis and
Brundrit, 1979]). But this supposed spatial infinity is an untested philosophical
assumption, which certainly cannot be observationally proven to be correct. Apart
from the existence of horizons preventing confirmation of this supposition, even
if the entire universe were observable, proving it correct would still not be possi-
ble because by definition counting an infinite number of objects takes an infinite
amount of time. This is an untestable philosophical argument, not an empirically
testable one; furthermore, it can be argued to be implausible (Sec. 9.3.2). Indeed
current data suggest it is not the case; this is the one good consistency test one
can use for some multiverse proposals (Sec. 9.2.7).

9.2.6 Explanation vs Testability

The argument that this infinite ensemble actually exists can be claimed to have a
certain explanatory economy, although others would claim that Occam’s razor has
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been completely abandoned in favour of a profligate excess of existential multi-
plicity, extravagantly hypothesized in order to explain the one universe that we do
know exists. Certainly the price is a lack of testability through either observations
or experiment — which is usually taken to be an essential element of any serious
scientific theory.34 It is not uniquely definable nor determinable, and there is a
complete loss of verifiability. There is no way to determine the properties of any
other universe in the multiverse if they do indeed exist, for they are forever outside
observational reach. The point is that there is not just an issue of showing a mul-
tiverse exists. If this is a scientific proposition one needs to be able to show which
specific multiverse exists; but there is no observational way to do this. Indeed if
you can’t show which particular one exists, it is doubtful you have shown any one
exists.

What does a claim for such existence mean in this context? Gardner puts it
this way: “There is not the slightest shred of reliable evidence that there is any
universe other than the one we are in. No multiverse theory has so far provided
a prediction that can be tested. As far as we can tell, universes are not even as
plentiful as even two blackberries” [Gardner, 2003].35

Thesis H3: Multiverses are a philosophical rather than scientific pro-
posal. The idea of a multiverse provides a possible route for the explanation
of fine tuning. But it is not uniquely defined, is not scientifically testable apart
from some possible consistency tests, and in the end simply postpones the ultimate
metaphysical questions.

The definitive consistency tests on some multiverse proposals (Sec. 9.2.7) are
necessary conditions for those specific multiverse proposals, but are hardly by
themselves indications that the multiverse proposal is true. The drive to believe
this is the case comes from theoretical and philosophical considerations (see e.g.
[Susskind, 2005]) rather than from data. The claim an ensemble physically ex-
ists36 is problematic as a proposal for scientific explanation, if science is taken
to involve testability. Indeed, adopting these explanations is a triumph of theory
over testability [Gardner, 2003], but the theories being assumed are not testable.
It is therefore a metaphysical choice made for philosophical reasons. That does
not mean it is unreasonable (it can be supported by quite persuasive plausibility
arguments); but its lack of scientific status should be made clear.

34In [Stoeger et al., 2004], the framework and conditions under which the multiverse hypothesis
would be testable within a retroductive framework, given the rigorous conditions formulated in
that paper; are indicated; these conditions are not fulfilled.

35This contrasts strongly, for example, with Deutsch’s and Lewis’s defence of the concept
[Deutsch, 1998; Lewis, 1986]. Lewis defends the thesis of “modal realism”: that the world we
are part of is but one of a plurality of worlds.

36As opposed to consideration of an explicitly hypothetical such ensemble, which can indeed
be useful, see Sec. 7.2.
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9.2.7 Observations and disproof

Despite the gloomy prognosis given above, there are some specific cases where
the existence of a chaotic inflation (multi-domain) type scenario (Sec. 2.6) can
be disproved. These are firstly when we live in a ‘small universe’ where we have
already seen right round the universe (Sec. 4.3.1), for then the universe closes up
on itself in a single FL-like domain, so that no further such domains can exist that
are causally connected to us in a single connected spacetime. This ‘small universe’
situation is observationally testable (Sec. 4.3.1); its confirmation would disprove
the usual chaotic inflationary scenario, but not a truly ‘disconnected’ multiverse
proposal, for that cannot be shown to be false by any observation. Neither can
it be shown to be true. Secondly, many versions of chaotic inflation, for example
those involving Coleman-de Luccia tunneling [Coleman and de Luccia, 1980] from
a de Sitter spacetime, demand k = −1⇔ Ω0 < 1 [Freivogel et al., 2005b; Susskind,
2005]. This requirement is currently marginally disproved by the 2 − σ bounds
on Ω0 when WMAP observations are combined with the best other available data
(Sec. 2.3.7). The best current data is marginally consistent with k = −1, but the
value indicated most strongly by that data is k = +1, indicating finite closed space
sections rather than an infinite multiverse such as that advocated by Susskind et
al [Freivogel et al., 2005b; Susskind, 2005].

9.2.8 Physical or biological paradigms — Adaptive Evolution?

Given that the multiverse idea must in the end be justified philosophically rather
than by scientific testing, is there a philosophically preferable version of the idea?
One can suggest there is: greater explanatory power is potentially available by
introducing the major constructive principle of biology into cosmology, namely
adaptive evolution, which is the most powerful process known that can produce
ordered structure where none pre-existed. This is realized in principle in Lee
Smolin’s idea (Sec. 9.1.6) of Darwinian adaptation when collapse to black holes is
followed by re-expansion, but with an alteration of the constants of physics each
time, so as to allow for evolutionary selection towards those regions that produce
the maximum number of black holes. The idea needs development, but is very
intriguing:

Thesis H4: The underlying physics paradigm of cosmology could be
extended to include biological insights. The dominant paradigm in cosmology
is that of theoretical physics. It may be that it will attain deeper explanatory
power by embracing biological insights, and specifically that of Darwinian evolution.
The Smolin proposal for evolution of populations of expanding universe domains
[Smolin, 1992] is an example of this kind of thinking.

The result is different in important ways from standard cosmological theory pre-
cisely because it embodies in one theory three of the major ideas of last century,
namely (i) Darwinian evolution of populations through competitive selection, (ii)
the evolution of the universe in the sense of major changes in its structure asso-
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ciated with its expansion, and (iii) quantum theory, underlying the only partly
explicated mechanism supposed to cause re-expansion out of collapse into a black
hole. There is a great contrast with the theoretical physics paradigm of dynamics
governed simply by variational principles shaped by symmetry considerations. It
seems worth pursuing as a very different route to the understanding of the creation
of structure.37

9.3 Issue I: Natures of Existence

Underlying all this is the issue of natures of existence, which has a number of
aspects, relating from the purely physical to more metaphysical issues.

9.3.1 Physical existence: kinds of matter

Unsolved key issues for physical cosmology relate to what kind of matter and/or
fields exist. While we understand matter in the solar system quite well, at present
we do not understand most of what exists in the universe at large:

Thesis I1: We do not understand the dominant dynamical matter com-
ponents of the universe at early or late times. A key goal for physical
cosmology is determining the nature of the inflaton, of dark matter, and of dark
energy. Until this is done, the causal understanding of cosmology is incomplete,
and in particular the far future fate of the universe is unknown.

This is the core activity of much work in cosmology at present. Until they are
all explicated, cosmology is not properly linked to physics, and the nature of the
matter that dominates the dynamics of the universe is unknown. Its explication
is surely one of the key concerns of cosmology [Durrer, 2002]. A key requirement
is that even if we cannot experimentally verify the proposed nature of the matter,
at least it should be physically plausible. This appears not to be the case for some
current proposals, e.g. so-called ‘phantom matter’ which has negative kinetic
energy terms.

The far future fate of the universe depends crucially on the effective equation
of state for dark matter (‘quintessence’). But the problem is that even if we
can determine these properties at the present time (for one particular range of
parameter values), this does not necessarily guarantee what they will be in the far
future (for a quite different range of parameter values that are probably outside
the range of possible experimental test). Furthermore adjusting a ‘dark energy’
model to fit the supernova data does not determine the underlying physics. One
can fit any monotonic evolution S(t) with a suitable choice of the equation of state
function p(µ). Specifically, for any S(t) and any k we define µ(t) and p(t) by

(41) κµ(t) = 3

[
Ṡ2(t)
S2(t)

+
k

S2(t)

]
, κp(t) =

[
Ṡ2(t)
S2(t)

+
k

S2(t)

]
− 2

S̈(t)
S(t)

,

37Cf. Chapter 13 of Susskind [Susskind, 2005].
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then (9), (7) will be exactly satisfied, and we have ‘solved’ the field equations for
this arbitrarily chosen monotonic evolution S(t). If we can observationally deter-
mine the form of S(t), for example from (m, z)–curves associated with supernovae
data, this is essentially how we can then determine that some kind of ‘dark energy’
or ‘quintessence’ is required to give that evolution, and we can find the equation
of state implied by eliminating t between these two equations. This is, however,
not a physical explanation until we have either in some independent experimen-
tal test demonstrated that matter of this form exists, or have theoretically shown
why this matter or field has the form it does in some more fundamental terms
than simply a phenomenological fit. If we assume the matter is a scalar field, the
kinetic energy term φ̇2 implied by (32), (41) may be negative — which is the case
for so-called ‘shadow matter’ models proposed recently by some worker. If normal
physics criteria are applied, this is a proof that this kind of matter is unphysical,
rather than an identification of the nature of the dark energy.

9.3.2 Existence of Infinities

The nature of existence is significantly different if there is a finite amount of
matter or objects in the universe, as opposed to there being an infinite quantity in
existence. Some proposals claim there may be an infinite number of universes in
a multiverse and many cosmological models have spatial sections that are infinite,
implying an infinite number of particles, stars, and galaxies. However, infinity is
quite different from a very large number! Following David Hilbert [Hilbert, 1964],
one can suggest these unverifiable proposals cannot be true: the word ‘infinity’
denotes a quantity or number that can never be attained, and so will never occur
in physical reality.38 He states
“Our principal result is that the infinite is nowhere to be found in reality. It neither
exists in nature nor provides a legitimate basis for rational thought . . . The role
that remains for the infinite to play is solely that of an idea . . . which transcends
all experience and which completes the concrete as a totality . . .” [Hilbert, 1964,
p. 151].
This suggests “infinity” cannot be arrived at, or realized, in a concrete physical
setting; on the contrary, the concept itself implies its inability to be realized!39

Thesis I2: The often claimed physical existence of infinities is ques-
tionable. The claimed existence of physically realized infinities in cosmology or
multiverses raises problematic issues. One can suggest they are unphysical; in any
case such claims are certainly unverifiable.

This applies in principle to both small and large scales in any single universe:

38An intriguing further issue is the dual question: Does the quantity zero occur in physical
reality? This is related to the idea of physical existence of nothingness, as contrasted with a
vacuum [Seife, 2000]. A vacuum is not nothing! (cf. [Susskind, 2005]).

39For a contrasting view, see Bernadete [Bernadete, 1964].
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• The existence of a physically existing spacetime continuum represented by
a real (number) manifold at the micro-level contrasts with quantum grav-
ity claims of a discrete spacetime structure at the Planck scale, which one
might suppose was a generic aspect of fully non-linear quantum gravity the-
ories [Rovelli, 2004]. In terms of physical reality, this promises to get rid of
the uncountable infinities the real line continuum engenders in all physical
variables and fields.40 There is no experiment that can prove there is a phys-
ical continuum in time or space; all we can do is test space-time structure
on smaller and smaller scales, but we cannot approach the Planck scale.

• Infinitely large space-sections at the macro-level raise problems as indicated
by Hilbert, and leads to the infinite duplication of life and all events [Ellis
and Brundrit, 1979]. We may assume space extends forever in Euclidean
geometry and in many cosmological models, but we can never prove that
any realised 3-space in the real universe continues in this way — it is an
untestable concept, and the real spatial geometry of the universe is almost
certainly not Euclidean. Thus Euclidean space is an abstraction that is
probably not physically real. The infinities supposed in chaotic inflation-
ary models derive from the presumption of pre-existing infinite Euclidean
space sections, and there is no reason why those should necessarily exist.
In the physical universe spatial infinities can be avoided by compact spatial
sections, resulting either from positive spatial curvature, or from a choice
of compact topologies in universes that have zero or negative spatial curva-
ture. Machian considerations to do with the boundary conditions for physics
suggest this is highly preferable [Wheeler, 1968]; and if one invokes string
theory as a fundamental basis for physics, then ‘dimensional democracy’ sug-
gests the three large spatial dimensions should also be compact, since the
small (‘compactified’) dimensions are all taken to be so. The best current
data from CBR and other observations (Sec. 2.3.7) indeed suggest k = +1,
implying closed space sections for the best-fit FL model.

• The existence of an eternal universe implies that an infinite time actually
exists, which has its own problems: if an event happens at any time t0, one
needs an explanation as to why it did not occur before that time (as there
was an infinite previous time available for it to occur); and Poincaré eternal
return (mentioned in Sec. 6.1) will be possible if the universe is truly cyclic.
In any case it is not possible to prove that the universe as a whole, or even
the part of the universe in which we live, is past infinite; observations cannot
do so, and the physics required to guarantee this would happen (if initial
conditions were right) is untestable. Even attempting to prove it is future
infinite is problematic (we cannot for example guarantee the properties of the

40To avoid infinities entirely would require that nothing whatever is a continuum in physical
reality (since any continuum interval contains an infinite number of points). Doing without that,
conceptually, would mean a complete rewrite of many things. Considering how to do so in a way
compatible with observation is in my view a worthwhile project.
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vacuum into the infinite future — it might decay into a state corresponding
to a negative effective cosmological constant).

• It applies to the possible nature of a multiverse. Specifying the geometry
of a generic universe requires an infinite amount of information because the
quantities necessary to do so are fields on spacetime, in general requiring
specification at each point (or equivalently, an infinite number of Fourier
coefficients): they will almost always not be algorithmically compressible.
All possible values of all these components in all possible combinations will
have to occur in a multiverse in which “all that can happen, does happen”.
There are also an infinite number of topological possibilities. This greatly
aggravates all the problems regarding infinity and the ensemble. Only in
highly symmetric cases, like the FL solutions, does this data reduce to a
finite number of parameters, each of which would have to occur in all possible
values (which themselves are usually taken to span an infinite set, namely the
entire real line). Many universes in the ensemble may themselves have infinite
spatial extent and contain an infinite amount of matter, with all the problems
that entails. To conceive of physical creation of an infinite set of universes
(most requiring an infinite amount of information for their prescription, and
many of which will themselves be spatially infinite) is at least an order of
magnitude more difficult than specifying an existent infinitude of finitely
specifiable objects.

One should note here particularly that problems arise in the multiverse context
from the continuum of values assigned by classical theories to physical quanti-
ties. Suppose for example that we identify corresponding times in the models in
an ensemble and then assume that all values of the density parameter and the
cosmological constant occur at each spatial point at that time. Because these
values lie in the real number continuum, this is a doubly uncountably infinite
set of models. Assuming genuine physical existence of such an uncountable in-
finitude of universes is the antithesis of Occam’s razor. But on the other hand,
if the set of realised models is either finite or countably infinite, then almost all
possible models are not realised. And in any case this assumption is absurdly
unprovable. We can’t observationally demonstrate a single other universe exists
[Gardner, 2003], let alone an infinitude. The concept of infinity is used with gay
abandon in some multiverse discussions [Knobe et al., 2005], without any con-
cern either for the philosophical problems associated with this statement [Hilbert,
1964], or for its completely unverifiable character. It is an extravagant claim that
should be treated with extreme caution.

9.3.3 The Nature of the Laws of Physics

Underlying all the above discussion is the basic concept of ordered behaviour of
matter, characterized by laws of physics of a mathematical nature that are the
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same everywhere in the universe.41 Three interlinked issues arise.
(i) What is the ontological nature of the laws of physics: descriptive, just char-

acterizing the way things are, or prescriptive, enforcing them to be this way?
[Carroll, 2004]. If they are descriptive, the issue arising is, Why does all matter
have the same properties wherever it exists in the universe? Why are all electrons
everywhere in the universe identical, if the laws are only descriptive? If they are
prescriptive, then matter will necessarily be the same everywhere (assuming the
laws themselves are invariable); the issue arising then is, In what way do laws of
physics exist that enforce themselves on the matter in the universe? Do they for
example have an existence in some kind of Platonic space that controls the nature
of matter and existence? One can avoid talking about the laws of physics per se
by instead considering the space of possibilities underlying what exists physically,
rigorously constraining the possible natures of what actually comes into existence
[Ellis, 2004]. This space is more or less uniquely related to the underlying laws in
the same way that the space of solutions of differential equations is related to the
nature of the equations. This enables one to avoid the issue of the ontology of the
laws of physics, but does not solve it.

(ii) Why are the laws of physics so well explained by mathematical descriptions?
If they are prescriptive, this deep issue might be related to the suggested Platonic
nature of the space of mathematical reality [Penrose, 2004]. If they are descrip-
tive, then the mathematical expressions we use to encapsulate them are just a
convenient description but do not reflect their ultimate nature. Many writings in
physics and cosmology seem to assume that their ultimate existential nature is
indeed mathematical — perhaps a confusion of appearance and reality (see Sec.
8.3).

(iii) Do they pre-exist the universe and control its coming into being, or do they
come into being with the universe? This is where this issue relates deeply to the
nature of cosmology, and is clearly related to the other two questions raised above.
Many theories of creation of the universe assume that all these laws, or at least a
basic subset, pre-exist the coming into being of the physical universe, because they
are presumed to underlie the creation process, for example the entire apparatus of
quantum field theory is often taken for granted as pre-existing our universe (Sec.
6). This is of course an unprovable proposition

Thesis I3: A deep issue underlying the nature of cosmology is the na-
ture of the laws of physics. The nature of the possibility space for physical
existence is characterized by the laws of physics. However it is unclear if these
laws are prescriptive or descriptive; whether they come into being with space-time
and matter, or pre-exist them.

41The effective laws may vary from place to place because for example the vacuum state varies
[Susskind, 2005]; but the fundamental laws that underlie this behaviour are themselves taken to
be invariant.
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9.3.4 ‘Ultimate Reality’

Philosophers have debated for millennia whether the ultimate nature of existence
is purely material, or embodies some form of rationality (‘Logos’) and/or purpose
(‘Telos’). What in the end underlies it all? Is the ultimate nature of the universe
purely material, or does it in some way have an element of the mental? (cf. Sec.
9.1.6). That profound debate is informed by physical cosmology, but cannot be
resolved by the physical sciences alone (Sec. 9.1.7). Here, I will make just two
comments on this deep issue.

Firstly, even in order to understand just the material world, it can be claimed
that one needs to consider forms of existence other than the material only — for
example a Platonic world of mathematics and a mental world, both of which can
be claimed to exist and be causally effective in terms of affecting the material
world [Ellis, 2004; Penrose, 2004]. Our understanding of local causation will be
incomplete unless we take them into account.

Secondly, in examining these issues one needs to take into account data about
the natures of our existence that come from our daily lives and the broad historical
experience of humanity (our experiences of ethics and aesthetics, for example),
as well as those discoveries attained by the scientific method. Many writings
claim there is no purpose in the universe: it is all just a conglomerate of particles
proceeding at a fundamental level in a purposeless and meaningless algorithmic
way. But I would reply, the very fact that those writers engage in such discourse
undermines their own contention; they ignore the evidence provided by their own
actions. There is certainly meaning in the universe to this degree: the fact they
take the trouble to write such contentions is proof that they consider it meaningful
to argue about such issues; and this quality of existence has emerged out of the
nature of the physical universe (Sec. 7.3). Indeed the human mind is causally
effective in the real physical world precisely through many activities motivated
by meanings perceived by the human mind. Any attempt to relate physics and
cosmology to ultimate issues must take such real world experience seriously [Ellis,
2005], otherwise it will simply be ignoring a large body of undeniable data. This
data does not resolve the ultimate issues, but does indicate dimensions of existence
that indeed do occur.

10 CONCLUSION

The physical scale of the Universe is enormous, and the images of distant objects
from which we obtain our information are extremely faint. It is remarkable that
we are able to understand the Universe as well as we do. An intriguing feature is
the way in which the philosophy of cosmology is to a considerable degree shaped
by contingent aspects of the nature of the universe — its vast scale (Sec. 4), lead-
ing to the existence of visual horizons (Sec. 4.3), and the occurrence of extreme
energies in the early universe (Sec. 5), leading to the existence of physical hori-
zons. Philosophical issues arising in relation to cosmology (Sec. 8) would be quite
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different if its physical structure were very different. Furthermore in order that
philosophical analysis can engage with cosmology in depth, the detailed nature of
the relation between observations and theory in cosmology (Sec. 2) is relevant.

10.1 Are there laws of cosmology?

As we have discussed in detail, the uniqueness of the universe implies the unique
nature of cosmology. We now return to the initial issue, Are there Laws of the
Universe? (Sec. 3). At one level, the laws of the cosmos are simply the local laws
we know and love (e.g. Maxwell’s laws, Einstein’s field equations) applied to the
whole shebang. Of course, there is the problem of extrapolation from the local to
the global. But although the extrapolation is bigger in cosmology, it seems not to
be different in kind from what we always do in science. In that sense, there are
no special laws for the evolution of the universe. But that does not determine the
outcome: cosmology needs some prescription of boundary or initial conditions as
well, in order to determine the future. Is there a true “Cosmological principle”, a
law of initial conditions for the universe, that determines this outcome?

The idea of “Laws of initial conditions of the universe” seems not to be a
testable idea (Sec. 3). Scientifically, one can only describe what occurred rather
than relate it to generic principles, for such principles cannot be tested. In fact
any description of boundary or initial conditions for the universe seems to be just
that: a description of these conditions, rather than a testable prescription of how
they must be. The ‘Cosmological Principle’ — the universe is necessarily spatially
homogeneous and isotropic (Sec. 4.2.2) is of this kind: a description of the way
the initial data turned out, rather than a fundamental reason for why this should
be so. Justification of this view was based by some workers on a Copernican
Principle (the assumption we do not live in a privileged place in the universe),
strengthened to become a Cosmological Principle [Bondi, 1960; Weinberg, 1972;
Harrison, 2000]; but this is a philosophical assumption — essentially, a claim that
the universe must have very special initial conditions — which may or may not be
true, and does not attempt a physical explanation. This kind of argument is out
of fashion at present, because we now prefer generality to speciality and physical
argumentation to geometrical prescription; but it was previously strongly proposed
(e.g. [Weinberg, 1972], pp. 407-412). The tenor of philosophical argument has
changed.

Nevertheless there is one kind of Law of the Universe one might propose, fol-
lowing McCrea [McCrea, 1970]: namely an “Uncertainty principle in cosmology”,
dual to the uncertainty principle in quantum theory. Uncertainty applies on the
largest scale, as we have discussed above in some detail, and also on the smallest,
where it is a profound feature of quantum theory. Its basis is very different in
the two cases, on the one hand (in quantum theory) being ontological in nature,
on the other (in cosmology) being epistemological in nature.42 Nevertheless it is

42Assuming that quantum uncertainty is indeed ontological rather than epistemological. One
should however keep an open mind on this: just because it is the current dogma does not
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a key aspect of our relation to the cosmos, so that (following McCrea) we might
perhaps formalize it in order to emphasize its centrality to the relation between
cosmology and philosophy:

Thesis of Uncertainty: Ultimate uncertainty is a key aspect of cosmol-
ogy. Scientific exploration can tell us much about the universe but not about its
ultimate nature, or even much about some of its major geometrical and physical
characteristics. Some of this uncertainty may be resolved, but much will remain.
Cosmological theory should acknowledge this uncertainty.

10.2 What can we truly claim

Cosmology considers questions of physical origins in the uniquely existing physical
universe (Sec. 6) which provides the context of our existence (Sec. 7, Sec. 9.1).
These questions can be extended to include ultimate issues if we so desire (Sec.
8.2), but physical theory cannot resolve them (Sec. 9.1.7). In the end, there are a
variety of mysteries underlying the existence and nature of the universe (Sec. 9.3).
The scientific study of cosmology can help illuminate their nature, but cannot
resolve them.

As well as celebrating the achievements of cosmology, one should fully take
into account the limits and problems considered in this chapter, and not claim
for scientific cosmology more than it can actually achieve or more certainty than
is in fact attainable. Such claims will in the long term undermine cosmology’s
legitimate status as a project with solid scientific achievements to its name. That
status can be vigorously defended as regards the ‘Standard Model’ of cosmology
(Sec. 2.8), provided this standard model is characterized in conservative terms so
that it is not threatened by relatively detailed shifts in theory or data that do not
in fact threaten the core business of cosmology. Further, this defence must take
adequate cognisance of the difficult philosophical issues that arise if one pushes
the explanatory role of cosmological theory to its limits (Sec. 6); for example one
should not make too strong scientific claims in regard to the possible existence
of multiverses (Sec. 9.2); philosophically based plausibility arguments for them
are fine, if identified as such. Cosmology is not well served by claims that it can
achieve more explanatory power than is in fact attainable, or by statements that
its claims are verified when in fact the requisite evidence is unavailable, and in
some cases must forever remain so.
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RW: Robertson-Walker (geometry), p. 1186
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Issues in the Philosophy of Cosmology

SUMMARY TABLE OF ISSUES AND THESES

Issue A: The uniqueness of the universe

Thesis A1 : The universe itself cannot be subjected to physical experimentation

Thesis A2 : The universe cannot be observationally compared with other universes

Thesis A3 : The concept of ‘Laws of Physics’ that apply to only one object is ques-

tionable

Thesis A4 : The concept of probability is problematic in the context of existence of

only one object

Issue B: The large scale of the Universe in space and time

Thesis B1 : Astronomical observations are confined to the past null cone, and fade

with distance

Thesis B2 : ‘Geological’ type observations can probe the distant past of our past

world line

Thesis B3 : Establishing a Robertson-Walker geometry relies on plausible philosoph-

ical assumptions

Thesis B4 : Interpreting cosmological observations depends on astrophysical under-

standing

Thesis B5 : A key test for cosmology is that the age of the universe must be greater

than the ages of stars

Thesis B6 : Horizons limit our ability to observationally determine the very large

scale geometry of the universe

Thesis B7 : We have made great progress towards observational completeness

Issue C: The unbound energies in the early universe

Thesis C1 : The Physics Horizon limits our knowledge of physics relevant to the very

early universe

Thesis C2 : The unknown nature of the inflaton means inflationary universe proposals

are incomplete

Issue D: Explaining the universe — the question of origins

Thesis D1 : An initial singularity may or may not have occurred

Thesis D2 : Testable physics cannot explain the initial state and hence specific nature

of the universe

Thesis D3 : The initial state of the universe may have been special or general

Issue E: The Universe as the background for existence

Thesis E1 : Physical laws may depend on the nature of the universe

Thesis E2 : We cannot take the nature of the laws of physics for granted

Thesis E3 : Physical novelty emerges in the expanding universe

Issue F: The explicit philosophical basis
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Thesis F1 : Philosophical choices necessarily underly cosmological theory

Thesis F2 : Criteria for choice between theories cannot be scientifically chosen or

validated

Thesis F3 : Conflicts will inevitably arise in applying criteria for satisfactory theories

Thesis F4 : The physical reason for believing in inflation is its explanatory power re

structure growth.

Thesis F5 : Cosmological theory can have a wide or narrow scope of enquiry

Thesis F6 : Reality is not fully reflected in either observations or theoretical models

Issue G: The Anthropic question: fine tuning for life

Thesis G1 : Life is possible because both the laws of physics and initial conditions

have a very special nature

Thesis G2 : Metaphysical uncertainty remains about ultimate causation in cosmology

Issue H: The possible existence of multiverses

Thesis H1 : The Multiverse proposal is unprovable by observation or experiment

Thesis H2 : Probability-based arguments cannot demonstrate the existence of mul-

tiverses

Thesis H3 : Multiverses are a philosophical rather than scientific proposal

Thesis H4 : The underlying physics paradigm of cosmology could be extended to

include biological insights

Issue I: The natures of existence

Thesis I1 : We do not understand the dominant dynamical matter components of the

universe at early or late times

Thesis I2 : The often claimed physical existence of infinities is questionable

Thesis I3 : A deep issue underlying the nature of cosmology is the nature of the laws

of physics.

Thesis of Uncertainty: Ultimate uncertainty is one of the key aspects of cosmology
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QUANTUM GRAVITY

Carlo Rovelli

1 INTRODUCTION

Quantum gravity (QG) is the problem of finding a theory that describes the quan-
tum effects on gravity. These effects escape the currently accepted physical the-
ories. Our present knowledge of the basic dynamical laws is given by quantum
mechanics (QM) and quantum field theory (QFT), general relativity (GR), and
the standard model of particle physics. This set of theories has obtained an em-
pirical success nearly unique in the history of science: so far there is no evidence
of observed phenomena that clearly escape or contradict this set of theories —
or a minor modification of the same. But these theories become meaningless in
the regimes where relativistic quantum gravitational effects are expected to be-
come relevant. These effects are not currently observed; they are negligible at
currently accessible scales and are expected to become relevant only in extreme
physical regimes. For instance, they should govern the end of the evaporation of
black holes, the beginning of the life of the Universe near the Big Bang, and any
measurement involving an extremely short length scale (∼ 10−33 cm, the “Planck
scale”) or a very high energy. “Quantum gravity” is the name given to the theory-
to-be-found that should describe these regimes.

The interest of the problem, however, goes far beyond the description of some
so far inaccessible physics. The physics of the early twentieth century has modi-
fied the roots of our understanding of the physical world. It has changed the very
meaning of the concepts we use to grasp it. GR, which is the field theory that
describes gravity when we can disregard its quantum properties, has changed our
understanding of space and time. QM, which has replaced classical mechanics as
our general theory of motion, has modified the notions of matter, field, and causal-
ity. At present, we haven’t yet found a consistent conceptual frame in which these
modifications make sense together. Thus, our understanding of the physical world
is currently badly fragmented. In spite of its empirical effectiveness, fundamen-
tal physics is in a phase of deep conceptual confusion. The problem of QG is to
combine the insights of GR and QM into a conceptual scheme in which they can
coexist. It is the problem of finding a novel picture of the world capable of bring-
ing the twentieth century scientific revolution to an end. For this reason, many
consider QG to be the most important open problem in fundamental physics.

In particular, QG is an investigation on the nature of space and time. The
structure and the nature of physical space are expected to change radically at
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the Planck scale; and the conventional way of conceptualizing of time evolution
is expected to cease to be viable at this scale. The theory is therefore likely to
require us to revise the way we think of space and time.

Research in QG has developed slowly for several decades of the twentieth cen-
tury, because general relativity had little impact on the rest of physics and the
interest of many physicists was concentrated on the development of quantum the-
ory and particle physics. In the last decade, the explosion of empirical confirma-
tions and concrete astrophysical, cosmological and even technological applications
of general relativity on the one hand, and the satisfactory solution of most of the
particle physics puzzles in the context of the particle physics “standard model” on
the other, have led to a strong concentration of interest in quantum gravity, and
the progressed has become rapid. Research is currently very active.

A few tentative theories of QG have been proposed. The best developed of
these are string theory [Green et al., 1987] and loop quantum gravity [Rovelli,
2004]. Other very active directions of investigation include noncommutative geom-
etry [Connes, 1994], dynamical triangulations [Ambjorn et al., 1997], the spinfoam
formalism [Perez, 2003] (strictly connected to the loop approach) and effective the-
ories. Currently, none of these approaches has found any empirical corroboration,
and none has won general theoretical consensus.

The problem of QG raises basic methodological issues and involves conceptual
and foundational questions. Some of these are similar to the foundational questions
that physics addressed at the time of other major conceptual shifts — the birth of
classical mechanics, field theory, relativity, or quantum mechanics. Old problems
demand new answers, in the light of the twentieth century’s novel insights. A
characteristic example is a revival of the cartesian-newtonian-leibnizian debate on
the relational nature of space.

No exhaustive discussion on our current understanding of the physical world,
and in particular on the current knowledge about space and time, can disregard
the issues and questions raised by this search.

1.1 Quantum spacetime

GR and QM have widely extended our understanding of the physical world. They
are solidly supported empirically, and have vast scientific and technological appli-
cations. But they have destroyed the coherent picture of the world provided by
prerelativistic classical physics because each of the two is formulated under as-
sumptions contradicted by the other theory. QM is formulated using an external
time variable, the t of the Schrödinger equation — or, in the case of QFT, using
a fixed, nondynamical background spacetime. Both an external time variable and
a fixed background spacetime are incompatible with GR.

In turn, GR is formulated in terms of Riemannian geometry: the gravitational
field is assumed to be a classical deterministic dynamical field, which can be iden-
tified with Riemann’s metric field. But QM requires all dynamical fields to have
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quantum properties. At small scales a field appears as made up of discrete quanta
and is governed by probabilistic laws.

Thus, GR and QM are formulated in terms of mutually contradictory assump-
tions. In spite of their empirical success, they offer a rather schizophrenic and
confused understanding of the physical world.

Roughly speaking, we learn from GR that spacetime is a dynamical field and we
learn from QM that a dynamical field is quantized. Therefore at small scales we
might expect a “quantum spacetime” formed by “quanta of space”, and allowing
“quantum superposition of spaces”. The problem of QG is to give a mathematical
and conceptual meaning to such a notion of a quantum spacetime.

Some general indications about the nature of quantum spacetime, and on the
problems this notion raises, can be obtained from elementary considerations based
on GR and QM. The size of quantum mechanical effects is determined by Planck’s
constant �. The strength of the gravitational force is determined by Newton’s
constant G, and the relativistic domain is determined by the speed of light c.
By combining these three fundamental constants we obtain a length, called the
Planck length lP =

√
�G/c3 ∼ 10−33 cm. Quantum-gravitational effects are likely

to be negligible at distances much larger than lP, because at these scales we can
neglect quantities of the order of G, � or 1/c. Therefore we expect that the GR
description of spacetime as a Riemannian space holds at scales larger than lP and
breaks down approaching this scale, where the full structure of quantum spacetime
becomes relevant. QG is therefore the study of the structure of spacetime at the
Planck scale.

Simple arguments indicate that lP may play the role of a minimal length, in the
same sense in which c is the maximal velocity and � the minimal exchanged action.
For instance, the Heisenberg principle requires that the position of an object of
mass m can only be determined with uncertainty x satisfying mvx > �, where v
is the uncertainty in the velocity; special relativity requires v < c; and according
to GR there is a limit to the amount of mass we can concentrate in a region of
size x, given by x > Gm/c2, after which the region itself collapses into a black
hole, removing itself from our observation. Combining these inequalities we obtain
x > lP ; that is, gravity, relativity and quantum theory, taken together, appear to
prevent position to be determined more precisely than the Planck scale. Various
considerations of this kind have suggested that space might not be infinitely di-
visible. It may have a quantum granularity at the Planck scale, analogous to the
granularity of the energy in a quantum oscillator. This granularity of space is fully
realized in certain QG theories, such as loop quantum gravity, and there are hints
of it also in string theory [Amati et al., 1989]. Since this is a quantum granularity,
it escapes the traditional objections to the atomic nature of space.

Time is affected even more radically by the quantization of gravity. In conven-
tional QM time is treated as an external parameter and transition probabilities
change in time. In GR there is no external time parameter. Coordinate time is a
gauge variable which is not observable, and the physical variable measured by a
clock is a complicated function of the gravitational field. Fundamental equations
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of QG might therefore not be written as evolution equations in an observable time
variable. Strictly speaking, this is already true in classical GR: GR does not de-
scribe evolution of physical variables in time — it describes the relative evolution
of physical variables with respect to one another. But a temporal interpretation
is still available in classical GR, because spacetime appears as a solution of the
dynamical equations of the gravitational field. However, a solution of the dynam-
ical equation is like a “trajectory” of a particle and in quantum theory there are
no physical trajectories: there are only transition probabilities between observable
eigenvalues. Therefore in QG it may be impossible to describe the world in terms
of a spacetime, in the same sense in which the motion of a quantum electron can-
not be described in terms of a single trajectory. It is possible that to make sense
of the world at the Planck scale, and to find a consistent conceptual framework
for GR and QM, we may have to give up the notion of time altogether, and learn
ways to describe the world in atemporal terms. Time might be a useful concept
only within an approximate description of the physical reality.

The following section sketches the historical development of QG research and
illustrates the main ideas, lines of research and current tentative theories. Various
issues raised by this research are then illustrated in Section 3. Section 4 discusees
in particular the changes in the notions of space and time forced by QG and Section
5 discusses the relation between the prolem of QG and other major open problems
in fundamental phyiscs.

2 APPROACHES

A full account of the numerous ideas and approaches towards quantum gravity is
outside the scope of this article. Only a few main research lines are illustrated here.
For additional references, see the bibliographical note at the end of the article.

2.1 History and directions of research

Early ideas

The fact that the gravitational field should have quantum properties, and there-
fore we need a theory for describing these properties, was recognized very early.
Already in 1916, one year after the birth of GR, Einstein pointed out that quan-
tum effects must lead to modifications of GR [Einstein, 1916]. In 1927 Oskar Klein
suggested that QG might ultimately modify the concepts of space and time [Klein,
1927].

In the early thirties Rosenfeld [Rosenfeld, 1930b; Rosenfeld, 1930a] wrote the
first technical papers on QG, soon followed by Fierz and Pauli [Fierz, 1939;
Pauli and Fierz, 1939] and later Gupta [Gupta, 1952]. The idea is to introduce a
fictitious “flat space”, to consider the small fluctuations of the metric around it
— gravitational waves moving on flat space, described by the linearized Einstein
equations — and to quantize these waves following the methods that had worked
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for the electromagnetic field. More precisely, the metric field gµν(x), which in
Einstein’s theory represents at the same time the spacetime metric and the gravi-
tational field, is written as the sum of the two terms

gµν(x) = ηµν(x) + hµν(x).(1)

ηµν(x) is interpreted as the metric of a fixed background spacetime; hµν(x) is
interpreted as the gravitational field, and quantized. A Hilbert space of states
representing quantum states of gravitational waves is introduced, where hµν(x) is
represented by a field operator ĥµν(x). This is called the “covariant approach”
to QG. The quantum of the field hµν(x), which is the gravitational analog of the
photon, is called the “graviton”, a name already in use in the early thirties.

In 1938, Heisenberg pointed out that the fact that the gravitational coupling
constant is dimensional is likely to cause problems with the quantum theory of the
gravitational field [Heisenberg, 1938]. In the mid thirties a young Russian physi-
cist, Matvei Petrovich Bronstein, realized that the unique features of gravitation
require a special treatment, when the full nonlinear theory is taken into account.
He realized that field quantization techniques must be generalized in such a way as
to be applicable in the absence of a background spacetime. Bronstein understan-
dood that the limitation posed by GR on the mass density radically distinguishes
the theory from quantum electrodynamics and would ultimate lead to the need to
“reject Riemannian geometry” and perhaps also to “reject our ordinary concepts
of space and time” [Bronstein, 1936].

A second line of investigation was opened in the forties by Peter Bergmann and
his group [Bergmann, 1949a; Bergmann, 1949b; Bergmann, 1958; Bergmann, 1961;
Bergmann and Komar, 1980]. The idea is to study and quantize the hamiltonian
formulation of full GR, not just its linearization around flat space. This approach
has the advantage that it does not assume a background spacetime on which to
define the theory. The idea is that the states in the Hilbert space represent the
quantum states of spacetime itself, and the full spacetime metric (maybe up to its
nondynamical components) becomes a quantum operator

gµν(x) −→ ĝµν(x).(2)

This is called the “canonical approach” to QG. The same program was started
independently by Dirac, who develops his constrained hamiltonian systems theory
for this task [Dirac, 1950; Dirac, 1964; Dirac, 1958; Dirac, 1959].

A third approach to QG was introduced in the late fifties by Charles Misner
[Misner, 1957], following a suggestion by John Wheeler. It is a quantization of
general relativity à la Feynman, formally defined by the “path integral over ge-
ometries”

Z =
∫

Dg e−iS[g](3)

where g is the metric field and S[g] is the action of GR.
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These three lines of research — covariant, canonical, and path integral — rep-
resented by equations (1), (2) and (3) respectively, still continue today. They have
often influenced one another and have at times partially merged, but they have
maintained a distinct flavor across more than half a century of research and are
still clearly recognizable.

The basic program of the three approaches was already clearly established at
the end of the fifties. The implementation of the initial programs has turned out to
be a rather formidable task, but was accomplished during the sixties, in particular
with the writing of the full set of Feynman rules in the covariant approach and the
Wheeler-DeWitt equation in the canonical approach. Each approach, however,
met serious stumbling blocks in the seventies: non-renormalizability in the covari-
ant approach, ill-defined equations in the canonical and path integral approach. In
the eighties, these stumbling blocks were overcome, in particular with the discov-
ery of string theory in the covariant direction, and of loop quantum gravity and
the (related) spinfoam formalism in the canonical and path integral directions.

The main lines of development are illustrated below.

Feynman rules and nonrenormalizability

The covariant formalism was developed during the sixties by Feynman [Feynman,
1963], DeWitt [DeWitt, 1964a; DeWitt, 1964b; DeWitt, 1965], Faddeev and Popov
[Faddeev and Popov, 1967]. The technical difficulties derive from the gauge in-
variance of the Einstein equations, and is solved with the introduction of “ghost”
particles, leading to the complete and consistent set of Feynman rules for pertur-
bative quantum GR [DeWitt, 1967b; DeWitt, 1967c; Faddeev and Popov, 1967].

But in the early seventies the works of t’Hooft, Veltman, and then Deser and
Van Nieuwenhuizen found indications that the theory does not work [’t Hooft,
1973; ’t Hooft and Veltman, 1974; Deser and van Nieuwenhuizen, 1974a; Deser
and van Nieuwenhuizen, 1974b], realizing Heisenberg’s early fears. The reason is
that the renormalization procedure, namely the technique used in QFT to remove
the infinities that appear when considering the effects of arbitrarily small (“ultra-
violet”) field fluctuations, fails in the case of gravity. The definitive rigorous proof
that the covariant quantization of general relativity fails because of nonrenormaliz-
able ultraviolet divergences was obtained only later, in the late eighties, by Goroff
and Sagnotti [Goroff and Sagnotti, 1985; Goroff and Sagnotti, 1986].

The interpretation of this failure is still controversial. There are two possibilities.
One possibility is that the mistake was to assume, to start with, the existence of a
background spacetime. The infinities come from short-distance fluctuations of the
quantum field. These exist only if spacetime is continuous down to arbitrarily small
scales. But the very fact that gravity is quantized questions the existence of such
arbitrarily small scales. If, instead, spacetime has a quantized granular short-scale
structure, the infinities might be just an artifact of the approximation taken in
equation (1) considering ηµν(x) (instead of the full gµν(x)) as the spacetime metric.
If so, the way out from the difficulty is to discard the background spacetime, and
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quantize the full gravitational field, as is done in the canonical or path integral
approaches.

The alternative possibility is that it is GR which is not the correct theory. GR
is strongly empirically supported, but only at large distances. At short distances,
the world might be described by a modification of GR, with better ultraviolet
behavior. There is a historical precedent: Fermi theory of weak interactions was
an empirically successful but non-renormalizable theory. In the case of Fermi
theory, the successful solution of the problem was to replace the theory with the
Glashow-Weinberg-Salam electroweak theory, which is renormalizable and corrects
Fermi theory at short scales.

Motivated by this analogy, the search for a short scale correction of GR, having
better finiteness properties, has spanned several decades. After numerous attempts
— some of which, like supergravity [Freedman et al., 1976], and high derivative
theories [Stelle, 1977] raised much hope, later disappointed — the search has lead
to string theory.

Wheeler DeWitt theory

During the fifties and sixties, Bergmann’s group and Dirac independently unrav-
eled the hamiltonian structure of full GR, a rather complicated task. This structure
was later clarified in the work of Arnowit Deser and Misner [Arnowitt et al., 1962],
using the metric qab(x) of a constant-time spacelike surface, Ashtekar [Ashtekar,
1986; Ashtekar, 1987], using a connection field analogous to a Yang Mills field,
and others.

In the early sixties, building on these results, Peres writes the Hamilton-Jacobi
equations of GR [Peres, 1962]

G2(qabqcd − 1
2
qacqbd)

δS(q)
δqac

δS(q)
δqbd

+ det q R = 0,(4)

were R its Ricci scalar curvature of the metric qab, and S(q) is the Hamilton-
Jacobi functional. In 1967, Bryce DeWitt and John Wheeler wrote the “Einstein-
Schrödinger equation” [DeWitt, 1967a] following the steps taken by Schrödinger
in deriving the Schrödinger equation from the Hamilton-Jacobi equation, namely
interpreting the Hamilton-Jacobi equation as the eikonal approximation of a wave
equation obtained replacing derivatives with derivative operators:(

(�G)2(qabqcd − 1
2
qacqbd)

δ

δqac

δ

δqbd
− det q R

)
Ψ(q) = 0.(5)

Today this is called the “Wheeler-DeWitt equation”. In principle, this equation
is expected to describe the full quantum dynamics of gravity. In practice, the
equation remained very ill-defined for a long time: until the late eighties, when
Ted Jacobson and Lee Smolin [Jacobson and Smolin, 1988] find some loop-like
solutions to this equation, reformulated in Ashtekar’s connection formalism, thus
opening the way to loop quantum gravity.
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Notice that the coordinate time variable t does not appear in the classical equa-
tion (4) nor in the quantum equation (5). This disappearance of the time variable
has raised an intense debate, and will be discussed below.

Misner-Hawking sum-over-geometries

In the seventies, Steven Hawking and his group [Hawking, 1979] revived and devel-
oped the Wheeler-Misner path integral (3) in the form of a “Euclidean” integral
over Riemannian (namely positive definite, as opposed to pseudo-Riemannian)
metrics

Z =
∫

Dg e−S[g].(6)

The hope was that the Euclidean functional integral would prove to be a better
calculational tool than the Wheeler-DeWitt equation. Hartle and Hawking [Hartle
and Hawking, 1983] introduced the notion of the “wave function of the universe”
and the “no-boundary” boundary condition for the Hawking integral, opening up a
new intuition on QG and quantum cosmology. Jim Hartle [Hartle, 1995] developed
the idea of a sum-over-histories formulation of GR into a fully fledged extension of
quantum mechanics to the general covariant setting. The idea was later developed
and formalized by Chris Isham [Isham, 1991].

But the Euclidean integral does not provide a way of computing genuine field
theoretical quantities in QG any better than the Wheeler-DeWitt equation, and
the atmosphere in QG in the middle of the eighties was rather gloomy.

The idea of a sum-over-histories definition of QG was revived again in the
mid nineties by the spinfoam formalism, which offer a discretized definition of
the integral (3) that appears to be better defined thanks to the same short-scale
spacetime discreteness implemented in loop quantum gravity.

Black hole thermodynamics

In 1974 Hawking [Hawking, 1974; Hawking, 1975] announced a theoretical deriva-
tion of black hole radiation. A (macroscopic) Schwarzschild black hole of mass M
emits thermal radiation at the temperature T = �/8πkGM (k is the Boltzmann
constant). The result came as a surprise, anticipated only by the observation
by Bekenstein, a year earlier, that entropy is naturally associated to a black hole
[Bekenstein, 1972; Bekenstein, 1973; Bekenstein, 1974] and by the Bardeen-Carter-
Hawking analysis of the analogy between laws of thermodynamics and dynamical
behavior of black holes [Bardeen et al., 1973]. In the light of Hawking’s result, the
Bekenstein entropy of a Schwarzschild black hole is

S =
kc3A

4�G
(7)

where A is the area of the black-hole surface. Hawking’s beautiful result is not
directly connected to quantum gravity — it is a skillful application of QFT in
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curved spacetime, namely QFT interacting with a fixed, non quantized, gravita-
tional field — but has a very strong impact on the field of QG. It opens a new
field of research — “black hole thermodynamics” — and it opens the quantum-
gravitational problems of understanding the statistical origin of the entropy (7).
This is a challenge for any quantum theory of gravity.

Two years later, an influential paper by Bill Unruh [1976] convincingly argued
that an observer that accelerates in the vacuum state of a conventional QFT
interacts with the quantum field as if this was in a thermal bath. This shed light
on black hole radiation, because an observer that remains at a fixed distance from
a black hole is in constant acceleration (in order not to freely fall), and therefore
black hole radiation can be interpreted simply as an Unruh effect. But at the same
time this result appears to suggest that there is a deep general relation, which we do
not yet understand, tying together gravity, thermodynamics and quantum theory.

In recent years, both the string and the loop approach to QG have been able to
derive equation (7) from first principles [Strominger and Vafa, 1996; Rovelli, 1996a;
Krasnov, 1997; Ashtekar et al., 1998]. This has been considered a major success
for both approaches. However, neither derivation is fully satisfactory. The string
derivation does not work for conventional black holes such as a Schwarzschild black
hole, but only for certain exotic black holes called extremal or nearly extremal;
the loop derivation gives a finite result but the result depends on a free parameter
of the theory (called the Immirzi parameter γ) that must be appropriately chosen
in order to give the factor 1/4 in (7).

Noncommutative geometry

A geometrical space M admits two alternative descriptions. One is as a set of
points x, the other is in terms of a commutative algebra A of functions on M .
In particular, a celebrated result by Gelfand shows that a (compact Hausdorff)
space M is determined by the abstract algebra A isomorphic to the algebra of the
continuous functions on M . This algebraic point of view leads to a generalization
of the notion of space, obtained by considering noncommutative algebras. In this
sense, a noncommutative algebra defines a “noncommutative space”.

Quantum theory is the discovery that the phase space of a dynamical system
(the set formed by its classical states) must be replaced by a noncommutative
space. In fact, the system’s observables — that represent the ways we can interact
with the system — form a commutative algebra of functions on the classical phase
space, which becomes a noncommutative algebra in QM.

In the case of physical space, A can be identified with an algebra of coor-
dinates, or with momentum space. If we interpret the elements of A as rep-
resenting physical measurements, it is natural, in the light of quantum theory,
to consider the possibility that the algebra be noncommutative. Accordingly,
the hypothesis has been made that the short-scale structure of physical space
might be described by a noncommutative geometry. This idea has been ex-
plored in a number of variants [Doplicher et al., 1994; Doplicher et al., 1995;
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Doplicher, 1996].
A connection with GR has appeared in the approach developed by Alain Connes

[Connes, 1994]. Connes has noticed that in the algebraic framework the notion
of distance is naturally encoded in the Dirac operator D. This is the derivative
operator that appears in Dirac’s spinor field equation for an electron. Let H be the
Hilbert space formed by the spinor fields on a given Riemannian (spin) manifold
M , D be the (curved) Dirac operator, and A an algebra of functions on M , seen
as (multiplicative) operators on H. From the triple (H, A,D), called a “spectral
triple”, we can reconstruct the Riemannian manifold. In particular, the distance
between two points x and y can be obtained as

d(x, y) = sup{f∈A,||[D,f ]||<1} |x(f)− y(f)|(8)

a beautiful and surprising algebraic definition of distance. A non-commutative
spacetime might be described by a spectral triple in which A is non-commutative.
Connes suggests that this algebra may be chosen on the basis of the symmetries of
the standard model, following the idea that the standard model might reveal the
short-scale structure of spacetime in the same manner in which Maxwell theory re-
vealed the structure of Minkowskian spacetime. The Connes-Chamseddine “spec-
tral action”, is simply the trace of the Dirac operator D, S = Tr[f(D2/(�G))],
where f is the characteristic function of the [0, 1] interval. Remarkably, this ac-
tion turns out to include the standard model action, including the poorly under-
stood Higgs sector, as well as the action of GR [Chamseddine and Connes, 1996;
Chamseddine and Connes, 1997]. The precise relation between the noncommu-
tativity of noncommutative geometry and of QM has not yet been extensively
investigated.

Other ideas and directions

A large number of other ideas and directions of investigation about QG have
been proposed. Some of these research directions are still active. Only a few are
mentioned below.

A project extensively explored is to define a quantum gravity in terms of the
continuum limit of a discrete lattice theory, a technique that works in the case of
quantum chromodynamics. Various attempts in this direction have failed in the
past, because the lattice theory considered turned out not to have a continuum
limit. One of the versions of this program, called dynamical triangulation is still
very active, although no proof of the existence of a continuum limit exists yet.

Raphael Sorkin and his group have long explored a discrete model in which
spacetime is replaced with a discrete set of points equipped with an ordering rep-
resenting the causal relations [Sorkin, 1983]. Remarkably, the model has predicted
a small but non-vanishing cosmological constant, of the correct order of magnitude,
a prediction recently confirmed.

Roger Penrose and his group have developed twistor theory as a reformulation of
metric geometry, with the hope of addressing the QG problem [Penrose, 1967]. So
far, the results of twistor theory are more of mathematical than physical relevance.
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Other research directions include Hartle’s quantum mechanics of spacetime
[Hartle, 1995], quantum Regge calculus [Williams and Tuckey, 1992; Williams,
1997], ’t Hooft’s deterministic approach [’t Hooft, 1996] and Finkelstein’s theory
[Finkelstein, 1997].

“Phenomenology” and Lorentz invariance

Until a few years ago, the research community was convinced that QG effects were
certainly far outside our current observational reach. This conviction has been
shaken by a number of recent suggestions that these effects might in fact be on the
verge of being observable. The suggestion has even been made that certain data
already observed, and which appear to be difficult to interpret with conventional
physics, might be affected by QG effects. These suggestions concern for instance
the cosmic propagation of high energy particles, fine details in the cosmological
density spectrum, and others.

The issue appears to be related to the problem whether QG breaks Lorentz
invariance. Small Lorentz noninvariant QG effects, if they exist, could be within
or near observational reach. Lorentz invariant effects, on the other hand, are
presumably far smaller, because Lorentz invariance forbids certain effects to hap-
pen. For instance, a small deviation from the Lorentz invariant dispersion relation
governing light propagation could accumulate over cosmological travel times and
yield observable frequency-dependent delays. In a Lorentz invariant context, light
travel-time is a meaningless notion.

Naively one might expect that the existence of a minimal length in QG neces-
sarily breaks Lorentz invariance. The argument is that the minimal length must
be Lorentz contracted under a change of inertial frame, and therefore could not
be minimal. But this argument is incorrect because it disregards quantum theory
[Rovelli and Speziale, 2003]. In quantum theory a discrete quantity appears as the
eigenvalue of an observable quantity, while a symmetry transformation transforms
states, and therefore means values, not eigenvalues.

To illustrate this phenomenon, recall that in classical mechanics the z compo-
nent Lz of the angular momentum transforms continuously under rotations. In
the quantum theory, let a system be in the eigenstate |ψ〉 = |�/2〉 of Lz. Seen
from a rotated reference frame, this system will appear to be in a superposition
|ψ〉 = α|�/2〉+ β| − �/2〉, where α and β vary continuously with the rotation an-
gle. Therefore the expectation value Lz = |α|2�/2−|β|2�/2 varies continuously in
the rotation, but the eigenvalues remain the same. In physical terms: we always
observe the discrete values Lz = ±�/2 in all reference systems — what changes
continuously in a rotation is the probability of seeing one or the other. In the same
fashon, in loop quantum gravity a (nonvanishing) minimal area is an eigenvalue.
A surface which is in an eigenstate of the area will appear in a superposition of
different area eigenstates if seeing from a boosted reference frame. The expecta-
tion value of the area of a surface can be smaller than the minimal area, but a
(nonvanishing) measurement outcome cannot.
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2.2 The main current tentative theories

The two currently most developed and most studied quantum theories of gravity
are string theory and loop quantum gravity.

Strings

The major reason for the interest in string theory is that it is a fundamental theory
of the world, including the gravitational field, which is likely to be free of ultraviolet
divergences, and which encodes in a natural and strictly unified structure all the
diverse ingredients we find in the world.

The starting point of the theory is the hypothesis that elementary objects are
not point-like particles but rather strings, namely one-dimensional objects. The
theory was initially studied as a tentative theory of the strong interactions, where
it turned out to be incorrect. Quantum string theory is only consistent if spacetime
has a certain dimension, called the critical dimension, which is 26 for the bosonic
string and 10 for the supersymmetric string which includes fermions. The problem
of reconciling the critical dimension with the fact that our world appears to be
four dimensional is still open.

In 1984, Green and Schwarz introduced the idea that string theory might be a
unified theory of all interactions, including gravity [Green and Schwarz, 1984]. In
fact, one of the vibration modes of the proposed string has spin two, and can be
identified with the graviton. Furthermore, a necessary (in general not sufficient)
condition for string theory to be well-defined is that the background spacetime
satisfies an equation that reduces to the Einstein equation in the large distance
limit.

Consistency restricts the string models to a few alternatives. A supersymmet-
ric model defined on a 10-dimensional flat spacetime using a large gauge group,
appears to include all the ingredients of our world: the gauge group includes a
subgroup which is the gauge group of the particle physics standard model, and
the lowest energy vibration modes of the string include fermions, gauge bosons,
and the graviton. Although no complete proof is available, the theory appears to
have no ultraviolet divergences.

The idea is that six of the ten dimensions of spacetime may be invisible to us,
because they are wrapped (“compactified”) into a very small space (or because
we are constrained to live on a four-dimensional surface). The effective physical
theory in the four visible dimensions depends on the way the six extra dimensions
are compactified. This can happen in a great number of different manners, giving
rise to a huge number of effective four-dimensional theories. For the moment, no
selection principle among this large number of possibilities has been found. Some
of the resulting low energy models appear to have a strong resemblance to the
standard model, but so far none seems to give precisely the physics we observe at
low energy.

String theory is defined in terms of a perturbation expansion on a 10 dimensional
fixed spacetime background. In the mid nineties, several nonperturbative aspects



Quantum Gravity 1299

of string theory began to be investigated. Higher dimensional excitations, called
“branes” (from “membrane”) [Polchinski, 1995] appear to be needed in the the-
ory for consistency, besides the strings themselves. (It has been suggested that the
four-dimensional surface on which we live could be a four-dimensional brane.) The
different string models appear to be related to one another (and to 11-dimensional
supergravity) via simple transformations called “dualities”, suggesting that all
the different string models are actually different limits of a single unknown fun-
damental theory, tentatively-called “M-theory”. The actual construction of this
hypothetical fundamental theory — expected to be background independent —
is still missing, and so far string theory exists only in the form of a number of
(loosly) related models defined in terms of expansions over assigned background
spacetimes.

In 1998, a certain conformal field theory was shown to include a sector that
appears to be related to a supergravity theory on the product of Anti-deSitter
spacetime and spheres. This led to the conjecture that the compactifications of
string theory on an Anti-deSitter spacetimes is “dual” to a field theory on the
spacetime boundary. In turn, this led to a new proposal for defining M-theory
itself in term of a boundary theory: the idea is to reach background independence
for M-theory using background dependent methods for the boundary theory.

The difficulties of the theory are many. No selection mechanism for the com-
pactification is known — this is the problem of the selection of the “vacuum”; since
each compactification gives different physical predictions, and there are hundreds
of thousands of possible compactifications, string theory is effectively a collection
of a huge number of different theories, each with different predictions and each with
different physical parameters. As a result, the theory is incapable of computing the
values of the standard model parameters and almost completely nonpredictive, in
the sense that it can be compatible with almost any future experimental outcome.
According to some critics, this lack of predictivity undermines the very nature of
string theory as a scientific theory.

Even if we are willing to choose a compactification ad hoc, no compactifica-
tion giving precisely the standard model in the low-energy limit is known. The
theory requires supersymmetry, and the existence of observable supersymmetric
particles has repeatedly been claimed as the distinctive prediction of the theory;
but, in spite of several preliminary announcements, supersymmetric particles have
not been found in experimental particle physics. Similarly, the possibility of de-
tecting effects of the invisible dimensions has been considered, but experiments
have given negative results. The theory requires a huge baggage of new physics
(extra dimensions, an infinite number of fields with arbitrary masses and spins,
supersymmetric particles . . . ) but so far none of this appears to be present, or
have observable consequences, in the real world.
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Loops

The main reasons for interest in loop quantum gravity are: that its physical as-
sumptions are only QM and GR, namely well-tested theories; the fact that the
theory is background independent; and that it is a well developed attempt to
incorporate the general relativistic notions of space and time into QFT. The the-
ory makes no claim of being a final “Theory Of Everything”. It is ultraviolet
finite, without requiring high-energy modifications of GR, supersymmetry, extra
dimensions, or other unobserved physics.

Loop quantum gravity was introduced in 1988. The theory is the result of the
merging of two lines of research, which turn out to solve each others difficulties
[Rovelli and Smolin, 1988; Rovelli and Smolin, 1990].

The first of these was the Wheeler-deWitt theory. As in the Wheeler-deWitt
approach, loop quantum gravity is a straightforward quantization of GR, with its
conventional matter couplings, and is based on no specific physical assumption
other than GR and QM. Following the basic rules of QM, the quantum states of
loop quantum gravity are obtained from a representation of an algebra of field
variables of GR; their physical interpretation is obtained by diagonalizing self-
adjoint operators that represent physical quantities. The difference with respect
to the old Wheeler-DeWitt theory is in the choice of an algebra of loop-variables
as basic variables for the quantization. Thanks to this, the ill-defined Wheeler-
DeWitt theory becomes a well-defined formalism where finite physical quantities
can be computed.

The second input was the idea that gauge theories are naturally described in
terms of loop-like excitations. This idea can be traced back to the very beginning of
field theory, an intuition of Faraday’s. Faraday understood electric and magnetic
phenomena in terms of lines, the “Faraday lines”, that fill up space. In the presence
of charges, the Faraday lines can start and end on the charges; in the absence
of charges, they close, forming “loops”. Maxwell translated Faraday’s intuition
into mathematical physics, introducing the electric and magnetic field, which are
vector fields everywhere tangent to the Faraday lines, thus opening the way to
modern physics, which is entirely based on the notion of field. The idea that
gauge field theories are better understood in terms of loops has been defended by
many scientists, including Polyakov, Mandelstam, Wilson, and others. A quantum
excitation of a single Faraday line is called a “loop state”.

A formulation of a QFT in terms of loop states is viable and well understood
in the context of the lattice approximation; but it faces difficulties when defined
over a continuum spacetime background. However, these difficulties disappear
in a background independent context. The reason is that in the presence of a
background, the loop states are localized on the background spacetime: there is a
distinct state for each position of the loop in space. In the case of gravity, instead,
there is no background spacetime. The loop states themselves are the quantum
excitations of space. Therefore loop states are not immersed in space: they “weave-
up” physical space themselves, in the same manner in which an ensemble of threads
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can weave the fabric of a T-shirt.
More precisely, the loop states of QG have self-intersection points called “nodes”.

A node represents an elementary quantum excitation of space, or a single atom
of space. Two nodes directly connected along a loop represent adjacent atoms
of space. Nodes and links connecting nodes form a graph and carry quantum
numbers. These quantum numbers determine the quantized volume of the atoms
of space and the quantized area of the elementary surfaces separating adjacent
nodes. A graph with these quantum numbers is called a “spin-network”, because
the quantum numbers on the links turn out to be half-integers, or spins.

A spin network state does not have a position. Only combinatorial relations
defining the graph are significant, not its shape or its position in space. In fact, a
spin network state is not in space: it is space. Hence, in spite of its conservative
basic assumptions (QM and GR), loop quantum gravity leads to a radically novel
picture of space.

The possible values that the volume of a physical region or the area of a physical
surface can take are determined by the spectra of the corresponding operators,
following standard QM rules. These turn out to be discrete, giving the Planck-
scale granular structure of space. These spectra have been computed and represent
quantitative physical predictions of loop quantum gravity: a Planck-scale precision
measurement of any area or volume is predicted to give as a result only the values
in these spectra. For instance, the (main sequence of the) spectrum of the area is
given by the expression [Rovelli and Smolin, 1995]

A = 8πγ�G
∑
i

√
ji(ji + 1),(9)

where ji is an n-tuplet of half-integers (corresponding to the quantum numbers of
the links of the spin network state crossing the surface whose area is measured).
γ is the Immirzi parameter, mentioned in Section 2.1.

The dynamics is determined by a Wheeler-deWitt equation on the space of spin
network states. Its ultraviolet finiteness is a consequence of the granular structure
of space. Different finite and well-defined versions of this equation have been
constructed. At present it is not yet clear which of these, if any, is the physically
correct one.

Applications of the theory include a derivation of the Bekenstein black hole
entropy mentioned in Section 2.1, applications to the description of the classical
singularities, such as the ones at the center of bloack holes, and applications to
cosmology. The theory appears to be capable of controlling the black hole singu-
larities and the initial Big Bang singularity. Indirect empirical evidence supporting
predictions of the theory is actively searched in the astrophysical and cosmological
domains.

The main difficulties of loop quantum gravity lie in recovering low energy phe-
nomenology. Quantum states corresponding to the Minkowski vacuum and its
excitation have not yet been constructed, and particle scattering amplitudes have
not been computed. This deficiency weakens the strength of the finiteness claim,
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and bears on one of the key requirements on a quantum theory of gravity: full
recovery of low energy physics. The dynamics is still poorly understood: the
Wheeler-deWitt equation exists in more than one version. The lack of unitary
evolution in time and the overall radical conceptual novelty of the results of the
theory, where background spacetime is discarted altogether, are questioned by
some.

The loop-string debate

A theory begins to be credible only when its original predictions are reasonably
unique and are confirmed by new experiments. Neither loop quantum gravity nor
string theory — nor any other current tentative theory of QG — are yet credible
in this sense. Furthermore, in spite of much effort, both theories are still badly
incomplete and far from being clearly understood. The problem of QG must
therefore be considered still fully open.

Nevertheless, in both directions the research has progressed considerably in
recent years: many problems that appeared too hard ten years ago have now been
solved, and incomplete but possible solutions of the QG puzzle are now at hand.

However, the two theories differ profoundly in their hypotheses, achievements,
specific results, and in the conceptual frame they propose. The issues they raise
concern the foundations of the physical picture of the world, and the debate be-
tween the two approaches involves conceptual, methodological and philosophical
issues.

The lesson of string theory appears to be that in order to remove the difficulties
of the perturbative quantization of GR we have to couple the gravitational field
to matter. Finiteness is achieved by replacing the pointlike Feynman vertices of
conventional QFT with non-point-like interactions between strings, which are ex-
tended objects. The theory preserves the basic conceptual structure of QFT (back-
ground spacetime, unitarity, predictions in terms of an asymptotic S-matrix. . . ) at
the prices of renouncing a full implementation of the general covariance that char-
acterizes GR, of huge extra baggage (extra dimensions, supersymmetry, infinite
fields. . . ) and of a dramatic decrease in predictiveness.

Loop quantum gravity, on the other hand, is rooted in the general covariance
that characterizes GR. Ultraviolet finiteness is a consequence of the granular struc-
ture of space, which, in turn, is a standard quantum mechanical effect appearing
when we regard GR as a theory of spacetime itself, and not as a theory of small
perturbations around a background spacetime. The interest of the loop theory,
therefore, is that it is a determined effort towards a genuine merger of QFT with the
world view that we have discovered with GR. Furthermore, it leads to well-defined
physical predictions which are in principle falsifiable. However, even disregarding
the incompleteness of the theory, the conceptual price for this result is heavy: the
theory gives up unitarity, time evolution, Poincaré invariance at the fundamental
level, and the very notion that physical objects are localized in space and evolve
in time.
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Whether these radical conceptual steps are viable, and, if viable, whether they
are justified, is a hotly debated issue.

3 METHODOLOGICAL ISSUES

3.1 Justification of the quantum gravity search

Absence of empirical data

The first obvious question about the search towards QG is whether the search
is legitimate at all, given the total absence of empirical data directly about the
regimes QG is concerned with. We have no direct empirical guidance in searching
for QG — as, say, atomic spectra guided the discovery of quantum theory.

Some critics have argued that the QG search is futile, because anything might
happen in QG regimes, at scales far removed from our experience. Maybe the
search is impossible because the space of possible theories is too large.

At present, this worry is probably unjustified. If this were the problem, we would
have plenty of complete, predictive and coherent theories of QG, and the problem
would be the choice among them. Instead, the situation is the opposite: we haven’t
any. The fact is that we do have plenty of information about QG, because we have
QM and we have GR. Consistency with QM and GR, plus internal consistency,
form an extremely strict set of constraints. The problem currently debated is to
find at least one complete and consistent theory of QG. If more will be found, we
will have of course to resort to experiments to select the physically correct one.

Should gravity be quantized?

The possibility that quantum gravitational effects do not exist and gravity is in-
trinsically classical (non quantum) has been often suggested. The justification for
this suggestion is that gravity can be seen as an interaction profoundly different
from the others, since it admits a description in terms of spacetime geometry. This
suggestion has also generated a research program, aiming at testing the consistency
of a theory in which classical gravity interacts with QFT.

In its simpler form, this suggestion has today been largely abandoned. The
reason is that, as was noticed in the early days of QM, an interaction between a
classical and a quantum variable is always inconsistent. If Heisenberg uncertainty
relations are violated for one dynamical variable, they are violated for all other
variables as well. The idea of circumventing gravity quantization, however, has
reappeared under various forms.

One suggestion is that the gravitational field may not represent true microscopic
degrees of freedom, but only a collective, or “hydrodynamical”, large scale descrip-
tion of these. This hypothesis is supported by phenomena such as the relations
between gravity and thermodynamics revealed by the Unruh effect. Ted Jacobson
[Jacobson, 1995] has even been able to derive the Einstein equations from (7) and
standard thermodynamical relations, providing evidence that could be interpreted
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as supporting this idea. However, even if the gravitational field is just a collective
variable, this does not mean that it will not display quantum effects. QM does
not govern just elementary degrees of freedom; it governs all degrees of freedom,
including collective ones. Thus, this possibility, even if realized, would not refute
the need of a quantum theory of gravity.

Another suggestion is that gravity may be an emergent phenomenon induced by
the other quantum fields. This idea is suggested by the fact that the renormaliza-
tion process for a QFT on a curved spacetime generates terms in the action which
are proportional to polynomials in the Riemann curvature, and the lowest order
term is precisely the action of GR. The difficulty about this suggestion is that it
is ambiguous as regards the dynamical status of the metric field. The variational
principle states that dynamics is determined by the variation of the action with
respect to the dynamical variables only, not with respect to anything appearing in
it. If the metric field is assumed to be a dynamical variable, then it is a dynamical
field like any other, and the fact that the dependence of the action with respect
to it is modified by the renormalization of its interaction with other fields may
change the details of its dynamics, but not the fact that it is a quantum field. If,
on the other hand, the metric is not a dynamical field, then the action must not
be varied with respect to it (as it is not varied with respect to it in the special
relativistic context), and therefore the Einstein equations are not generated by
the new terms in the action. In the first case the gravitational field needs to be
quantized; while the second case is in contradiction with the empirical fact that
the classical Einstein equations are satisfied

3.2 Research attitudes

Different attitudes can be distinguished in the physics community with respect to
the methodology used for searching for a QG theory.

(a) The “pessimistic” attitude, already mentioned above, is that of those who
worry that too many possibilities are open, anything might happen between here
and the Planck scale, and the search for a quantum theory of gravity is therefore
futile.

As mentioned, this worry is unfounded, because we do not have too many
complete QG theories: we haven’t any.

(b) The view is often expressed that some totally new, radical and wild hy-
pothesis is needed for QG. This “wild” attitude is based on the observation that
great scientists had the courage to break with old and respected assumptions and
to explore some novel “strange” hypotheses. From this observation, the “wild”
scientist concludes that any strange hypothesis deserves to be investigated, even
if it violates well established facts.

On historical grounds, this expectation is probably ill-founded. Wild ideas
pulled out of the air have rarely made science advance. The radical hypotheses
that physics has successfully adopted have always been reluctantly adopted be-
cause they were forced by new empirical data — Kepler’s ellipses, Bohr’s quantiza-
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tion, Planck’s energy quanta — or by stringent theoretical deductions — Maxwell
displacement current, Einstein’s relativity. Generally, arbitrary novel hypotheses
have led nowhere. This consideration leads to the next attitude in (c).

(c) Part of the research in QG is motivated by the hope that the knowledge of
the world coded into GR and QM can be a good guide for finding a theory capable
of describing physical regimes that we have not yet explored.

A motivation for this hope is that today we are precisely in one of the typical
situations in which theoretical physics has worked at its best in the past. Many of
the most striking advances in theoretical physics have derived from the effort to
find a common theoretical framework for two basic and apparently conflicting dis-
coveries. For instance, the aim of combining special relativity and non-relativistic
quantum theory led to the theoretical discovery of antiparticles; combining special
relativity with Newtonian gravity led to general relativity; combining the Keple-
rian orbits with Galilean physics led to Newton’s mechanics; combining Maxwell
theory with Galilean relativity led to special relativity, and so on. In all these
cases, major advances have been obtained by “taking seriously” apparently con-
flicting theories, and exploring the implications of holding true the essential tenets
of both theories. Today we are in one of these characteristic situations. We have
learned two new very general “facts” about nature, expressed by QM and GR: we
have “just” to figure out what they imply, taken together.

(d) A different point of view on the problem is held by those who accept that
QM has been a conceptual revolution, but do not view GR in the same way.
According to this point of view, the discovery of GR was “just” the writing of one
more classical field theory. This field theory is likely to be only an approximation
to a theory we do not yet know, and its teachings should not be overestimated.
According to this opinion, GR should not be taken too seriously as a guidance for
theoretical developments.

A possible objection to this point of view is that it derives from the confusion
between (i) the specific form of the GR action and the GR field equations and
(ii) the modification of the notions of space and time engendered by GR. The GR
action could be a low energy approximation of something else. But the modifica-
tion of the notions of space and time has to do with the diffeomorphism invariance
and the background independence of the theory, not with its specific form. The
challenge of QG is to incorporate this novelty into QFT, not the specific form of
the GR action.

(e) A common attitude is the “pragmatic” attitude of the physicist who prefers
to disregard or postpone these foundational issues and, instead, develop and adjust
current theories. This style of research was effective during the sixties in the search
for the particle physics standard model, where a long process of adjustment of
existing QFT’s led to a very effective theory.

It is questionable whether this attitude could be effective in a situation of foun-
dational confusion like the present one. During the sixties empirical data were
flowing in daily, to keep research on track. Today no new data are available. The
“pragmatic” attitude may mislead the research: in the extreme case, the “prag-
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matic” physicist focuses only on the development of the theory at hand, without
caring if the world predicted by the theory resembles less and less the world we see.
Sometimes he is even excited that the theory looks so different from the world,
thinking that this is evidence of how far ahead he has advanced in knowledge.
But it is more likely that the difference between the theory and the world is only
evidence of how much he is lost. Unfortunately similar excesses plague theoretical
research today.

The cumulative aspect of scientific knowledge and influence of the philosophy of
science

The “pessimistic”, “wild” and “pragmatic” attitudes illustrated above may have
been influenced by a philosophy of science that under-emphasizes the cumulative
aspect of scientific knowledge, and emphasizes, instead the “incommensurability”
between an old theory and a new theory that historically supersedes it. More or
less informed awarness of this long standing debate in philosophy of science has
indeed affected the reserach attitude of many theoreticians.

On the other hand, attitude (c) described above is based on the expectation
that the central physical tenets of QM and GR represent our best guide for access-
ing the unexplored territories of the quantum-gravitational regime. In a difficult
research situation where cataclysmatic evolution is expected anyway in the conse-
quences of the theory (for instance, the change of the nature of space), conservative
assumptions based on the confidence on the cumulative aspect of knowledge can
play an important role.

This faith in a cumulative aspect of scientific knowledge is based on the idea
that there are discoveries that are “forever”. For instance, the Earth is not the
center of the universe, simultaneity is relative, absolute velocity is meaningless,
and we do not get rain by dancing.

The fact that major aspects of a theory can have value outside the domain
for which the theory was discovered may be at the root of much of the historical
effectiveness of theoretical physics, and in particular of spectacular predictions
such as Maxwell’s radio waves, Dirac’s antimatter or GR’s black holes. This can
perhaps be understood as just scientific induction: as a consequence of the fact
that Nature has regularities. This is not the place to enter this discussion; but
it is relevant to remark that the existence of these regularities is held by several
researchers in QG as a source of confidence — althought, of course, not certainty
— that the basic facts about the world found with QM and GR will be confirmed,
not violated, in the quantum gravitational regimes that we have not yet empirically
probed.

4 THE NATURE OF SPACE AND TIME

GR has modified the way we understand space and time. Combining GR with
QM requires a further modification of these notions. It is important, however, to
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clearly distinguish the modifications of the notions of space and time required by
QG from the ones already implied by GR alone. These are briefly summarized in
Section 4.1 below. Section 4.2 and 4.3 then discuss the notions of space and time
in QG.

4.1 The physical meaning of GR

GR is the discovery that spacetime and the gravitational field are the same entity.
What we call “spacetime” is itself a physical object, in many respects similar to
the electromagnetic field. We can say that GR is the discovery that there is no
spacetime at all. What Newton called “space”, and Minkowski called “spacetime”,
is nothing but a dynamical object — the gravitational field — in a regime in which
we neglect its dynamics.

In newtonian and special relativistic physics, if we take away the dynamical
entities — particles and fields — what remains is space and time. In general
relativistic physics, if we take away the dynamical entities, nothing remains. The
space and time of Newton and Minkowski are reinterpreted as a configuration of
one of the fields, the gravitational field. This implies that physical entities —
particles and fields — are not all immersed in space, and moving in time. They
do not live on spacetime. They live, so to speak, on one another.

In classical GR it is customary to maintain the expressions “space” and “time”
to indicate aspects of the gravitational field. But in the quantum theory, where
the field can have quantized “granular” properties and its dynamics is quantized
and therefore only probabilistic, most of the “spatial” and “temporal” features of
the gravitational field are probably lost.

This absence of the familiar spacetime “stage” is called the background indepen-
dence of the classical theory. Technically, background independence is realized by
the gauge invariance of the GR action under (active) diffeomorphism. A diffeomor-
phism is a transformation that smoothly drags all dynamical fields and particles
on the four-dimensional coordinate manifold. In turn, gauge invariance under
diffeomorphism (or diffeomorphism invariance) is the consequence of the combi-
nation of two properties of the action: its invariance under arbitrary changes of
coordinates (or general covariance) and the fact that there is no non-dynamical
“background” field. Thus: background independence = diffeomorphism invariance
= (general covariance+absence of non-dynamical background fields). These no-
tions are illustrated in more detail below.

Diffeomorphism invariance

Pre-general-relativistic field theories are formulated in terms of a spacetime mani-
fold M , and a set of fields ϕ1, . . . , ϕn on M . The manifold M is a (pseudo-)metric
space whose points P ∈M represent the physical points of spacetime. Spacetime
points are labelled by coordinates x = (x1, x2, x3, x0) that represent the read-
ing of measuring devices: clocks and distance-measuring devices (“rods”). More
precisely, M is equipped with a (pseudo-)distance function d(x, y) interpreted as
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the 4-interval between the two points x and y : a negative d2(x, y) gives the time
measured by a clock in inertial motion between x and y ; a positive d2(x, y) gives
the proper length of a rod with the ends on x and y, in a state of inertial motion
with respect to which x and y are simultaneous according to Einstein’s definition
of simultaneity; a null d(x, y) indicates that light travels in vacuum from x to
y. Notice that pre-general-relativistic physics deals with (relations between) two
distinct types of measurements: (i) spacetime measurements measuring spacetime
observables, performed by means of clocks and distance-measuring devices, and (ii)
field measurements, measuring field observables, namely the values (or functions)
of the fields ϕ1, . . . , ϕn.

This same interpretation framework is used in special-relativistic QFT. The only
difference is that field observables can be quantized. The number of excited quanta
has a particle interpretation. In a typical high energy scattering experiment, for
instance, the field observable (ii) is the number of particles revealed by a particle
detector (which is a field measuring device); while the spacetime observable (i) is
the momentum of the particle, determined by measuring the spacetime position
of the detector.

The theory does not predict the value of field observables ϕ alone, or spacetime
observables x alone, but only combinations of the two, such as the value ϕ(x) of a
field ϕ at a certain spacetime location x. Spacetime and field observables are both
quantities that have a direct operational interpretation; they can be called “partial
observables”. On the other hand, the quantities that can be predicted by the
theory, such as ϕ(x), for a given position x, can be called “complete observables”.

The interpretation of a general relativistic field theory is different. In such a
theory there is a field g representing the gravitational field and possibly other
fields, representing other dynamical variables. These fields are defined on a differ-
entiable manifold M , coordinatized by coordinates x. The formal structure of a
general relativistic field theory is therefore similar to the structure of a pre-general-
relativistic field theory. But two major differences force a different interpretation.
First, the manifold M on which the fields are defined is not a metric manifold. The
gravitational field g equips M with a metric structure dg(x, y).1 Therefore clocks
and distance-measuring-devices measure properties of the gravitational field g. It
follows that the distinction between spacetime observables of the kind (i) and field
observables of the kind (ii) is blurred. This blurring of the distinction between the
two kind of partial observables is a crucial conceptual novelty of GR.

Second, the field equations are invariant under a transformation of the fields
called active diffeomorphisms. An active diffeomorphism g → g̃ is determined by
(but should not be confused with) a smooth invertible function f : M →M . Under
a diffeomorphism transformation, the field g and all other fields are “dragged
along” M by f . For instance, the transformed field g̃ defines a new distance

1The length of a curve γµ(s) in M is dg(γ) =
R

ds
q

gµν(γ(s))
dγµ(s)
ds

dγν(s)
ds

and dg(x, y) is a

local extremum of dg(γ) over the curves that join x and y.
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function dg̃(x, y) which is related to the one defined by g by

dg̃(f(x), f(y)) = dg(x, y).(10)

In words: the distance between the two points f(x) and f(y), defined by the field
g̃ is the same as the distance between the two points x and y defined by g.

The importance of this invariance of the field equations is due to the follow-
ing. An active diffeomorphism may modify a solution of the GR equations in the
future of a certain time surface t0, without modifying it at all in the past of t0.
Therefore two distinct solutions of the equations of motion can be equal in the
past and differ in the future. This fact gives us a choice: either (i) we interpret
the theory as an indeterministic theory, where the future is not determined by
the past. Or (ii) we interpret active diffeomorphisms as a “gauge invariance”:
that is, we postulate that the complete observables of the theory are only given
by quantities that are invariant under this transformation. The alternative (i) is
not viable, because experience shows that classical gravitational physics is com-
pletely deterministic. We are therefore forced to alternative (ii), which has heavy
interpretative consequences.

To understand these consequences, let P be a point of M . Let ϕ(P ) be any
property of the fields at P . For instance, ϕ(P ) may represent a value of the electro-
magnetic field at P or the spacetime scalar curvature at P , or something similar.
None of these properties is invariant under active diffeomorphism. Therefore, it
follows from the argument above that none of these properties can be predicted
by the theory. Therefore the theory does not determine the physics at spacetime
points P ∈M .

At first this conclusion might sound bewildering: if physics does not predict
what happens at spacetime points, what can it predict? In fact, historically,
Einstein himself got at first confused and frustrated by this observation, to the
point of stepping back from the diffeomorphism invariance he previously expected
GR to have [Norton, 1984]. Einstein’s version of the argument given above is called
the “hole argument” (because Einstein considered a diffeomorphism affecting only
a finite region of spacetime, empty of matter, or a “hole”), and was presented
in [Einstein and Grossmann, 1914]. On this argument, and the discussion it has
raised, see for instance [Earman, 1987; Earman, 1989; Belot, 1998; Earman, 2001;
Pauri and Vallisneri, 2002] and references therein. Later however, Einstein changed
his mind and accepted both diffeomorphism invariance and the conclusion (ii),
realizing that this conclusion fully implemented his intuition on the very central
physical meaning of the general relativistic conceptual revolution.

The way out of the puzzle is to understand that in the general-relativistic con-
text the points of the manifold do not represent physical entities with an existence
independent from the fields. Asking what are the properties of the fields at P
is meaningless. Spacetime locations can only be determined by the fields them-
selves, or, by any other dynamical object we are considering. For instance, if the
theory we consider includes two particles and the trajectories of the two particles
happen to meet once, then the meeting of the particles determines a spacetime
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point. The theory is able to predict the value of the fields and any other physi-
cal properties at the spacetime point determined by the meeting of the particles.
However, this point cannot be naively identified as a point of M , because the same
physical situation can be represented by the set of dynamical variables obtained
by an active diffeomorphism, where the particles meet now at a different point,
say Q of M . The value of the fields at the point where the particle meet is in-
variant under such a transformation, because the particles’ trajectories and the
fields are dragged along M together. Einstein called this way of determining lo-
cation in terms of the dynamical objects (fields and particles) of the theory itself,
“spacetime coincidences”.

Thus, a general relativistic theory does not deal with values of dynamical quan-
tities at given spacetime points: it deals with values of dynamical quantities at
“where”’s and “when”’s determined by other dynamical quantities.

Strictly speaking also in the pre-general-relativistic context physics deals with
values of dynamical quantities at “where”’s and “when”’s determined by other
physical quantities, because the times and distances used to determine location
are physical quantities. But in the pre-general-relativistic context we can make
a strict separation between: (i) “spacetime”, viewed as a background entity, and
measured by clocks and rods that one considered non-dynamical, and (ii) dynami-
cal variables. In the general-relativistic context, on the other hand, this separation
is lost, time and distance measurements are reinterpreted as measurements of the
gravitational field, on the same footing as other field measurements, and there is no
distinction between non-dynamical background and dynamical physical variables.

Physical meaning of the coordinates

A consequence of the above is that in the general-relativistic context the physical
interpretation of the coordinates x is different from their interpretation in the non-
general-relativistic context. In the general-relativistic context the coordinates x
have no interpretation at all: observable quantities in GR correspond to quantities
of the theory that are independent of the coordinates x. Recall that the non-
general-relativistic coordinates represent the reading of clocks and rods: in the
general-relativistic context, the reading of clocks and rods is represented by the
non-local function dg(x, y) of the gravitational field. The fact that the non-general-
relativistic coordinates x and the general-relativistic coordinates x are denoted in
the same manner is only an unfortunate historical accident.

To illustrate in which sense observable quantities are independent of the coor-
dinates x, consider a typical general-relativistic measurement. A standard appli-
cation of GR is in precision measurements and precision modeling of solar system
dynamics. In this context, partial observable quantities are the “instantaneous”
distances dp between the Earth and the different planets, defined as the proper
time elapsed on Earth (measured by a clock at rest on Earth) while a radar sig-
nal goes from Earth to a planet p and back. Fixing an arbitrary initial event
on Earth, one additional partial observable can be obtained as the proper time
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τ from this event along the Earth trajectory. Complete observables are then the
values dp(τ) of the planet distances, at different local proper times τ . A general
relativistic model of the solar system, with appropriately chosen initial data, can
predict dp(τ) for all p’s and all τ ’s, and these predictions can be compared with
experience. In building up this model, we choose an arbitrary coordinatization x
of the solar system region, and express the gravitational field, the electromagnetic
field, and the planets’ positions in this coordinate system. The predicted quanti-
ties dp(τ) are complicated non-local functions of the fields and planets’ positions,
which are independent of the coordinates x chosen. To be sure, the observable τ is
introduced here only for convenience. We can equivalently express the predictions
of the theory simply as a set of relations f(dp) = 0 that must hold between the
partial observables dp.

General covariance and Kretschmann objection

The invariance of GR under active diffeomorphisms follows from two properties
of the GR field equations. First, they are generally covariant. That is, they
maintain the same form under any smooth change of coordinates x→ x′(x) on M .
This means that there is no coordinate systems on M which is preferred a priori.
Second, there are no fixed non-dynamical fields in the field equations.

The first property, namely general covariance, is the property that Einstein most
insisted upon, and that guided him in finding GR. The requirement of general
covariance still plays a major role in selecting physical theories compatible with
what we have understood about the world as a result of the general relativistic
revolution.

However, general covariance alone is not excessively significative. Indeed, any
field equation can be written in an arbitrary coordinate system. This fact was
pointed out by Kretschmann shortly after Einstein wrote GR [Kretschmann, 1917],
and has raised much discussion. As an example, consider the field equation

(∂2
T − ∂2

X − ∂2
Y − ∂2

Z) ϕ(X,Y,Z, T ) = 0.(11)

If we introduce arbitrary coordinates x (with components xµ) as functions xµ =
xµ(X,Y,Z, T ) (with inverse X(x), Y (x), Z(x), T (x)), the wave equation (11) be-
comes the generally covariant equation

�gϕ(x) ≡ ∂µ
√

det−g(x) gµν(x) ∂νϕ(x) = 0,(12)

In this equation, the unknown is ϕ(x), while gµν(x) and det g(x) are the inverse
and the determinant of the fixed field

gµν(x) =
∂X(x)
∂xµ

∂X(x)
∂xν

+
∂Y (x)
∂xµ

∂Y (x)
∂xν

+
∂Z(x)
∂xµ

∂Z(x)
∂xν

− ∂T (x)
∂xµ

∂T (x)
∂xν

.(13)

The field theory for the scalar field ϕ defined by equation (12) is not diffeomor-
phism invariant, because in distinct coordinate systems the field equations for
the unknown ϕ are different, in the sense that they are determined by different
functions gµν(x).
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Equation (12), on the other hand, can become one of the equations of a diffeo-
morphism invariant theory in which gµν(x) is also one of the unknown, namely a
dynamical field. Therefore whether or not a theory is diffeomorphism invariant is
not determined just by the aspect of an equation, but by the full specification of
the dynamical quantities and their equations of motion.

Eistein’s insistence on general covariance alone, however, should probably not
be interpreted as a lack of clarity on his part, but only as his effort to emphasize
the importance of a step that was necessary, not sufficient, to write a succeful
relativistic field theory.

In addition, like all formal properties of physical theories, even full diffeomor-
phism invariance, should probably not be interpreted as a rigid selection principle,
capable of selecting physical theories just by itself. With sufficient acrobatics, any
theory can perhaps be re-expressed in a diffeomorphism invariant language. The
same is true for any other formal invariance property. For instance, any theory can
be rewritten as a rotational invariant theory, or with any other desired invariance
property, by simply adding variables.

As an example, equation (11) can be viewed as physically equivalent to the
diffeomorphism invariant system

�gϕ(x) = 0, Riem[g] = 0,(14)

where Riem[g] is Riemann’s curvature and the unknowns are now the two fields ϕ
and g. But there are prices to pay. First, this theory has a “fake” dynamical field,
since g is constrained to a single solution up to gauges, by the second equation of
the system. Having no physical degrees of freedom, g is physically a fixed back-
ground field, in spite of the trick of declaring it a variable and then constraining
the variable to a single solution. Second, we can insist on a lagrangian formulation
of the theory (14) [Sorkin, 2002], but to do this we must introduce an additional
field, and it can then be argued that the resulting theory, having an additional
field is different from (12) [Earman, 1989].

Diffeomorphism invariance is the key property of the mathematical language
used to express the key conceptual shift introduced with GR: the world is not
formed by a fixed non-dynamical spacetime structure, which defines localization
and on which the dynamical fields live. Rather, it is formed solely by dynamical
fields in interactions with one another. Localization is only defined, relationally,
with respect to the fields themselves.

Relationalism and substantivalism

A non-dynamical background space was used by Newton. The first part of the
Principia, Newton argues very explicitly that we must assume the existence of
space as an entity. This part can be read as a polemic against the long dominant,
and in particular Descartes’s, relational understanding of space.

The two traditional views about space, absolute (“space is an entity”) and
relational (“space is a relation between entities”), suitably modified to take into
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account scientific progress, continue in contemporary philosophy of science under
the names of substantivalism and relationalism.

We can say that Einstein has “unmasked” the entity introduced by Newton
(which much disturbed Leibniz): Newton’s space is nothing else than a field like
the others, thought Newton considered it in a regime in which its dynamics could
be neglected. Localization in space and in time, introduced by Newton against
Descartes’s relational localization, is revealed by Einstein to be, after all, still a
relational location — in the sense of Descartes —, with respect to a specially chosen
entity: the gravitational field. In a sense, we can therefore say that GR realizes
a full return to a relational definition of space and time, after the Newtonian
substantivalist parenthesis.

In other words, in prerelativistic physics, spacetime is a sort of structured con-
tainer which is the home of the world. In general-relativistic physics, on the other
hand, there is nothing of the sort. There are only interacting fields (including the
gravitational field) and particles: the only notion of localization which is present
in the theory is relative: dynamical objects (fields and particles) are localized only
with respect to one another. This is the notion of relational space defended by
Aristotle and Descartes, against which Newton wrote the initial part of the Prin-
cipia. Newton had two points in his favor: the physical reality of inertial effects
such as the concavity of the water in the bucket of his famous bucket experiment,
and the immense empirical success of his theory based on absolute space. Einstein
has provided an alternative interpretation for the cause of the concavity — the
interaction with an entity: the local gravitational field — and a theory based on
relational space that is empirically far more effective than Newton theory. Einstein
has therefore reopened the possibility of a relational understanding of space and
time, which was closed by Newton’s bucket.

At the basis of Cartesian relationalism was the notion of “contiguity”. Two
objects are contiguous if they are adjacent to one another. Space is the order
of things with respect to such contiguity relation. At the basis of the spacetime
structure of GR there is a very similar notion: Einstein’s “spacetime coincidence”
is strictly analogous to Descartes’ “contiguity”.

The key to this novel relational understanding of space and time is Faraday’s
revolutionary idea that a field is a physical entity. Recall that Faraday visualized a
field as a family of real lines filling up everything. Einstein’s entire theoretical work
fully implements this realistic interpretation of the fields. In Einstein popular-
science writing, the gravitational field is a huge “jelly fish”, a better metaphor
than the lines of Faraday. Entities are not just particles, but also fields, the
gravitational field is one field among the others. These entities are localized only
with respect to one another.

A substantivalist position can nevertheless still be –and in fact is still– defended.
Einstein’s discovery that Newtonian spacetime and the gravitational field, are the
same entity, can also be expressed by saying that there is no gravitational field: it
is spacetime that has dynamical properties. This choice is not uncommon in the
literature. The difference with the laguage used here is only a matter of choice
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of words. The substantivalist can therefore claim use the that, according to GR,
“spacetime is an entity”: indeed, it is the gravitational field, which is an entity.
Since it is possible to define localization with respect to the gravitational field, the
substantivalist can also say that “spacetime is an entity that defines localization”.

However, this is an extremely weakened substantivalist position. To what ex-
tent is general-relativistic spacetime different from any other arbitrary entity with
respect to which we can define a relational localization? We can call “spacetime”
anything used to define localization. Newton’s acute formulation of substantival-
ism contains a precise characterization of “space” [Newton, 1962]:

“. . . So it is necessary that the definition of places, and hence of local
motion, be referred to some motionless thing such as extension alone
or “space”, in so far as space is seen to be truly distinct from moving
bodies.”

(My italic.) The characterizing feature of space, according to this substantivalist
manifesto, is to be “truly distinct from moving” bodies. In modern terms and
after the Faraday and Maxwell conceptual revolution, I believe this can only be
translated as being “truly distinct from dynamical entities such as particles or
fields”. This is not the case for the spacetime of GR. The modern substantivalist
can give up Newton’s strong substantivalism (“spacetime is a non-dynamical en-
tity”) for the much weaker thesis “we call spacetime the gravitational field, which
is a dynamical entity”. But then what is the difference between this position and
the relationalist one, if not just a choice of words?

To be sure, general relativistic relationalism doesn’t fit comfortably with tra-
ditional relationalism either. E.g. observables of GR, conceived as coincidence
quantities are non-substantival in that they don’t require spacetime points to sup-
port them. But neither are they relational in the traditional sense of involving
relations between “material” bodies or events in their histories.

The traditional substantivalist-relational alternative was formulated before the
Faraday-Maxwell conceptual revolution, without taking the existence of the fields
into account. After Farady and Maxwell, we understand the world also in terms
of a new set or dynamical entities, the fields. Once we accept the existence of
the fields, and Einstein’s discovery that Newton’s space is one of the fields, the
distinction between substantivalism and relationalism is largely reduced to mere
semantics.

When two opposite positions in a long-standing debate have come so close that
their distinction is reduced to semantics, one can perhaps say that the issue is
resolved. In this sense, it may be argued that GR has solved the long-standing
issue of the relational versus substantivalist interpretation of space.

4.2 Background independence

Is QM compatible with the general relativistic notions of space and time sketched
above? It is, but a sufficiently general formulation of QM must be used. For in-
stance, the Schrödinger picture is only viable for theories where there is a global
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observable time variable t; this conflicts with GR, where no such variable exists.
Therefore the Schrödinger picture makes little sense in a background independent
context. But formulations of QM have been proposed that are more general than
the Schrödinger picture. See for instance [Hartle, 1995] and [Rovelli, 2004]. For-
mulations of this kind are sometimes denoted “generalized quantum mechanics”,
although they might be called “quantum mechanics” in the same sense in which
“classical mechanics” is used to designate formalisms with different degrees of
generality, such as Newton’s, Lagrange’s, Hamilton’s or symplectic mechanics.

On the other hand, most of the conventional machinery of perturbative QFT is
profoundly incompatible with the general relativistic framework. There are many
reasons for this: (i) The conventional formalism of QFT relies on Poincaré in-
variance. In particular, it relies on the notion of energy and on the existence of
the nonvanishing hamiltonian operator that generates unitary time evolution. The
vacuum, for instance, is the state that minimizes the energy. But, in a general rela-
tivistic theory there is, in general, no global Poincaré invariance, no general notion
of energy and no nonvanishing hamiltonian operator. (ii) At the roots of conven-
tional QFT is the physical notion of particle. The theoretical experience with
QFT on curved spacetime [Fulling, 1989] and on the relation between acceleration
and temperature in QFT [Wald, 1994] indicates that in a generic gravitational
situation the notion of particle can be quite delicate. (iii) Consider a conventional
renormalized QFT. The physical content of the theory can be expressed in terms of
its n-point functions W (x1, . . . , xn). We expect the n-point functions to be invari-
ant under the invariances of the theory. In a general relativistic theory, invariance
under an arbitrary coordinate transformation x→ x′ = x′(x) implies immediately
that the n-point functions must satisfy

W (x1, . . . , xn) = W (x′(x1), . . . , x′(xn)).(15)

Since any set of n (distict) points (x1, . . . , xn) can be transformed into any other
set by a generic coordinate transformation, it follows that W is constant! It
does depend on its arguments! Clearly we are in a very different framework from
conventional QFT.

There is a possible escape strategy to circumvent these difficulties: write the
gravitational field as the sum of two terms, as in equation (1), and assume that
spacetime and causal relations are defined by the first term, rather than by the
full gravitational field. This escape strategy brings back a background spacetime.
A formulation of QG that does not take this escape strategy, and thus maintains
the full symmetry of GR, is called background independent.

The divide

Different research directions are oriented by different evaluations given to the gen-
eral relativistic spacetime conceptual revolution discussed above in Section 4.1. If
this conceptual revolution is taken seriously, and understood as a feature of the
world that we have learned, the problem of QG becomes the problem of under-
standing how to define and interpret a background independent QFT. This point
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of view orients a large part of the research in loop quantum gravity and similar
approaches. Not surprisingly, this line of research is more strongly influenced by
the GR research tradition.

On the other hand, if the GR conceptual shift is viewed as accidental, the
motivation for developing QG comes more from other open problems such as the
problem of the unification (see below). One argument often presented for this point
of view is that since QG affects microphysics, we can always choose a scale which is
sufficiently small to disregard macroscopic curvature effects and sufficiently large to
disregard QG effects. At this scale the world is Lorentz invariant. Therefore in QG
we can always assume the existence of an asymptotic Lorentz invariant region. This
suggests that we can use techniques associated with asymptotic Lorentz invariance.
This line of thinking, predominant in the string community, is more influenced by
the particle-physics tradition, which is deeply wedded to Poincaré invariance and
which has mostly neglected gravity throughout the twentieth century.

The cultural divide is sometimes very strong, in spite of repeated efforts to fill
the gap. Both sides feel that the other side is incapable of appreciating something
basic and essential: the structure of QFT as it has been understood in half a
century of investigation, for the particle-physics side; the novel physical under-
standing of space and time that has appeared with GR, for the relativity side.
Both sides expect that the other’s point of view will turn out, at the end of the
day, to be not very relevant. One side because GR is only a low energy limit of
a much more complex theory, and thus cannot be taken too seriously as an in-
dication about the deep structure of Nature. The other, because the experience
with QFT is on a fixed metric spacetime, and thus is irrelevant in a genuinely
background independent context.

4.3 The nature of time

Much has been written about the fact that the main equation of nonperturbative
QG, namely the Wheeler-DeWitt equation (5) does not contain the time variable
t. This presentation of the “problem of time in QG”, however, is misleading, since
it confuses the aspect of the problem that is specific to QG and the one which is
already present in classical GR. Indeed, classical GR can be entirely formulated in
the Hamilton-Jacobi formalism in terms of equation (4), where no time variable
appears either.

In the classical general-relativistic context, the notion of time differs strongly
from the one used in the special-relativistic context (and even more strongly from
the one used in the pre-relativistic context). In the pre-relativistic context, follow-
ing Newton, we assume that there is a universal physical variable t, measured by
clocks, such that all physical phenomena can be described in terms of evolution
equations in the independent variable t. In the special-relativistic concept, this
notion of time is weakened. Clocks do not measure an universal time variable,
but rather a proper time elapsed along inertial trajectories. If we fix a Lorentz
frame, however, we can still describe all physical phenomena in terms of evolution
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equations in the independent variable x0, even though this description hides the
covariance of the system.

In the general relativistic context, we must distinguish two kinds of problems,
that are often improperly confused. First, we can consider the problem of the
dynamics of matter interacting with a given gravitational field, or, equivalently,
on a given spacetime geometry. In this case, the fixed gravitational field still
determines the value of the proper time τ elapsed along any (timelike) spacetime
trajectory, measured by a clock moving along that trajectory. That is, a given
gravitational field determines a local notion of time.

A distinct problem is given by the dynamics of the gravitational field itself, or by
the interacting dynamics of gravity and matter. In this case, there is no external
time variable that can play the role of observable independent evolution variable.
The field equations are written in terms of an evolution parameter, which is the
time coordinate x0, but this coordinate, as explained above in section 4.1, does not
correspond to anything observable. In general, the proper time τ along spacetime
trajectories also cannot be used as an independent variable, as τ is a complicated
non-local function of the gravitational field itself. Therefore, properly speaking,
GR does not admit a description as a system evolving in terms of an observable
time variable. This is particularly evident in the Hamilton-Jacobi formulation
(4) of GR. This does not mean that GR lacks predictivity. Simply put, what
GR predicts are relations between partial observables, which cannot in general be
represented as dependence of dependent variables on a preferred independent time
variable.

To be sure, the ontological status of the time variable t is far from being straight-
forward in Newtonian physics either. In Newtonian physics we describe the world
in terms of physical variables A(t), B(t), . . . evolving in t. One may notice that
in a sense we never directly access t, but only physical variables A,B . . ., since
the clock devices used to measure t are themselves physical systems with an ob-
servable time-dependent variable C(t), such as the position of the clock’s hand.
Therefore, what we actually observe is always the relative evolution of observable
variables A(C), B(C), A(B) . . . and never t itself. Newton makes this point clearly
in the Principia, but also observes that the direct mathematicization of the ap-
parent motions A(C), B(C), A(B) . . . becomes greatly simplified by hypostatizing
the existence of t, and expressing all evolution in terms of t. This of course works
excellently in the nonrelativistic and nongravitational context. But it is not illogi-
cal that Newton’s strategy might fail in certain regimes. And in fact it fails in the
relativistic gravitational regime, where no universal t can be introduced, and we
can only describe the relative dependence of observable quantities. This is what
happens in GR.

In a sense, any partial observable variable can be chosen as the independent one
in GR. In general, none has the idealized properties assumed by the Newtonian
time t, which grows monotonically irrespectively of the state of the system. For
instance, in a closed cosmology the volume a of the universe and the proper time
tc since the Big Bang, along a galaxy worldline, are often used as independent
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variables. But a behaves badly if the Universe begins recontracting, and tc is only
defined in the approximation in which the Universe is assumed to be homogeneous
(what is the value of tc if two galaxies with different proper time from the big bang
meet?)

Such a weakening of the notion of time in classical GR is rarely emphasized,
because, after all, in classical physics we may disregard the full dynamical structure
of the dynamical theory and consider only a single solution of its equations of
motion. As mentioned, a single solution of the GR equations of motion determines
a spacetime, where a notion of proper time is associated to each timelike worldline.
In the quantum context, on the other hand, there is no single spacetime, as there
is no trajectory for a quantum particle, and the very concept of time becomes
fuzzy.

Attitudes towards the problem of time

Different attitudes can be found in the literature with regard to the problem of
time. For technical overviews and references (not completely up to date), see for
instance [Isham, 1992; Kuchar, 1992].

As already mentioned, a considerable part of QG research disregards the is-
sue, and maintains that Minkowski space, Poincaré invariance, with its associated
notion of time evolution (as a subgroup of the Poincaré group), should not be
abandoned in building QG, notwithstanding the features of GR.

Other authors maintain that even if Poincaré invariance is lost in GR and the
notion of time becomes more complex, still the idea that the world exists in time,
and that its description is the description of systems evolving in time, is a primary
notion that we cannot renounce.

Some of these authors have proposed minor modifications of GR, capable of
reintroducing a fundamental notion of observable time evolution in the theory.
One possibility is to choose a preferred gauge-fixing, in which diffeomorphism
invariance is partially broken, and the time coordinate is gauge fixed to be equal
to some function of the gravitational field. An example is York time, defined as the
trace of the extrinsic curvature of a spacelike surface. Alternatively, the dynamics
of GR can be modified, to get a theory with an independent time parameter.

Others accepts in full the challenge presented by GR of trying to conceptualize
the world in the absence of a fundamental notion of time and time evolution, as
illustrated in the following section.

Physics without space and time?

An illustrative example of how a formulation of mechanics might not use space and
time as independent variables is provided by the following proposal (see [Rovelli,
2004], Chapters 4 and 6). Consider a finite spacetime region R bounded by a closed
three-dimensional surface Σ. Let (ϕ, g) represent the value of all fields, including
the gravitational field g, on Σ, and let (Pϕ, Pg) represent the normal derivative of
the fields out of Σ. In principle, all predictions of classical GR can be expressed as
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constraints on the possible values that the set (ϕ, g), (Pϕ, Pg) can take. Similarly,
in principle all the predictions of QG can be expressed in terms of the probability
amplitude W (ϕ, g) of measuring the fields (ϕ, g). This is a generalization of Feyn-
man’s observation that the quantum dynamics of a particle is contained in the
propagator W (x′, t′;x, t). Diffeomorphism invariance implies that W (ϕ, g) does
not depend on the way Σ is imbedded into M . In other words, the entire quanti-
tative spatial and temporal dependence is encoded into the dependence of W (ϕ, g)
on the gravitational field g. If, for instance, we identify Σ with the surface of the
initial, final and boundary values of a scattering experiment, then it is only the
value of the gravitational field on the boundary that determines the time lapses
between the initial and final surfaces. Recall indeed that in GR spatial distances
and temporal intervals are functions of the gravitational field. W (ϕ, g) can then
be used in principle to determine all possible probabilistic predictions regarding
the experiment, without using independent spatial or temporal variables.

In order to understand the quantum gravitational field, some of the emphasis on
geometry should probably be abandoned. Geometry represents well the classical
gravitational field, not quantum spacetime. This is not a betrayal of Einstein’s
legacy: on the contrary, it is a step in the direction of “relativity” in the precise
sense meant by Einstein. The key conceptual difficulty of QG may therefore to find
a way to understand the physical world in the absence of the familiar stage of space
and time. What might be needed is to free ourselves from the prejudices associated
with the habit of thinking of the world as “inhabiting space” and “evolving in
time”.2

Whether it is logically possible to understand the world in the absence of fun-
damental notions of time and time evolution, and whether this may be consistent
with our experience of the world is an open question.

Unitarity

Absence of a fundamental notion of time evolution implies in particular that there
is no unitary time evolution in the theory. Absence of unitarity is viewed with
great suspicion by many physicists coming from the high energy tradition, where
the requirement of unitarity has repeatedly played a major historical role. The
argument is often put forward that a probabilistic theory without unitary time
evolution is inconsistent. This is not correct, since inconsistency follows from lack
of unitarity in the presence of a standard time evolution, and not in the absence
of it. If, for instance, we describe the evolution of the universe using the volume of

2If we take this extreme attitude, one problem is to recover the macroscopic notion of
time evolution and the specific features of the macroscopic time observable, from an atem-
poral microscopic theory. It is well known that it is surprisingly hard to pin-point with pre-
cision what characterizes the time variable in a dynamical system; on the other hand, the
thermodynamical and statistical behavior of physical systems is strongly temporally char-
acterized. Accordingly, the hypothesis has been considered [Rovelli, 1993a; Rovelli, 1993b;
Connes and Rovelli, 1994] that “temporal flow” is a feature of the world that appears only
in the context of a statistical-thermodynamical description. In other words, “time” could be an
artifact of our vaste ignorance of the microstate of the world.



1320 Carlo Rovelli

the universe a as independent variable, there is no reason to require the probability
for the universe to exist to be unit at all a. Indeed, there is a finite probability
that the universe reach only a maximum value of a and then re contracts. On the
other hand, the consistency of a probabilistic interpretation of QM in a context in
which evolution is not expressed in terms of an external variable t is still unclear.

5 RELATION WITH OTHER OPEN PROBLEMS

In the history of physics, often two open problems have found a common solution.
For instance, the problem of understanding the nature of light and the problem
of unifying the electric and magnetic theory found a common solution in Maxwell
theory. Often, however, the hope to solve two problems at once has been disap-
pointed. For instance, in the sixties the hope was strong to find a theory for the
strong interaction and at the same time get rid of renormalization theory; but
QCD turned out to be a good solution of the first problem without addressing the
second. The problem of QG has been suggested to be related to all sorts of open
problems in theoretical physics.

5.1 Unification

The current description of the physical world is composed by a number of field
theories: on the one hand GR, on the other hand the standard model which in turn
is composed of the electroweak theory and quantum chromodynamics; in addition,
fermions are present in several multiplets, and there are the Higgs scalars. The
theory has more than a dozen elementary constants. In the wake of the successful
unifications of electric and magnetic theory, and then of the electromagnetic and
the weak interactions theories, research has long aimed to reduce the complexity
of the standard model by providing a single coherent theory governed by a smaller
number of elementary constants.

Opinions diverge on the relation between this “unification” problem and the
problem of QG. A priori, there is no strict reason why the quantum properties
of gravity should be understood only in conjunction with the other field theories;
the quantum properties of electromagnetism, for instance, have been understood
in the context of QED without reference to the other interactions, and so have the
properties of the strong interactions.

Some arguments have been proposed to support the idea that the two problems
must be solved together. I mention three: the first is speculative and I think
weack. The second and third are technical and have some weight. First, there is
a widespread expectation that a final “Theory Of Everything” should be at hand
today. Historically, however, this expectation has been often present in theoretical
physics, and so far always erroneously.

The second argument comes from the early history of the attempts at replacing
GR with a renormalizable theory: supergravity has shown that the gravitational
ultraviolet divergences are suppressed (although, at the end of the day, not cured)
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by an appropriate coupling between gravity and matter (a fermion field, in the
case of supergravity).

The third argument supporting the relation between the two problems is the fol-
lowing. In the standard model, the coupling constants that determine the strength
of the electromagnetic, weak and strong interactions depend on the scale of the
phenomena considered. At normal scales, they are widely different in size, but
they converge at a scale which is quite close to the Planck scale. This suggests
that the scale at which unification might take place should be the same as the
scale at which quantum gravitational effects become manifest, indicating that the
two phenomena are likely to be related.

Concretely, QG is realized in string theory in the context of a tight unification,
while loop quantum gravity proposes a solution of the QG problem unrelated to
unification.

5.2 Interpretation of quantum mechanics

In spite of its enormous empirical success and its nowadays ubiquitous applications,
QM is a theory which is viewed by many as not yet completely understood. The
interpretation of the theory is relatively uncontroversial as long as we use it to
describe physical systems interacting with an external system (the “observer”)
whose quantum properties can be disregarded. But a number of difficulties appear
as soon as we take the quantum properties of the observer into account. In the
physics community, the attitudes to this problem vary widely, ranging from a
complete denial that a problem exists to various proposals for modifying QM in
order to solve it. But the number of physicists who consider this a genuine open
problem has been increasing in the last decade.

Various arguments have been proposed to tie the problem of the interpretation
of QM to the QG problem. One is, once more, the expectation that a final theory
might be at hand, and the final theory must be entirely self consistent.

Roger Penrose has proposed a specific mechanism via which quantum linearity
might be broken by gravity: gravity might the a physical factor inducing a physi-
cally realized wave-function collapse [Penrose, 1986]. The proposal is in principle
empirically testable.

In the context of Smolin’s and Adler’s attempts to derive quantum mechanics
from the statistical behavior of a statistical dynamics of matrix models [Smolin,
2002; Adler, 2004], the suggestion has been made that one might seek a common
origin for both gravitation and quantum field theory at a common deeper level of
physical phenomena from which quantum field theory emerges.

Finally, the suggestion has been made that the relational aspect of spatiotem-
poral structure revealed by GR could be connected with the relational aspect of
QM emphasized by the “relational” interpretations of QM [Rovelli, 1996b]. The
first is determined by the relation of contiguity between systems; the second by the
interaction between systems. But on the one hand locality implies that interac-
tion happens only between contiguous systems, and on the other hand contiguity
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is only manifest via a physical interaction, suggesting a strict connection between
the two relations. These ideas however, have not been developed beyond the stage
of suggestions.

5.3 The cosmological constant

An elusive aspect of the current description of the universe is given by the cos-
mological constant, a constant introduced by Einstein, describing a long range
gravitational coupling that can modify gravity at large distances. This constant
plays a major role in cosmology, in QFT (where quantum field theoretical effects
tend to make it unrealistically large), and recent cosmological observations seem
to indicate that its value is very small but not, as previously expected, vanishing.

Although nothing clear has so far appeared in QG research concerning this
constant, it must be noted that Raphael Sorkin’s QG theory predicted a small
value of the constant with the correct of order of magnitude, before its observation,
as mentioned in Section 2.1.7.

5.4 Quantum cosmology

“Quantum cosmology” indicates the study of the Universe as a whole as a quantum
system. There are two distinct problems that go under this name.

The first is the quantum version of the modelling of the dynamics of our Uni-
verse: in particular, the study of the quantum features of the dynamical systems
obtained under the drastic simplification that the Universe is homogenous. These
classical models, such as the Friedmann-Robertson-Walker model, play an impor-
tant role in cosmology and are believed to give a good description of the large
scale features of our Universe. Their quantization is of interest on several grounds.
First, it provides a simplified framework in which many of the conceptual diffi-
culties of QG can be examined and solutions can be tested. Second, they can be
used to study what a quantum theory of gravity could us concerning the physics
near and at the Big Bang itself, where quantum gravitational effects are expected
to dominate.

The study of these models has been started in the sixties by Bryce DeWitt
[DeWitt, 1967b; DeWitt, 1967c] and Charles Misner [Misner, 1969] and has seen
a great development in the following decades. The limitation of these models, of
course, is that they are based on the freezing of all the infinite numbers of degrees
of freedom of GR, except for a finite number of them, and therefore they miss the
entire field theoretical aspect of the QG problem.

A string cosmology has been developed by Gabriele Veneziano and collaborators,
with the hope of finding observational consequences of string theory [Gasperini and
Veneziano, 1993]. The application of loop quantum gravity to quantum cosmology
(“loop cosmology”) has recently led to a model which is finite and well-behaved
at the initial singularity [Bojowald, 2001; Bojowald and Morales-Tecotl, 2006].
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The second problem that goes under the name of “quantum cosmology” is the
conceptual problem of describing a quantum system that forms the entire universe,
and therefore for which there is no “external” observer: i.e., the study of quantum
mechanics in the case in which the observer is inside the system.

This second problem is very loosely related to the problem of quantum gravity.
It is true that it is impossible to be “external” with respect to the gravitational
field, but one should not confuse “external” in the spatiotemporal sense with
“external” in the dynamical sense. One cannot be “external” with respect to the
electromagnetic field either, in the spatiotemporal sense; but we can nevertheless
consider an electromagnetic system, viewed as a quantum system, interacting with
an external system, viewed as a classical observer. The same can be done for
a gravitational system. Therefore nothing a priori prevents us from using the
standard Copenhagen interpretation of QM (whether or not this is satisfactory)
in the context of QG. In other words, the problem of QG and this second problem
of quantum cosmology are not necessarily related.

On the other hand, the difficulties raised by considering the observer as part
of the system and the difficulties generated in QM by diffeomorphism invariance,
in particular the absence of an external time, are of a similar nature, and both
question the viability of the Copenhagen interpretation. A general scheme for
addressing both kinds of difficulties, and defining a generalized formalism for QM,
where there is no external time and no external observer, has been developed by
Jim Hartle [Hartle, 1995].

6 CONCLUSION

After 70 years of research, there is no consensus, no established theory, and no
QG theory has yet received any direct or indirect experimental support. In the
course of 70 years, many ideas have been explored, fashions have come and gone,
the discovery of the Holy Grail of QG has been several times announced, only to
be later greeted by much scorn.

However, in spite of this, research in QG has not been meandering meaning-
lessly. On the contrary, a consistent logic has guided the development of the
research, from the early formulation of the problem and the research directions in
the fifties to nowadays. The implementation of the programs has been laborious,
but has been achieved. Difficulties have appeared, and solutions have been pro-
posed, which, after much difficulty, have lead to the realization, at least partial,
of the initial hopes.

It was suggested in the early seventies that GR could perhaps be seen as the low
energy limit of a theory without uncontrollable divergences; today, 30 years later,
such a theory — string theory — is known. In 1957 Charles Misner indicated that
in the canonical framework one should be able to compute eigenvalues; and in
1995, 37 years later, eigenvalues were computed — within loop quantum gravity.
Much remains to be understood and some of the current developments might lead
nowhere. We are not at the end of the road, we are only half-way through the
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woods. But looking at the entire development of the subject, it is difficult to deny
that there has been substantial progress.

The progress cannot be just technical. The search for a quantum theory of
gravity raises again old questions such as: What is space? What is time? What is
the meaning of “being somewhere”? What is the meaning of “moving”? Is motion
to be defined with respect to objects or with respect to space? Can we formulate
physics without referring to time or to spacetime? And also: What is causality?
What is the role of the observer in physics?

Questions of this kind have played a central role in periods of major advances in
physics. For instance, they played a central role for Einstein, Heisenberg, Bohr and
their colleagues. But also for Descartes, Galileo, Newton and their contemporaries,
and for Faraday, Maxwell and their colleagues. Today some physicists view this
manner of posing problems as “too philosophical”. Most physicists of the second
half of the twentieth century, indeed, have viewed questions of this nature as
irrelevant. This view was appropriate for the problems they were facing. When
the basics are clear and the issue is problem-solving within a given conceptual
scheme, there is no reason to worry about foundations: a pragmatic approach is
the most effective one. Today the kind of difficulties that fundamental physics
faces has changed. To understand quantum spacetime, physics has to return,
once more, to those foundational issues. We have to find new answers to the old
foundational questions. The new answers have to take into account what we have
learned with QM and GR. The problem of QG will probably not be solved unless
these questions are carefully reconsidered.
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BIBLIOGRAPHICAL NOTE

For more details on the history of QG see the historical appendix in [Rovelli, 2004];
and, for early history see [Stachel, 1999b; Stachel, 1999a] and [Gorelik, 1992]. For
orientation on current research on QG, see the review papers [Horowitz, 2000; Car-
lip, 2001; Isham, 1991; Rovelli, 1998a]. An interesting panorama of points of view
on the problem and on philosophical issues it raises is in the various contributions
to the book [Callender and Huggett, 2001]. See also the discussion in [Rovelli, 1997;
Rovelli, 2000]. As a general introduction to QG ideas, see the old classic reviews,
which are rich in ideas and present different points of view, such as John Wheeler
1967 [Wheeler, 1968], Steven Weinberg 1979 [Weinberg, 1979], Stephen Hawking
1979 and 1980 [Hawking, 1979; Hawking, 1984], Karel Kuchar 1980 [Kuchar, 1984],
and Chris Isham’s magisterial syntheses [Isham, 1984a; Isham, 1984b; Isham,
1997]. On string theory, classic textbooks are Green, Schwarz and Witten, and
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Polchinksi [Green et al., 1987; Polchinski, 1998]. On loop QG, see [Rovelli, 1998b;
Rovelli, 2004]. For a discussion of the difficulties of string theory and a compari-
son of the results of strings and loops, see [Rovelli, 2003], written in the form of
a dialogue, and [Smolin, 2003]. Smolin’s popular book [Smolin, 2000] provides a
readable introduction to QG.

BIBLIOGRAPHY

[Adler, 2004] S. Adler. Quantum Theory as an Emergent Phenomenon. Cambridge University
Press, 2004.

[Amati et al., 1989] D. Amati, M. Ciafaloni, and G. Veneziano. Can spacetime be probed below
the string size? Physics Letters B, 216:41–47, 1989.

[Ambjorn et al., 1997] J. Ambjorn, M. Carfora, and A. Marzuoli. The Geometry of Dynamical
Triangulations. Lecture Notes in Physics. Springer-Verlag, Berlin, 1997.

[Arnowitt et al., 1962] R. Arnowitt, S. Deser, C. Misner. The dynamics of general relativity.
In L. Witten (ed.), Gravitation: An Introduction to Current Research, page 227. Wiley, New
York, 1962.

[Ashtekar, 1986] A. Ashtekar. New variables for classical and quantum gravity. Physical Review
Letters, 57:2244–2247, 1986.

[Ashtekar, 1987] A. Ashtekar. New Hamiltonian formulation of general relativity. Physical
Review D, 36:1587–1602, 1987.

[Ashtekar et al., 1998] A. Ashtekar, J. Baez, A. Corichi, and K. Krasnov. Quantum geometry
and black hole entropy. Physical Review Letters, 80:904–907, 1998. gr-qc/9710007.

[Bardeen et al., 1973] J. Bardeen, B. Carter, and S. Hawking. The four laws of black hole
mechanics. Communication in Mathematical Physics, 31:161–170, 1973.

[Bekenstein, 1972] J. Bekenstein. Black holes and the second law. Nuovo Cimento Letters,
4:737–740, 1972.

[Bekenstein, 1973] J. Bekenstein. Black holes and entropy. Physical Review, D7:2333–2346,
1973.

[Bekenstein, 1974] J. Bekenstein. Generalized second law for thermodynamics in black hole
physics, 1974. Physical Review, D9:3292–3300.

[Belot, 1998] G. Belot. Why general relativity does need an interpretation. Philosophy of
Science, 63:S80–S88, 1998.

[Bergmann, 1949a] P. Bergmann. Non-linear field theories. Physical Review, 75:680–685, 1949a.
[Bergmann, 1949b] P. Bergmann. Non-linear field theories II: Canonical equations and quanti-

zation. Review of Modern Physics, 21:480–487, 1949b.
[Bergmann, 1958] P. Bergmann. Conservation laws in general relativity as the generators of

coordinate transformations. Physical Review, 112:287–289, 1958.
[Bergmann, 1961] P. Bergmann. Observables in general relativity. Review of Modern Physics,

33:510–514, 1961.
[Bergmann and Komar, 1980] P. Bergmann and A. Komar. The phase space formulation of

general relativity and approaches towards quantization. In A. Held (ed.), General Relativity
and Gravitation: One hundred years after the birth of Einstein, pages 227–254. Plenum Press,
New York, 1980.

[Bojowald, 2001] M. Bojowald. Absence of singularity in loop quantum cosmology. Physical
Review Letters, 86:5227–5230, 2001. gr-qc/0102069.

[Bojowald and Morales-Tecotl, 2006] M. Bojowald, H. Morales-Tecotl. Cosmological applica-
tions of loop quantum gravity. gr-qc/0306008. to appear in the proceedings of the Fifth
Mexican School (DGFM): The Early Universe and Observational Cosmology., 2006.

[Bronstein, 1936] M. Bronstein. Quantentheories schwacher Gravitationsfelder. Physikalische
Zeitschrift der Sowietunion, 9:140, 1936.

[Callender and Huggett, 2001] C. Callender and N. Huggett (eds.). Physics Meets Philosophy
at the Planck scale. Cambridge University Press, Cambridge, 2001.

[Carlip, 2001] S. Carlip. Quantum gravity: A progress report. Reports on Progress in Physics,
64:885, 2001. gr-qc/0108040.



1326 Carlo Rovelli

[Chamseddine and Connes, 1996] A. Chamseddine and A. Connes. Universal formula for non-
commutative geometry actions: Unification of gravity and the standard model. Physical
Review Letters, 24:4868–4871, 1996.

[Chamseddine and Connes, 1997] A. Chamseddine and A. Connes. The spectral action princi-
ple. Communication in Mathematical Physics, 186:731–750, 1997.

[Connes, 1994] A. Connes. Non Commutative Geometry. Academic Press, New York, 1994.
[Connes and Rovelli, 1994] A. Connes and C. Rovelli. Von Neumann algebra automorphisms

and time versus thermodynamics relation in general covariant quantum theories. Classical
and Quantum Gravity, 11:2899–2917, 1994.

[Deser and van Nieuwenhuizen, 1974a] S. Deser and P. van Nieuwenhuizen. One loop diver-
gences of the quantized Einstein-Maxwell fields. Physical Review D, 10:401–410, 1974a.

[Deser and van Nieuwenhuizen, 1974b] S. Deser and P. van Nieuwenhuizen. Non-
renormalizability of the quantized Dirac-Einstein system. Physical Review, D10:411–420,
1974b.

[DeWitt, 1964a] B. DeWitt. In Gauthier-Villars (ed.), Conférence internationale sur les théories
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SYMMETRIES AND INVARIANCES IN
CLASSICAL PHYSICS

Katherine Brading and Elena Castellani

1 INTRODUCTION

The term ‘symmetry’ comes with a variety of ancient connotations, including
beauty, harmony, correspondence between parts, balance, equality, proportion,
and regularity. These senses of the term are clearly related to one another; the
concept of symmetry used in modern physics arose out of this family of ideas.
We are familiar with the approximate symmetries of physical objects that we find
around us — the bilateral symmetry of the human face, the rotational symmetry
of a snowflake turned through 60o, and so forth. We may define a symmetry of
a given geometric figure as the invariance of that figure when equal component
parts are exchanged under a specified operation (such as rotation). The devel-
opment of the algebraic concept of a group, in the nineteenth century, allowed a
generalization and refinement of this idea; a precise mathematical notion of sym-
metry emerged which was applicable not just to physical objects and geometrical
figures, but also to mathematical equations — and thus, to what is of particular
interest to us, the laws of physics expressed as mathematical equations. The group
theoretical notion of symmetry is the notion of invariance under a specified group
of transformations. ‘Invariance’ is a mathematical term: something is invariant
when it is left unaltered by a given transformation. This mathematical notion
is used to express the notion of physical symmetry that we are interested in, i.e.
invariance under a group of transformations. This is the concept of symmetry that
has proved so successful in modern science, and the one that will concern us in
what follows.

We begin in Section 2 with the distinction between symmetries of objects and
of laws, and that between symmetry principles and symmetry arguments. This
section includes a discussion of Curie’s principle. Section 3 discusses the impor-
tant connection between symmetries, as studied in physics, and the mathematical
techniques of group theory. We offer a brief history of how group theory was ap-
plied first to geometry and then to physics in the course of the nineteenth century,
preluding to the central importance acquired by group theoretical techniques in
contemporary physics. With these considerations in mind, Section 4 offers an ac-
count of what is meant by symmetry in physics, and a taxonomy of the different

c
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types of symmetry that are found within physics. In Section 5 we discuss some ap-
plications of symmetries in classical physics, beginning with transformation theory
in classical mechanics, and then turning to Einstein’s Special and General Theories
of Relativity (see Section 6). We focus on the roles and meaning of symmetries in
these theories, and this leads into the discussion of Noether’s theorems in Section
7. Finally, in Section 8, we offer some concluding remarks concerning the place,
role and interpretation of symmetries in classical physics. Note that our emphasis
is resolutely on the classical. For the power and significance of symmetry in quan-
tum physics, we refer the reader to other chapters of this volume, such as Dickson
(ch. 4, Section 3.3), Landsman (ch. 5, Section 4.1), t’Hooft (ch. 7) and Halvorson
(ch. 8, Section 5.2).1

2 SYMMETRIES OF OBJECTS AND OF LAWS

That we must distinguish between symmetries of objects versus symmetries of
laws can be seen as follows. It is one thing to ask about the geometric symmetries
of certain objects — such as the 60o rotational symmetry of a snowflake and the
approximate bilateral symmetry of the human face mentioned above — and the
asymmetries of objects — such as the failure of a chair to be rotationally sym-
metric. It is another thing to ask about the symmetries of the laws governing the
time-evolution of those objects: we can apply the laws of mechanics to the evolu-
tion of our chair, considered as an isolated system, and these laws are rotationally
invariant (they do not pick out a preferred orientation in space) even though the
chair itself is not. Re-phrasing the same point, we should distinguish between
symmetries of states or solutions, versus symmetries of laws. Having distinguished
these two types of symmetry we can, of course, go on to ask about the relationship
between them: see, for example, current discussions of Curie’s principle, referred
to in Section 2.2, below.

2.1 Symmetry principles and symmetry arguments

It is also important to distinguish between symmetry principles and symmetry
arguments. The application of symmetry principles to laws was of central impor-
tance to physics in the twentieth century, as we shall see below in the context
of Eintein’s Special and General Theories of Relativity. Requiring that the laws
— whatever their precise form might be — satisfy certain symmetry properties,
became a central methodological tool of theoretical physicists in the process of
arriving at the detailed form of various laws.

Symmetry arguments, on the other hand, involve drawing specific consequences
with regard to particular phenomena on the basis of their symmetry properties.
This type of use of symmetry has a long history; examples include Anaximander’s
argument for the immobility of the Earth, Archimedes’s equilibrium law for the

1Further discussion can be found in Brading and Castellani [2003].
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balance, and the case of Buridan’s ass.2 In each case the associated argument
can be understood as an example of the application of the Leibnizean Principle of
Sufficient Reason (PSR): if there is no sufficient reason for one thing to happen in-
stead of another, then nothing happens (i.e. the initial situation does not change).
There is something more that the above cases have in common: in each of them
PSR is applied on the grounds that the initial situation has a certain symmetry.3

The symmetry of the initial situation implies the complete equivalence between
the offered alternatives. If the alternatives are completely equivalent, then there
is no sufficient reason for choosing between them and the initial situation remains
unchanged. Arguments of this kind most frequently take the following form: a
situation with a certain symmetry evolves in such a way that, in the absence of an
asymmetric cause, the initial symmetry is preserved. In other words, a breaking
of the initial symmetry cannot happen without a reason: an asymmetry cannot
originate spontaneously. This style of argumentation is also to be found in recent
discussions of ‘Curie’s principle’, the principle to which we now turn.

2.2 Curie’s principle

Pierre Curie (1859-1906) was led to reflect on the question of the relationship
between physical properties and symmetry properties of a physical system by his
studies on the thermal, electric and magnetic properties of crystals, since these
properties were directly related to the structure, and hence the symmetry, of the
crystals studied. More precisely, the question he addressed was the following:
in a given physical medium (for example, a crystalline medium) having specified
symmetry properties, which physical phenomena (for example, which electric and
magnetic phenomena) are allowed to happen? His conclusions, systematically
presented in his 1894 work ‘Sur la symétrie dans les phénomènes physiques’, can
be summarized as follows:4

(a1) When certain causes produce certain effects, the symmetry ele-
ments of the causes must be found in their effects.

(a2) When certain effects show a certain dissymmetry, this dissymme-
try must be found in the causes which gave rise to them.5

(a3) In practice, the converses of these two propositions are not true,
i.e., the effects can be more symmetric than their causes.

2For a discussion of these examples, see [Brading and Castellani, 2003, ch. 1, Section 2.2]).
3In the first case rotational symmetry, in the second and third bilateral symmetry.
4For an English translation of Curie’s paper, see [Curie, 1981]; some aspects of the translation

are misleading.
5Curie uses the term dissymmetry in his paper, as was current at his time. The sense is

the same of that of symmetry breaking in modern terminology, which is today often identified
with the sense of asymmetry. To be more precise one should distinguish between the result of
a symmetry-breaking process (broken symmetry), the absence of one of the possible symmetries
compatible with the situation considered (dissymmetry, as it was called in the nineteenth century
literature, notably by Louis Pasteur in his works on molecular dissymmetry), and the absence of
all the possible symmetries compatible with the situation considered (asymmetry).



1334 Katherine Brading and Elena Castellani

(b) A phenomenon may exist in a medium having the same character-
istic symmetry or the symmetry of a subgroup of its characteristic
symmetry. In other words, certain elements of symmetry can co-
exist with certain phenomena, but they are not necessary. What
is necessary, is that certain elements of symmetry do not exist.
Dissymmetry is what creates the phenomenon.

Conclusion (a1) is what is usually called Curie’s principle in the literature.
Conclusion (a2) is logically equivalent to (a1); the claim is that symmetries are
necessarily transferred from cause to effect, while dissymmetries are not. Con-
clusion (a3) clarifies this claim, emphasizing that since dissymmetries need not be
transferred from cause to effect, the effect may be more symmetric than the cause.6

Conclusion (b) invokes a distinction found in all of Curie’s examples, between the
‘medium’ and the ‘phenomena’. We have a medium with known symmetry proper-
ties, and Curie’s principle concerns the relationship between the phenomena that
can occur in the medium and the symmetry properties — or rather, ‘dissymmetry’
properties — of the medium. Conclusion (b) shows that Curie recognized the im-
portant function played by the concept of dissymmetry — of broken symmetries
in current terminology — in physics.

In order for Curie’s principle to be applicable, various conditions need to be
satisfied: the cause and effect must be well-defined, the causal connection between
them must hold good, and the symmetries of both the cause and the effect must
also be well-defined (this involves both the physical and the geometrical properties
of the physical systems considered). Curie’s principle then furnishes a necessary
condition for given phenomena to happen: only those phenomena can happen that
are compatible with the symmetry conditions stated by the principle. Curie’s prin-
ciple has thus an important methodological function: on the one hand, it furnishes
a kind of selection rule (given an initial situation with a specified symmetry, only
certain phenomena are allowed to happen); on the other hand, it offers a falsifi-
cation criterion for physical theories (a violation of Curie’s principle may indicate
that something is wrong in the physical description).

Such applications of Curie’s principle depend, of course, on our accepting its
truth, and this is something that has been questioned in the literature, especially
in relation to spontaneous symmetry breaking. Different proposals have been of-
fered for justifying the principle. Curie himself seems to have regarded it as a
form of causality principle, and the question in the recent literature has been
whether the principle can be demonstrated from premises that include a definition
of “cause” and “effect”. In this direction it has become current of late to un-
derstand the principle as following from the invariance properties of deterministic
physical laws. The seminal paper for this approach is [Chalmers, 1970], which in-
troduces the formulation of Curie’s principle in terms of the relationship between

6Note that for some authors conclusion (b) is a principle on its own. Radicati (1987) goes
further, describing conclusions (a1), (a2) and (b) as three different principles: Curie’s first, second
and third principle, respectively.
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the symmetries of earlier and later states of a system, and the laws connecting these
states. This “received view” can be criticized for offering a reformulation that is
significantly different from Curie’s intentions (so that the label ‘Curie’s principle’
is a misnomer), and for resting on an assumption that may undermine the interest
and importance of the view, as we discuss in the following brief remarks.7

The received view, by concerning itself with temporally ordered cause and effect
pairs (or states of systems), offers a diachronic or dynamic analysis. In fact, Curie
himself focusses on synchronic or static situations, concerning the compatibility
of different phenomena occurring at the same time, rather than the evolution
of one state of a system into another state. In other words, the ‘cause—effect’
terminology used by Curie is not intended to indicate a temporal ordering of
phenomena being considered. This is clear from his examples, and also from the
fact that discussion of the laws — so central to the diachronic version — is absent
from Curie’s own analysis. That the diachronic version has come to have the
label ‘Curie’s principle’ therefore misrepresents Curie’s original principle and his
discussion of that principle.

Is the diachronic version interesting and important, nevertheless? The account
can be understood as an application of PSR in which we pay careful attention
to whether the laws provide a “sufficient reason” for a symmetry to be broken
as a system evolves from its initial to final state by means of those laws. The
reformulation of the diachronic version by Earman [2004] has the strong merit of
being precise, and thereby enabling a proof that if the initial state possesses a given
symmetry, and the laws deterministically preserve that symmetry, then the final
state will also possess that symmetry. However, things are not so simple as they
might seem because the proof takes a state with a given symmetry. Specifying the
symmetries of a state requires, in general, recourse to a background structure —
such as space or spacetime, or the space of solutions. In some cases, the required
structure may seem trivial or minimal, but nevertheless the dynamics of the system
will not be independent of this structure (consider the examples of the spatial or
spatiotemporal structure or, more strongly still, the space of solutions). This has
the consequence that, in general, the structures on which the symmetries of a state
and the symmetries of the dynamics depend are not independent of one another,
and any appearance to the contrary in the “proof” needs to be handled with
caution. Indeed, we think that answering the question of whether the diachronic
version is interesting and important depends in part upon investigating this lack
of independence and the role it plays in the proof, something which has yet to be
provided in the literature on the diachronic version of ‘Curie’s principle’.

Both Curie’s original version of his principle, and the diachronic version, begin
with the symmetries of states of physical systems. In contemporary physics, focus
has shifted to symmetries of laws, and the significant connection between symme-
tries of physical systems and symmetries of laws has to do not with symmetries

7For detailed discussion see [Brading and Castellani, 2006]. The “received view” that we
attribute first to Chalmers is developed in [Ismael, 1997] and [Earman, 2004]. See also [Earman,
this vol., ch. 14, Section 2.3].
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of states of those systems, but with symmetries of ensembles of solutions.8 The
symmetries of a dynamical equation are not, in general, the symmetries of the
individual solutions (let alone states), but rather the symmetries of the whole set
of solutions, in the sense that a symmetry of a dynamical equation transforms a
given solution into another solution. Considering this relationship between laws
and solutions leads to an alternative version of Curie’s principle, which we propose
here.9 As with the diachronic version of Curie’s principle, our proposal departs
from Curie’s original proposal, but our contention is that it remains true to the
main motivation behind Curie’s original investigation. In this version we seek to
unite two things:

1. We understand Curie’s motivating question to be ‘which phenomena are
physically possible?’, and his suggestion to be that we can use symmetries
as a guide towards answering this question; and

2. We go beyond Curie in making use of symmetries of laws, something about
which he said nothing, but which has become a central concern in contem-
porary physics.

Combining these two ingredients, a “modern” version of Curie’s principle would
then simply state that the symmetries of the law (equation) are to be found in
the ensemble of its solutions. This version expresses Curie’s basic idea — that
“symmetry does not get lost (without a reason)” — in virtue of the fact that
the symmetry of the law is to be found in the ensemble of solutions. The fact
that this is how we define the relationship between symmetries and laws does not
render it empty of significance with respect to Curie’s motivating question. On the
contrary, the point is that we can use the symmetries of the law as a guide to finding
solutions, i.e. to determining which phenomena are physically possible, when not
all the solutions are known. We can ask, following Curie, ‘What phenomena are
possible?’, and we can use the connection between the symmetries of the law and
the symmetries of the ensemble of solutions as a guide to finding the physically
possible phenomena. Thus, what is on the one hand a definitional statement
(that the symmetries of the law (equation) are to be found in the ensemble of the
solutions) comes on the other hand to have epistemic bite when we don’t know all
the solutions. This, we believe, is true to Curie’s motivating question, as expressed
in item (1), above.

8By “solution” here we mean a temporally extended history of a system, the “state” of a
system being a “solution at an instant”.

9Notice that this version does not involve the temporal evolution from cause to effect (as in
the diachronic version), nor is it restricted to a state of a system at a given instant or during
a certain temporal period (as in the sychronic version); rather, it concerns the structure of an
ensemble of solutions, considered as a whole.
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3 SYMMETRY AND GROUP THEORY: EARLY HISTORY

Group theory is the powerful mathematical tool by means of which the symmetry
properties of theories are studied. In this section, we begin with the definition
of a group, and outline the origins of this notion in the mathematics of algebraic
equations. We then turn our attention to the manner in which group theory
was applied first to geometry and then to physics in the course of the nineteenth
century.

3.1 The introduction of the group concept and the first developments
of group theory

A group is a family G of elements g1, g2, g3... for which there is defined a multipli-
cation that assigns to every two elements gi and gj of the group a third element
(their product) gk = gigj ∈ G, in such a way that the following requirements
hold:10

• (gigj)gk = gi(gjgk) for all gi, gj , gk ∈ G (associativity of the product);

• there exists an identity element e ∈ G such that gie = egi for all gi ∈ G;
• for all gi ∈ G there exists an inverse element g−1

i ∈ G such that gig
−1
i =

g−1
i gi = e.

The concept of a group was introduced by Évariste Galois in the short time
he was able to contribute to mathematics (born in 1811, he died as a result of
a duel in 1832) in connection with the question of the resolution of equations by
radicals.11 The resolvent formulas for cubic and quartic equations were found
by the mathematicians of the Renaissance,12 while the existence of a formula for
solving the general equations of the fifth and higher degrees by radicals remained an
open question for a long time, stimulating developments in algebra. In particular,
the studies of the second half of the eighteenth century focussed on the role played
in the solution of equations by functions invariant under permutation of the roots,
so giving rise to the theory of permutations. In J. L. Lagrange’s Réflexions sur
la résolution algébrique des équations, the most influential text on the subject,
some fundamental results of permutation theory were obtained.13 Lagrange’s text

10The concept of a group can be weakened by relaxing these conditions (for example, dropping
the inverse requirement leads to the concept of a monoid, and retaining only associativity leads
to the concept of a semigroup). The question that then arises is whether the full group structure,
or some weaker structure, is related to the symmetry properties of a given theory.

11That is, in terms of a finite number of algebraic operations — addition, subtraction, multi-
plication, division, raising to a power and extracting roots — on the coefficients of the equations

12The resolvent formula for a quadratic equation was known since Babylonian times. A his-
torical survey on the question of the existence of resolvent formulas for algebraic equations is in
[Yaglom, 1988, 3 f.].

13Among other results, the so-called Lagrange’s theorem which states — in modern terminology
— that the order of a subgroup of a finite group is a divisor of the order of the group.
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served as a basis for successive algebraic developments, from P. Ruffini’s first proof
in 1799 of the impossibility of solving nth degree equations in radicals for n ≥ 5,
to the seminal works by A. L. Cauchy, N. H. Abel, and finally Galois.14

Galois’s works15 marked a turning point, providing answers to the open ques-
tions in the solutions of equations by using new methods and algebraic notions,
first of all the notion of a group. This notion was introduced by Galois in relation
to the properties of the set of permutations of the roots of equations (the permu-
tations constituting what he named a ‘group’), together with other basic notions
of group theory such as “subgroup”, “normal subgroup”, and “simple group”.16

By characterizing an equation in terms of its “degree of symmetry”, determined
by the permutation group of the roots preserving their algebraic relations (later
known as the Galois group of the equation), Galois could transform the problem of
the resolution of equations into that of studying the properties of the permutation
groups involved. In this way he obtained, among other things, the necessary and
sufficient conditions for solving equations by radicals.

Galois’s achievements in group theory, first brought to publication by Joseph
Liouville in 1846, were collected and expanded in Camille Jordan’s 1870 Traité des
substitutions et des équations algébriques. Jordan’s Treatise, the first systematic
textbook on group theory, had a decisive influence on the application of this new
theory, including its application to other domains of mathematical science, such
as geometry and mathematical physics.

3.2 Applications of group theory: the contributions of Klein and Lie

Projective geometry, the theory of invariants and group theory: Klein and Lie’s
starting point

In the same year as the appearance of Jordan’s Treatise, Sophus Lie and Felix
Klein, two young mathematicians who were to become the key figures in extending
the domain of application of group theory, moved for a period from Berlin to Paris
to enter into contact with the French school of mathematics. Lie and Klein had
just written a joint paper investigating the properties of some curves in terms
of the groups of projective transformations leaving them invariant. In fact they
were drawn to Paris mostly by their interest in projective geometry, the science
founded by J. V. Poncelet to study the properties of figures preserved under central
projections. Projective geometry had become, at the time, a particularly fruitful
research field for the combination of algebraic and geometrical methods based on
the notion of invariance. The theory of invariants was itself a flourishing branch

14Cauchy (1789—1857) generalized Ruffini’s results in 1815; Abel (1802—1829) published in
1824 a proof of the impossibility of solving the quintic equation by radicals and in 1826 the paper
Démonstrations de l’impossibilité de la résolution algébrique des équations générales qui passent
le quatrième degré.

15A few “m’emoires” submitted to the Académie des Sciences, three brief papers published in
1830 in the Académie’s ‘Bulletin’, and some letters, among which is the last one written to his
friend Auguste Chevalier in the night before the fatal duel.

16See [Yaglom, 1988, 9 f.], for details.
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of mathematics, centered on the systematic study of the invariants of “algebraic
forms”. Using the theory of invariants, the English algebraist Arthur Cayley17

had recently clarified the relationship between Euclidean and projective geometry,
showing the former to be a special case of the latter. Before leaving for France,
Klein had tried to extend Cayley’s results, based on the possibility of defining a
distance (a “metric”) in terms of a quadratic form defined on the projective space,
to the case of non-Euclidean geometries.

While in Paris Lie and Klein became acquainted not only with Jordan, but also
with the expert in differential geometry Gaston Darboux, who stimulated their
interest in the relations between differential geometry and projective geometry.

Klein’s Erlangen Program

The question of the relations between the different contemporary geometrical sys-
tems particularly interested Klein. He aimed at obtaining a unifying foundational
principle for the various branches into which geometry had apparently recently
separated. In this respect, he fruitfully combined (a) the application of the the-
ory of invariants to the study of geometrical properties, with (b) his and Lie’s
idea of applying algebraic group theory to treating also geometrical transforma-
tions. The new group theoretical conception of a geometrical theory which resulted
was announced in his famous Erlangen Program, as it became known following
the inaugural lecture entitled ‘Comparative Considerations on Recent Geometri-
cal Research’18 that the 23-year-old Klein delivered when entering, in 1872, as a
professor on the staff of the University of Erlangen. Guided by the idea that geom-
etry is in the end a unity, Klein’s solution to the problem posed by the existence
of different geometries was to propose a general characterization of a geometrical
theory by using the notion of invariance under a transformation group (i.e., the
notion of symmetry). According to his characterization a geometry is defined,
with respect to a given domain (the plane, the space, or a given “manifold”) and a
group of transformations acting on it, as the science studying the invariants under
the transformations of the group. Each specific geometry is thus determined by
the characterizing symmetry group (for example, planar Euclidean geometry is
determined by the group of affine transformations acting on the plane), and the
interrelations between geometries can be described by the relations between the
corresponding groups (for example, the equivalence of two geometries amounts to
the isomorphism between the corresponding groups).

With Klein’s definition of a geometry, geometrical and symmetrical properties
become very close: the symmetry of a figure, which is defined in a given “space”19

the “geometrical” properties of which are preserved by the transformations of a
group G, is determined by the subgroup of G leaving the figure invariant. The new

17Cayley was one of the three members of the ‘invariant trio’, as the French mathematician
Hermite dubbed them, the other two being James Sylvester, inventor of most of the terminology
of the theory including the word ‘invariant’, and George Salmon.

18‘Vergleichende Betrachtungen über neuere geometrische Vorschungen’.
19A set of points endowed with a structure.
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group theoretical techniques prompted a transition from an inductive approach
(familiar from the nineteenth century classifications of crystalline forms in terms
of their visible — and striking — symmetry properties)20 to a more abstract and
deductive approach. This is the procedure formulated in Weyl’s classic book on
symmetry (Symmetry, [1952]) as follows:

Whenever you have to do with a structure-endowed entity Σ try to
determine its group of automorphisms, the group of those element-
wise transformations which leave all structural relations undisturbed.
[...] After that you may start to investigate symmetric configurations
of elements, i.e. configurations which are invariant under a certain
subgroup of the group of all automorphisms [Weyl, 1952, 144, emphasis
in original].

In this way, the symmetry classifications could be extended to figures in “spaces”
different from the plane and space of common experience.

Klein himself contributed to the classification of symmetry groups of figures
with his works on discrete groups; in particular, he studied the transformation
groups related to the symmetry properties of regular polyhedra, which proved to
be useful in the solution of algebraic equations by radicals.

Lie’s theory of continuous groups

After 1872, while Klein was concerned especially with discrete transformation
groups, Lie devoted all his research work to building the theory of continuous
transformation groups, the results of which were systematically collected in his
three-volume Theorie der Transformationsgruppen [I: 1888, II: 1890, and III: 1893],
written with the collaboration of F. Engel. Lie’s interest in continuous groups arose
in relation to the theory of differential equations, which he took to be ‘the most
important discipline in modern mathematics’. By the time he was in Paris, Lie
had begun to study the theory of first-order partial differential equations, a theory
of particular interest because of the central role it played in the formulation given
by W. R. Hamilton and C. G. Jacobi to mechanics.21 His project was to extend to
the case of differential equations Galois’s method for solving algebraic equations:
that is, using the knowledge of the ‘Galois group’ of an equation (the symmetry
group formed by the transformations taking solutions into solutions) so as to solve
it or reduce it to a simpler equation. Thus Lie’s guiding idea was that continuous
transformation groups could, in the solution of differential equations, play a role
analogous to that of the permutation groups used by Galois in the case of algebraic
equations.

20A classic textbook in this respect is [Shubnikov and Koptsik, 1974]. See also Section 8,
below.

21For details on classical mechanics we refer the reader to [Butterfield, this vol., ch. 1] and the
references therein.
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Lie had already considered continuous groups of transformations in some earlier
geometrical works. In his studies with Klein on special kinds of curves (called by
them ‘W-curves’), he had examined transformations that were continuously related
in the sense that they were all generated by repeating an infinitesimal transfor-
mation.22 The relevance of infinitesimal transformations to continuous groups of
transformations was to become a central point in his studies of contact transfor-
mations, so called because they preserved the contact or tangency of surfaces.
Lie had started to investigate contact transformations in association with geo-
metrical reciprocities implied in his “line-to-sphere mapping”, a mapping between
a line geometry and a sphere geometry that he had discovered while in Paris.23

When he turned to considering first-order partial differential equations, he soon
realized that they admitted contact transformations as symmetry transformations
(i.e. transformations taking solutions into solutions). Thus contact transforma-
tions could form the “Galois group” of first-order partial differential equations.
This motivated him to develop the invariant theory of contact transformations,
which represented the first step of his general theory of continuous groups.

Lie’s crucial result, allowing him to pursue his program, was the discovery that
to each continuous transformation group could be assigned what is today called its
Lie algebra. Lie showed that the infinitesimal generators of a continuous transfor-
mation group obey a linearized version of the group law, involving the commutator
bracket (or Lie bracket); this linearized law then represents the structure of the
algebra. In short (and in modern terminology): we describe the elements (transfor-
mations) of a continuous group (now called a Lie group)24 as functions of a certain
number r of continuous parameters al (l = 1, 2, ...r). And these group elements
can be written in terms of a corresponding number r of infinitesimal operators Xl,
the generators of the group, which satisfy the “multiplication law” represented by
the Lie brackets

[Xs,Xt] = cqstXq ,

so forming what is called the Lie algebra of the group. The coefficients cqst are
constants characterizing the structure of the group and are called the structure
constants of the group.25

Thanks to this sort of result, the study and classification of continuous groups
could be conducted in terms of the corresponding Lie algebras. This proved to be
extremely fruitful in the successive developments, not only algebraic and geomet-
rical, but also physical. With regard first of all to the physics of Lie’s time, Lie
had arrived at the correspondence between continuous groups and Lie algebras by
reinterpreting, in the light of his program for solving differential equations, the

22See on this part [Hawkins, 2000, Section 1.2]. According to Hawkins (p. 15), with the works
of Lie and Klein on W-curves ‘for the first time not only is a continuous group the starting
point for an investigation, but also for the first time in print we have the idea that infinitesimal
transformations are a characteristic and useful feature of continuous systems of transformations’.

23See [Hawkins, 2000, Section 1.4].
24For a precise definition of this and other terms in this paragraph, see [Butterfield, this vol.,

ch. 1, Section 3].
25For more details, see [Butterfield, this vol., ch. 1, Sections 3.2 and 3.4].
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results obtained by Poisson and especially Jacobi about the integration of first-
order partial differential equations arising in mechanics.26 His achievements were
thus of great relevance to the solution of the dynamical problems discussed by his
contemporaries.

But it is in twentieth century physics, with the works of such figures as Hermann
Weyl, Emmy Noether and Eugene Wigner (just to recall the central figures who
first contributed to the applications of Lie’s theory to modern physics), that the
theory of Lie groups and Lie algebras acquired a fundamental role in the description
of physical phenomena. Today, the applications of the theory that originated from
Lie’s works include the whole of theoretical physics, of both the large and the
small: classical and quantum mechanics, relativity theories, quantum field theory,
and string theory.27

4 WHAT ARE SYMMETRIES IN PHYSICS? DEFINITIONS AND
VARIETIES

4.1 What is meant by ‘symmetry’ in physics

We can understand intuitively the generalization of the scientific notion of sym-
metry from physical or geometric objects to laws, as follows. We write down our
law as a mathematical equation, and appearing in this equation will be various
mathematical objects and operators. For a particular group of transformations,
these objects and operators transform according to rules that may be fixed either
by the mathematical nature of the object or operator concerned, or (where the
mathematics does not fix the transformation rules) by our specification. If the
“form” of the equation is preserved when we transform each of the objects and
operators appearing in our equation by any element of the group, then we say that
the group is a symmetry group of the equation.

More precisely, what we mean by the symmetry transformations of the laws in
physics can be formulated in either of the following ways, which are equivalent in
the sense that they pick out the same set of transformations:

(1) Transformations, applied to the independent and dependent variables of the
theory in question, that leave the form of the laws unchanged.

(2) Transformations that map solutions into solutions.

Symmetry transformations may be viewed either actively or passively. From the
passive point of view we re-describe the same physical evolution in two different
coordinate systems.28 That is, we transform the independent and dependent vari-
ables, as in (1). If the description in the original set of coordinates is a solution

26For details see [Hawkins, 2000, Section 2.5].
27In this volume, see especially t’Hooft (ch. 7), Dickson (ch. 4), and Belot (ch. 2).
28By ‘coordinates’ here we are referring to generalized coordinates; in general, one coordinate

for each degree of freedom of the system.
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of given equations, then the new description in the new set of coordinates is a
solution of the same equations. (If the transformation is not a symmetry transfor-
mation, then the new description in the new coordinates will not, in general, be a
solution of the same equations, but rather of different equations.) The mapping of
one solution into another solution of the same equations, by means of a symmetry
transformation, leads to the active interpretation of such transformations. On this
interpretation, the two solutions are viewed as different physical evolutions de-
scribed in the same coordinate system. Thus, formulation (2) lends itself naturally
to an active interpretation.

The ‘form of the law’ in (1) means the functional form of the law, expressed
in terms of the independent and dependent variables. A transformation of those
variables will, in general, lead to an expression whose functional form differs from
that of the original expression (x goes to x2, for example). At this point it will be
helpful to say a few words about “invariance” and “covariance”. Let the reader
beware that there is no unanimity over how these terms are used in discussing
the laws of physics, especially in the philosophy of physics literature. Often, the
term ‘invariant’ is reserved for objects, and ‘covariant’ is used for equations or
laws. However, this is a product of a more fundamental distinction, which when
understood correctly allows for the application of the notion of invariance to laws
as well.

We think that the discussion of Ohanian and Ruffini [1994, Section 7.1] is very
useful, and that it nicely distils much of the best of what can be found in the liter-
ature, both in physics and in philosophy of physics. The upshot is as follows. We
may say that an equation is covariant under a given transformation when its form
is left unchanged by that transformation. This is the notion at work in Definition
1. In a way, it is rather weak: given an equation that is not covariant under a given
transformation, we can always re-write it so that it becomes covariant. On the
other hand, this re-writing may involve the introduction of new functions of the
variables, and it is the physical interpretation of these new quantities that allows
covariance to gain physical significance. We will have more to say about this for
the specific case of general covariance and Einstein’s General Theory of Relativity
in Section 6.3 below.

Invariance of an equation, as characterized by Ohanian and Ruffini, is a stronger
requirement than covariance. Not only should the form of the equation remain
the same, but so too should the values of any non-dynamical quantities, including
“constants” such as the speed of light. By “non-dynamical quantities” we mean
all those objects which appear in the equations yet which do not themselves sat-
isfy equations of motion. We here enter the muddy waters of how to distinguish
between “absolute” and “dynamical” objects, as discussed by Anderson [1967].29

In both cases (covariance and invariance), the associated transformations —
when actively construed — take solutions into solutions. When using formulation

29See also Section 6.3, below. One difficulty in tackling the literature on this issue is the variety
of uses and meanings attaching to the common terminology of covariance, principle of covariance,
invariance, absolute and dynamical objects, and so forth.



1344 Katherine Brading and Elena Castellani

(2), it is important to be clear about what is meant by a solution. This does not
mean a solution-at-an-instant, i.e. an instantaneous state of a system; rather, it
means an entire history, i.e. possible time-evolution, of the system in question.30

4.2 Varieties of symmetry

Symmetries in physics come in a number of different varieties, distinguished by
such terms as ‘global’ and ‘local’; ‘internal’ and ‘external’; ‘continuous’ and ‘dis-
crete’. In this Section we briefly review this terminology and the associated dis-
tinctions.

The most familiar are the global spacetime symmetries, such as the Galilean
invariance of Newtonian mechanics, and the Lorentz invariance of the Special The-
ory of Relativity. Global spacetime symmetries are intended to be valid for all the
laws of nature, for all the processes that unfold in the spacetime. Symmetries with
this universal character were labelled ‘geometric’ by Wigner (see [1967, especially
p. 17]).

This universal character is not shared by some of the symmetries introduced into
physics during the twentieth century. Most of these were of an entirely new kind,
with no roots in the history of science, and in some cases expressly introduced to
describe specific forms of interactions — whence the name ‘dynamical symmetries’
due to Wigner [1967, see especially pp. 15, 17—18, 22—27, 33]).

The various symmetries of modern physics can also be classified according to a
second distinction: that between global and local symmetries. The terms ‘global’
and ‘local’ are used in physics, and in philosophy of physics, with a variety of mean-
ings. The distinction intended here is between symmetries that depend on constant
parameters (global symmetries) and symmetries that depend on arbitrary smooth
functions of space and time (local symmetries). While Lorentz invariance is an
example of a global symmetry, the gauge symmetry of classical electromagnetism
(an internal symmetry)31 and the diffeomorphism invariance in General Relativity
(a spacetime symmetry) are examples of local symmetries, since they are parame-
terized by arbitrary functions of space and time.32 Recalling Wigner’s distinction,
Lorentz invariance is a geometric symmetry, applying to all interactions, whereas
the gauge symmetry of electromagnetism concerns the electromagnetic interaction
specifically and is therefore a dynamical symmetry.

The gauge symmetry of classical electromagnetism is an internal symmetry
because the transformations of the vector potential occur in the internal space
of the field system, rather than in spacetime. The gauge symmetry of classical
electromagnetism can seem to be no more than a mathematical curiosity, specific
to this theory; but with the advent of quantum theory the use of internal degrees

30The distinction is important in, for example, our discussion of Curie’s principle, Section 2.2
above.

31For more on gauge and internal symmetries, see the following paragraph.
32We discuss the local symmetry of General Relativity further in Section 6.1 below. See also

[Belot, this vol., ch. 2].



Symmetries and Invariances in Classical Physics 1345

of freedom, and the related internal symmetries, became fundamental.33

The translations, rotations and boosts of the inhomogeneous Lorentz group are
all examples of continuous symmetries, for which any finite symmetry transforma-
tion can be built up of infinitesimal symmetry transformations. In contrast with
the continuous symmetries we have the discrete symmetries of charge conjugation,
parity, and time reversal (CPT), along with permutation invariance. Thus, Newto-
nian mechanics and classical electrodynamics are invariant under parity (left-right
inversion) and under time reversal (roughly: the laws hold for a sequence of states
evolved in the backwards time direction just as they hold for the states ordered in
the forwards direction). Classical electrodynamics is also invariant under charge
conjugation, so long as we correctly implement the associated transformations of
the electric and magnetic fields. Finally, there is a sense in which classical sta-
tistical mechanics is permutation invariant: the particles postulated are identical
to one another, and their permutation takes a solution into a solution. However,
the power and significance of the discrete symmetries achieves its full force only
in quantum theory.

In Section 8 below, we discuss some of the interpretative issues associated with
these different varieties of symmetry in classical physics.

5 SOME APPLICATIONS OF SYMMETRIES IN CLASSICAL PHYSICS

5.1 Transformation theory in classical mechanics

As we have seen, Lie’s interest in continuous groups arose in relation to his studies
of the theory of first-order partial differential equations, which played a central role
in the formulation given by Hamilton and Jacobi to mechanics. The transformation
theory of mechanics based on this formulation is indeed one of the first examples
of a systematic exploitation in physics of the invariance properties of dynamical
equations. These symmetries are exploited according to the following strategy: the
integration of the equations of motion is simplified by transforming — by means of
symmetry transformations — the original dynamical system into another system
with fewer degrees of freedom.

Historically, the road to the possibility of applying the above ‘transformation
strategy’ to solving dynamical problems was opened by the works of J. L. La-
grange and L. Euler. The Euler-Lagrange analytical formulation of mechanics,
grounded in the seminal Mécanique Analytique [1788] of Lagrange, expressed the
laws of motion in a form which was covariant (cf. Section 4.1) under all coor-
dinate transformations. This meant one could more easily choose coordinates to
suit the dynamical problem concerned. In particular, one hoped to find a coor-

33For interpretative issues associated with gauge symmetry in classical electromagnetism, see
Belot [1998]. Gauge symmetries came to prominence with the development of quantum theory.
The term ‘gauge symmetry’ itself stems from Weyl’s 1918 theory of gravitation and electromag-
netism. For discussions of all these aspects of gauge symmetry, see [Brading and Castellani,
2003].
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dinate system containing “cyclic” (a.k.a. “ignorable”) coordinates. The presence
of ignorable coordinates amounts to a partial integration of the equations: if all
the coordinates are ignorable, the problem is completely and trivially solved. The
method was thus to try to find (by applying coordinate transformations leaving the
dynamics unchanged) more and more ignorable variables, thus transforming the
problem of integrating the equations of motion into a problem of finding suitable
coordinate transformations.

The successive developments in the analytical approach to mechanics, from
Hamilton’s “canonical equations of motion” to the general transformation theory
of these equations (the theory of canonical transformations) obtained by Jacobi,
presented many advantages of the “transformation strategy” point of view. For
further details we refer the reader to Butterfield’s chapter of this volume, along
with classic references such as Lanczos [1949; 1962] and Whittaker [1904; 1989].
Butterfield [this vol., ch. 1], by expounding the theory of symplectic reduction in
classical mechanics, thoroughly illustrates the strategy of simplifying a mechanical
problem by exploiting a symmetry. This strategy is also the main subject of But-
terfield [2006], focussing on how symmetries yield conserved quantities according
to Noether’s first theorem (see Section 7, below), and thereby reduce the number
of variables that need to be considered in solving a problem.

We end these brief remarks on symmetry and transformation theory in classical
mechanics by emphasizing two points.

First, we note that a problem-solving strategy according to which a dynamical
problem (equation) is transformed into another equivalent problem (equation) by
means of a symmetry might be seen as an example of the application of Curie’s
principle in its modern version (see here Section 2.2): by transforming an equation
into another equivalent equation using a specific symmetry we may arrive at an
equation which we can solve; the solution of the new equation is related to the
unknown solution of the old equation by the specific symmetry; that is, we thereby
arrive at an equivalent solution.

Second, we emphasize that in all these developments the invariance properties
of the dynamical equations, though undoubtedly important, were considered ex-
clusively in an instrumental way. That is, canonical transformations were studied
only for the purpose of solving the dynamical problem at hand. The equations
were given, and their invariance properties were investigated to help find their
solutions. The formulation of Einstein’s Special Theory of Relativity at the begin-
ning of the twentieth century brings an inversion of this way of thinking about the
relationship between symmetries and physical laws, as we shall see in the following
section.

5.2 Symmetry principles as guides to theory construction

The principle of relativity, as expressed by Einstein in his 1905 paper announcing
the Special Theory of Relativity, asserts that

The laws by which the states of physical systems undergo changes are
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independent of whether these changes are referred to one or the other
of two coordinate systems moving relatively to each other in uniform
motion.34

It further turns out that these coordinate systems are to be inertial coordinate
systems, related to one another by the Lorentz transformations comprising the
inhomogeneous Lorentz group.

The principle of relativity thus stated meets the conditions listed above in Sec-
tion 1 for a symmetry principle:

• The Lorentz transformations, applied to the independent and dependent
variables of the theory, leave the form of the laws as stated in one inertial
system unchanged on transformation to another inertial coordinate system.

• The Lorentz transformations map a solution, given relative to an inertial
coordinate system, into another solution.

This principle was explicitly used by Einstein as a guide to theory construction:
it is a principle that must be satisfied whatever the final details of the theory.35

Indeed, using just the principle of relativity and the light postulate, Einstein de-
rives various results, including the Lorentz transformations. As noted above, this
represents a reversal in the priority that, since the time of Newton, had been given
to the relativity principle versus the dynamical laws. Huygens used the relativ-
ity principle as a basic postulate from which to derive dynamical results, but in
Newton the relativity principle, initially presented in his manuscripts as an inde-
pendent postulate, is relegated in the Principia to a corollary.36 From then until
Einstein, the relativity of inertial motion is seen as a consequence of the particular
laws under consideration, and something that could turn out to be false once the
details of the laws of some particular interaction are known. Similarly for classical
physics in general, symmetries — such as spatial translations and rotations —
were viewed as properties of the laws that hold as a consequence of those par-
ticular laws. With Einstein that changed: symmetries could be postulated prior
to details of the laws being known, and used to place restrictions on what laws
might be postulated. Thus, symmetries acquired a new status, being postulated
independently of the details of the laws, and as a result having strong heuristic
power. As Wigner wrote, Einstein’s papers on special relativity ‘mark the reversal
of a trend’: after Einstein’s works, ‘it is now natural to try to derive the laws of
nature and to test their validity by means of the laws of invariance, rather than
to derive the laws of invariance from what we believe to be the laws of nature’
[Wigner, 1967, 5].

34Miller’s [1981] translation, p. 395.
35For discussion of the principle/constructive theory distinction in Einstein, see [Brown, 2006,

ch. 6] and [Howard, 2007].
36In fact, it does not follow from Newton’s three laws of motion — we must further assume

the velocity independence of mass and force. See [Barbour, 1989, Section 1.2].
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The methodology that had served Einstein well with the Special Theory of Rel-
ativity (STR) also had a role in his development of the General Theory (GTR), for
which he used various different principles as restrictions on the possible form that
the eventual theory might take.37 One of these was, so Einstein maintained, an
extension of the principle of relativity found in STR to include coordinate systems
that are in accelerated motion relative to one another, implemented by means of
the requirement that the equations of his new theory be generally covariant. Ein-
stein was seeking a “Machian” solution to the challenge of Newton’s bucket, which
he took to require that there be no preferred reference frames. Thus, in his 1916
review article Einstein wrote that ‘The laws of physics must be of such a nature
that they apply to systems of reference in any kind of motion. Along this road we
arrive at an extension of the postulate of relativity’ (emphasis in original).

The questions of whether or not the principle of general covariance (a) makes
any arbitrary smooth coordinate transformation into a symmetry transformation,
and (b) is a generalization of the principle of relativity, have been much discussed.
The answer to (b) is a definitive ‘no’, but there is less consensus at present about
the answer to (a).38 In the following section we take up discussion of (a). Here we
close with a few brief remarks concerning (b).

Even if general covariance in GTR is a symmetry principle, it is not an extension
of the relativity principle. That is to say, general covariance says nothing about
the observational equivalence of distinct reference frames.39 As already noted, the
thought that general covariance might provide such a principle was, for Einstein,
connected with his attempts to provide a “Machian” resolution to the challenge
of Newton’s bucket, and with his principle of equivalence. However, the principle
of equivalence does not imply the observational equivalence of reference frames
in arbitrary states of motion (Einstein never thought that it did), and Einstein
eventually realized that GTR does not vindicate a solution to Newton’s bucket
that depends only on the relative motion of matter.40

Whatever the subtleties of whether, and to what extent, general covariance is a
symmetry principle, it is clear that it had enormous heuristic power, not just for
Einstein in his development of GTR, but also beyond. Think for example Hilbert’s
work on the axiomatization of physics (see [Corry, 2004], and references therein),
and Weyl’s attempts to construct a unified field theory (see [O’Raifeartaigh, 1997],
for an English translation of Weyl’s 1918 paper ‘Gravitation and Electricity’, and
see also [Weyl, 1922]). In all these cases, general covariance provided a power-
ful tool for theory construction. In the following Section we discuss further the

37Primarily the following: the principle of relativity, later (in 1918) distinguished from what
Einstein referred to as ‘Mach’s principle’; the principle of equivalence; and the principle of
conservation of energy–momentum.

38See for example [Torretti, 1983, 152–4]; Norton [1993], who also discusses the relationship
with the principle of equivalence; Anderson [1967].

39For further discussion see, for example, [Norton, 1993] and [Torretti, 1983, Section 5.5].
40For a clear and concise discussion, see [Janssen, 2005].
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significance and interpretation of general covariance in GTR.41

6 GENERAL COVARIANCE IN GENERAL RELATIVITY

In the preceding Section we noted the role of the principle of general covariance as a
guide to theory construction. In this Section we turn our attention to a number of
further issues relating to general covariance in GTR that have received attention
in the philosophical literature. We begin with the issue, raised in the preced-
ing section, concerning the status of arbitrary smooth coordinate transformations
as symmetry transformations. We then discuss various characteristics associated
with general covariance, including those pointed to by Einstein’s so-called ‘hole
argument’, before turning to the issue of whether or not general covariance has
physical content.42 We postpone discussion of Noether’s theorems to Section 7,
below.

6.1 General covariance and arbitrary coordinate transformations as
symmetry transformations

Does the principle of general covariance make any arbitrary smooth coordinate
transformation into a symmetry transformation? One way to approach this ques-
tion is to consider active rather than passive transformations (see Section 4.1,
above), and to compare the situation in GTR with that in STR.

In STR, a Lorentz transformation — actively construed — picks up the matter
fields and redistributes them with respect to the spacetime structure encoded in
the metric. The principle of relativity holds for such transformations because the
evolution of the matter fields in the two cases (related by the Lorentz transfor-
mation) are observationally indistinguishable: no observations, in practice or in
principle, could distinguish between the two scenarios. In GTR, active general
covariance is implemented by active diffeomorphisms on the spacetime manifold
(see [Rovelli, this vol., ch. 12, Section 4.1]). These involve transformations of not
just the matter fields, but also the metric field, in which both are redistributed
with respect to the spacetime manifold. Once again, the “two cases” are observa-
tionally “indistinguishable”, but this time the reason generally given is that the
“two cases” are in fact just one case.43

Why should we accept that there are two genuinely distinct cases when consider-
ing the Lorentz transformations in STR, and only one case for the diffeomorphisms
of GTR? One approach would be to claim that a crucial difference between the
two is that a Lorentz transformation can be implemented on an effectively iso-
lated sub-system of the matter fields, producing an observably distinct scenario in

41For detailed presentation of the Special and General Theories of Relativity, see [Malament,
this vol., ch. 3]. See also [Rovelli, this vol., ch 12, Section 4].

42See also [Belot, this vol., ch. 2].
43See also Section 6.2, penultimate paragraph.
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which, nevertheless, the evolution of the sub-system in question is indistinguish-
able assuming no reference is made to matter fields outside that subsystem. For
example, in Galileo’s famous ship experiment we consider two observably distinct
scenarios — one in which the ship is at rest with respect to the shore, and one
in which it moves uniformly with respect to the shore — and we notice that the
behaviour of physical systems within the cabin of the ship does not distinguish
between the two scenarios.44 No analogue of the Galilean ship experiment can be
generated for the general covariance of GTR.45

The importance of symmetry transformations being implementable to produce
observationally distinct scenarios has been emphasized by Kosso [2000]. On this
view, the observational significance of symmetry transformations rests on a combi-
nation of two observations being possible in principle. First, it must be possible to
confirm empirically the implementation of the transformation — hence the impor-
tance of being able to generate an observationally distinguishable scenario through
the transformation of a subsystem. Second, we must be able to observe that the
subsequent internal evolution of the subsystem is unaffected. That we cannot meet
the first of these requirements for arbitrary smooth coordinate transformations in
GTR marks a difference between these and the Lorentz transformations.46

On this approach, while the field equations of GTR take the same form for any
choice of coordinate system, this is not sufficient for arbitrary coordinate trans-
formations to be symmetries. In addition, the actively construed transformations
must have a physical interpretation — we must be transforming one thing with
respect to something else. When we perform a diffeomorphism, we get back the
same solution, not a new solution, for we are not re-arranging the matter fields
with respect to the metric.

We stress that this is only one way to approach the issue of whether general
covariance should be understood as a symmetry principle in GTR. A contrasting
position may be found in [Anderson, 1967, Section 10-3], who argues that we must
understand Einstein as viewing general covariance as a symmetry requirement,
and attempts to spell out the conditions under which it can function as such.

44This implementation can be only approximate, relying on the degree to which the subsystem
in question can be isolated from the “external” matter fields.

45One suggestion might be that we perform a transformation T which is the identity outside
some region R, and which differs from the identity within that region. This will not achieve the
desired result. The two scenarios must have observationally distinct consequences, at least in
principle. In the case of Galileo’s ship, if we allow the subsystem to interact with other matter
once again, we will see that in one case the ship crashes into rocks (for example), while in the
other it suffers no such collision. Thus, we have observational distinguishability in principle.
The transformation T does not produce a scenario which any future events could enable us to
distinguish from the original.

46Indeed, this result applies generally to local versus global symmetries. See also [Brading and
Brown, 2004].
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6.2 Characteristics of generally covariant theories

Any generally covariant theory will possess certain characteristics that are philo-
sophically noteworthy. First, there will be a prima facie problem with causality
and determinism within the theory, and second, there will be constraints on the
specification of the initial data. Einstein recognized aspects of the first character-
istic while he was searching for his theory of gravitation, maintaining from 1913
through until the fall of 1915 that his so-called ‘hole argument’ provided grounds
for concluding that no generally covariant theory could be physically acceptable.

In the ‘hole argument’, Einstein considers a region of spacetime in which there
are no matter fields (the “hole”), and then shows that in a generally covariant
theory no amount of data about the values of the matter and gravitational fields
outside the hole is sufficient to uniquely determine the values of the gravitational
field inside the hole. From this, Einstein concluded that no generally covariant
theory could be physically acceptable.47

The context to bear in mind here is that Einstein was searching for a theory in
which the matter fields plus the field equations would uniquely determine the met-
ric.48 In the summer of 1915 Einstein lectured on relativity theory in Göttingen
where his audience included David Hilbert. If we assume that Einstein’s presen-
tation included a version of his ‘hole argument’, then we can reasonably infer that
Hilbert was quick to reinterpret the issue that the ‘hole argument’ points to, and
to present the problem raised for generally covariant theories in terms of whether
such theories permit well-posed Cauchy problems.49

In the years immediately following the advent of GTR, Hilbert played a cen-
tral role in spelling out the problems of causality and determinism faced by any
generally covariant theory. He pointed out that in any such theory, including
GTR, there will be four fewer field equations than there are variables, leading to a
mathematical underdetermination in the theory. As Hilbert stressed, the Cauchy
problem is not well-posed: given a specification of initial data, the field equations
do not determine a unique evolution of the variables.

We can see the connection between the underdetermination problem and gen-
eral covariance as follows. For the Cauchy problem to be well-posed, we must be
able to express the second time derivatives of the metric in terms of the initial data
(plus the further spatial derivatives that can be calculated from the initial data).
However, if we re-express the 10 (source-free) Einstein field equations Gµν = 0
so as to explicitly display all the terms containing the second time derivative of
the metric, we see that we have ten equations for six unknowns gij,00, the remain-
ing four second time derivatives gµ0,00 failing to appear in the equations.50 This

47For presentation and discussion of the ‘hole argument’, see Norton [1984, 286–291] and [1993,
Sections 1-3], Stachel [1993], and Ryckman [2005, Section 2.2.2]. See also [Rovelli, this vol., ch.
12, Section 4.1.1].

48For more on Einstein’s (mis)appropriation of Mach’s principle, see [Barbour, 2005].
49Brading and Ryckman [2007]; see also [Brown and Brading, 2002, especially Section IV].
50See [Adler, Bazin and Schiffer, 1975, ch. 8] for details of the over- and under-determination

issues.
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is a direct consequence of general covariance: we can always make a coordinate
transformation in the neighborhood of the initial data surface such that the met-
ric components and their first derivatives are unchanged, while the second time
derivatives gµ0,00 vanish on that surface. Thus the field equations, which must be
valid in all coordinate systems, cannot possibly contain information on the second
time derivatives. The initial data do not determine the metric uniquely: there are
four arbitrary functions gµ0,00 that we are free to choose.

Today, it is customary to assert from the outset that solutions of Einstein’s
field equations differing only in the choice of these four arbitrary functions are
physically equivalent.51 But here we should note that this “gauge freedom” in-
terpretation of general covariance leads to problems of its own.52 For example,
within this framework the observables of the theory must be “gauge invariant”
quantities, but such quantities have (to date) turned out to be far removed from
anything “observable” in the operational sense. The gauge freedom interpretation
of general covariance is sometimes accompanied by the view that this freedom
— and therefore general covariance itself — lacks physical content. We turn to
consider this issue in Section 6.3, below.

In our explanation of the underdetermination problem, above, we noted that the
Einstein equations provide ten equations for the six unknowns gij,00. The other
face of the underdetermination problem is therefore an overdetermination problem
with respect to the gij,00, and what this means is that there will be constraints
on the specification of the data on the initial hypersurface. This is the second
characteristic of all generally covariant theories that we mentioned in our opening
remarks of the current subsection. Indeed, the presence of constraint equations
is a feature shared with other theories with a local symmetry structure, such as
electromagnetism. Philosophically, the significance lies in the relationship between
the theory and the initial data. In the seventeenth century Descartes wrote a story
of a world created in a state of disorder from which, by the ordinary operation of
the laws of nature, a world seemingly similar to our own emerged.53 This image
of the world emerging from an initial chaos has a long history, of course, but
the emergence of order by means of the operation of the laws of nature offered
a novel twist to the tale. It involves the separation of initial conditions, which
could be anything, from the subsequent law-governed evolution of the cosmos. In
modern terms, this is a theory without constraints: the theory determines which
properties of a system must be specified in order to give adequate initial data,
but we are then free to assign whatever values we please to these properties;
the equations of the theory are used to evolve that data forwards in time. A
theory with constraints, by contrast, contains two types of equations: constraint
equations that must be satisfied by the initial data, as well as evolution equations.

51Recall the discussion of Section 6.1, above.
52See [Belot, this vol., ch. 2].
53Written around 1633, Le Monde was not published in Descartes’s lifetime. For an English

translation see Descartes [1998]. The “order out of disorder” story is in the Treatise on Light,
chs. 6 and 7. Whether the ordinary operation of the laws of nature was sufficient to bring order
out of chaos became a much-disputed issue.
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In GTR, four of the ten field equations connect the curvature of the initial data
hypersurface with the distribution of mass–energy on that hypersurface, and the
remaining six field equations are evolution equations. To sum up, in a theory with
constraints, the initial “disorder” cannot be so disordered after all, but must itself
satisfy constraints set down by the laws of the theory.

6.3 Does general covariance have any physical significance?

As we saw in Section 5, Einstein treated general covariance as a symmetry prin-
ciple guiding the search that produced his General Theory of Relativity. There is
no doubt that general covariance proved a useful heuristic for Einstein, but there
remains an ongoing dispute over whether general covariance in fact has any phys-
ical significance. The issue was forcefully raised by Kretschmann already in 1917.
The thrust of the argument, which continues to reverberate today, is that any the-
ory can be given a generally covariant formulation given sufficient mathematical
ingenuity, and therefore the principle of general covariance places no restrictions
on the physical content of a theory. Indeed, Norton [2003] begins his discussion
of the issue by claiming that this negative view of general covariance has become
mainstream, before going on to give an alternative viewpoint (see below).

It seems clear to us that the characteristic features of generally covariant theories
discussed above may, in some theories at least (including GTR), be far from trivial,
and that the mainstream view — which would indeed render these issues trivial
— should be opposed. Those wishing to oppose the mainstream view adopt a two-
step general strategy: first, show under what conditions general covariance places
a restriction on the physical content of a theory; and second, demonstrate what
those implications for physical content consist in. Thus, the general mathematical
point that any theory can be put into generally covariant form is conceded, but
the implication that general covariance is therefore necessarily physically vacuous
is resisted by attention to the manner in which general covariance is implemented
in a given theory or class of theories.

For example, Anderson [1967], Ohanian and Ruffini [1994], Norton [2003], and
Earman [2006] each attempt to explain under what conditions the purely mathe-
matical feature of general covariance comes to have physical bite.54 Anderson dis-
tinguishes between the symmetries of a theory (which have physical significance)
and the covariance group of the equations (which need not). Anderson is the clas-
sic reference for the distinction between “absolute” and “dynamical” objects,55

54See also [Norton, 1993, especially Section 5], and [Rovelli, this vol., ch. 12, Section 4.1.3].
55It has proved difficult to make the distinction between absolute and dynamical objects pre-

cise, but the intuitive idea is clear enough. Dynamical objects satisfy field equations and interact
with other objects, whereas absolute objects are not affected by the dynamical behaviour of other
fields appearing in the theory. For a careful and detailed treatment of Anderson’s approach, and
the counter-examples that have been raised, see [Pitts, 2006]. The conclusion of this paper is
that Anderson’s intuition can be made sufficiently precise to cope with all counter-examples that
have appeared in the literature to date (including one due to Pitts himself), but that there is
another example, due to Geroch, that Pitts has been unable to resolve. The debate goes on!
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and in this terminology the covariance group of the equations of a theory becomes
a symmetry group if and only if the theory contains no absolute objects. Ohanian
and Ruffini [1994] appeal to the distinction they make between invariance and co-
variance of the equations of a theory.56 Covariance, they agree, is a mathematical
feature (perhaps simply an artefact of the particular formulation of the theory at
hand); but we require not only the covariance of the equations, but also that for
any objects (with one or more components) appearing in the theory that are nev-
ertheless independent of the state of matter (such as the speed of light, Planck’s
constant, etc.), their value should be unchanged by the general coordinate trans-
formations. Norton [2003] emphasizes the role of physical considerations in fixing
the content of a theory such that this restricts the formal games that we can play.
Earman [2006] begins by taking pains to emphasize the distinction between the
‘mere co-ordinate freedom’ (associated with arbitrary coordinate transformations,
passively construed) and ‘the substantive demand that diffeomorphism invariance
is a gauge symmetry of the theory at issue’. That is to say, he reminds us that the
issue at stake is not our ability to re-write a theory in generally covariant form (it
is conceded that this is something we can always do, given sufficient mathematical
ingenuity), but the relationship between the physical situations that are related by
diffeomorphisms, i.e. by (active) point transformations (see Section 6.1, above).
‘Substantive general covariance’ holds when diffeomorphically related models of
the theory represent different descriptions of the same physical situation. The
claim is that GTR satisfies substantive general covariance whereas generally co-
variant formulations of such theories as STR need not, and the goal is to show
that this requirement provides demarcation between theories in which general co-
variance represents a physically significant property of the theory, and those in
which it does not.57

Thus, Anderson, Ohanian and Ruffini, Norton, and Earman each seek to add
bite to the “merely mathematical” requirement of general covariance by placing
conditions on the manner in which it is implemented in the theory. Once these
requirements are added, various consequences follow for the content of the theory,
such as that the metric be a dynamical object. In each case, the aim is to elevate
general covariance as implemented in GTR to a symmetry principle.58

Considerations of the significance of general covariance in theories of gravitation
led to the formulation of three theorems important for the general interpretation
of symmetries in physics. These theorems are due to Emmy Noether and Felix
Klein, and will be discussed in the following section.

56See Section 4.1.
57One important tool for distinguishing genuine ‘gauge theories’ from those in which the local

symmetry in question is merely formal is Noether’s second theorem; see Section 7, below.
58Brown and Brading [2002] attempt to analyze in more detail, by means of Noether’s theorems

(see Section 7, below), what additional conditions must be added to general covariance in order
to arrive at specific aspects of the content of GTR.
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7 NOETHER’S THEOREMS

Any discussion of the significance of symmetries in physics would be incomplete
without mention of Noether’s theorems. These theorems relate symmetry proper-
ties of theories to other important properties, such as conservation laws.

Within physics, the term ‘Noether’s theorem’ is most frequently associated with
a connection between global continuous symmetries and conserved quantities. Fa-
miliar examples from classical mechanics include the connections between: spatial
translations and conservation of linear momentum; spatial rotations and conser-
vation of angular momentum; and time translations and conservation of energy.
In fact, this theorem is the first of two theorems presented in her 1918 paper
‘Invariante Variationsprobleme’.59

Before stating the two theorems, we begin with the following cautionary remark.
The connection between variational symmetries (connected to the invariance of the
action, and in terms of which Noether’s theorems are formulated) and dynamical
symmetries (concerning the dynamical laws, which is the topic of our discussion
here) is subtle (see [Olver, 1993, ch. 4]). Noether herself never addressed the
connection, and never used the word ‘symmetry’ in her paper. She discusses
integrals mathematically analogous to (but generalizations of) the action integrals
of Lagrangian physics, and uses variational techniques and group theory to elicit
a pair-wise correspondence between variational symmetries of the integral and a
set of identities.

Noether then proves two theorems, the first for the case where the variational
symmetry group depends on constant parameters, and the second for the case
where the variational symmetry group depends on arbitrary functions of the vari-
ables.60 In the following statement of her theorems we use the term ‘Noether
symmetry’ to refer to a symmetry of the field equations for which the change in
the action arising from the infinitesimal symmetry transformation is at most a
surface term. Using the terminology of Section 4.2, the first type of symmetry
then corresponds to a global dynamical symmetry, and the second to a local one.
We state the theorems in a form appropriate to Lagrangian field theory; Noether’s
own statement of the theorems involves no such specialization. For discussion
of the first theorem in the context of finite-dimensional classical mechanics see
[Butterfield, this vol., ch. 2, Section 2.1.3]. We state the theorems so that we can
refer back to them to characterize the conceptual content, but for discussion of the
mathematical detail of their derivation and content we refer the reader elsewhere
— see especially [Olver, 1993] and [Barbashov and Nesterenko, 1983].

We can state Noether’s two theorems, for a Lagrangian density L depending on
the fields φi(x) and their first derivatives, as follows.

59For an English translation see [Noether, 1971].
60See [Brading and Brown, 2007].
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Noether’s first theorem

If a continuous group of transformations depending smoothly on ρ constant param-
eters ωk (k = 1, 2, ..., ρ) is a Noether symmetry group of the Euler-Lagrange equa-
tions associated with a Lagrangian L(φi, ∂µφi, xµ), then the following ρ relations
are satisfied, one for every parameter on which the symmetry group depends:61∑

i

EL
i ξki = ∂µj

µ
k . (1)

On the left-hand side we have a linear combination of Euler expressions,

EL
m ≡

∂L

∂φm
− ∂µ

(
∂L

∂φm,µ

)
(2)

where
EL
m = 0 (3)

are the Euler-Lagrange equations for the field φm. (The ξmi depend on the partic-
ular symmetry transformations and fields under consideration, and the details are
not important for our current purposes.)

On the right-hand side we have the divergence of a current, jµk . When the
left-hand side vanishes, the divergence of the current is equal to zero, and this
expression can be converted into a conserved quantity subject to certain conditions.
Thus, Noether’s first theorem gives us a connection between global symmetries and
conserved quantities.62

Noether’s second theorem

If a continuous group of transformations depending smoothly on ρ arbitrary func-
tions of time and space pk(x) (k = 1, 2, ..., ρ) and their first derivatives is a Noether
symmetry group of the Euler-Lagrange equations associated with a Lagrangian
L(φi, ∂µφi, xµ), then the following ρ relations are satisfied, one for every function
on which the symmetry group depends:∑

i

EL
i aki =

∑
i

∂ν(bνkiE
L
i ). (4)

The aki and bνki depend on the particular transformations of the fields in ques-
tion, and while again the details need not concern us here, we note for use below
that while the aki arise even when the symmetry transformation is a global trans-
formation, the bνki occur only when it is local.63 What we have here, essentially,

61Note that we are using the Einstein summation convention to sum over repeated greek
indices.

62This theorem is widely discussed. See especially [Barbashov and Nesterenko, 1983]; [Doughty,
1990]. We refer the reader to [Butterfield, this vol., ch. 2] and [Butterfield, 2006] for further
discussion of Noether’s first theorem in the context of finite-dimensional classical mechanics.

63Once again, the reader is referred to [Brading and Brown, 2007] for further details.
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is a dependency between the Euler expressions and their first derivatives. This
dependency holds as a consequence of the local symmetry used in deriving the
theorem. In the case when all the fields are dynamical (i.e. satisfy Euler-Lagrange
equations) it follows that not all the field equations are independent of one an-
other. This formal underdetermination is characteristic of theories with a local
symmetry structure.64

As Hilbert recognized in the context of generally covariant theories of grav-
itation, the underdetermination is independent of the specific form of the La-
grangian.65 In the case of General Relativity, once we specify the Lagrangian and
substitute it into (4), we arrive at the (contracted) Bianchi identities.

For Noether herself, the impetus for the paper arose from the discussions over
the status of energy conservation in generally covariant theories between Hilbert,
Klein and Einstein, during which Hilbert commented that energy conservation for
the matter fields no longer has the same status in generally covariant theories as it
had in previous (non-generally covariant) theories, because it follows independently
of the field equations for the matter fields. Noether’s two theorems can be used
to support this conjecture (see [Brading, 2005]). The discussion over the status
of energy conservation in General Relativity continues, the root of the issue being
that energy-momentum cannot, in general, be defined locally.66

Today, the significance of Noether’s results lie in their generality. Many of
the specific connections between global spacetime symmetries and their associated
conserved quantities were known before Noether’s 1918 paper, and both Einstein
and Hilbert anticipated some aspects of the second theorem in their investigations
of energy conservation during and after the development of GTR.67 However, her
systematic treatment allows us to understand that these relations do not rely on
the detailed dynamics of a particular theory, but in fact follow from the structure
of Lagrangian theories and significantly weaker stipulations than the full dynam-
ics of the theory. For example, general covariance leads to energy conservation
in GTR given satisfaction of the gravitational field equations, but independently

64Whether the dependencies expressed by the second theorem are trivial or not depends on
the status of the fields with respect to which the local symmetry holds. It is in this way that
Noether’s second theorem can be used as a tool in the attempt to demarcate ‘true gauge theo-
ries’ from theories where the local symmetry is a ‘mere mathematical artefact’ (see Section 6.3
above, and [Earman, 2006]). For a ‘true gauge theory’ the dependencies have significant physical
implications.

65[Hilbert, 1915].
66The energy-momentum conservation law in General Relativity is formulated in terms of the

vanishing of the covariant divergence of the energy-momentum tensor associated with the matter
fields. Alternatively, we can express this in terms of the vanishing of the coordinate divergence
of the energy-momentum of the matter fields plus that of the gravitational field. The latter term
falling under the divergence operator is not uniquely defined and, pertinent the issue of non-
localizability, may vanish in some coordinate systems and not in others. We can understand this
coordinate dependence by reflecting on the equivalence principle, according to which partitioning
the inertial-gravitational field to obtain a division between inertial and gravitational forces is
itself a coordinate-dependent issue. For further discussion see, for example, [Misner, Thorne and
Wheeler, 1970, 467–8], and [Wald, 1984, 70]. See also [Malament, this vol., ch. 3].

67On Einstein, see [Janssen, 2005, 75–82]; and see [Sauer, 1999] on Hilbert.
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of the detailed form of those equations, and independently of the field equations
for the matter fields (indeed, independently of whether the matter fields satisfy
Euler-Lagrange equations at all).68 Noether’s theorems are a powerful tool for in-
vestigating the structure of theories — which assumptions are required to generate
which aspects of the theory, and so forth.69

It is worthwhile mentioning a third theorem, connected with Noether’s two
theorems and derived in the same context (i.e. the study of generally covariant
theories of gravitation and conservation of energy) by Felix Klein [1918]. We call it
the ‘Boundary theorem’ for reasons associated with its method of derivation.70 As
with Noether’s second theorem, the Boundary theorem concerns local symmetries,
and results in a series of identities (termed the ‘cascade equations’ by Julia and
Silva [1998]).71 We state here a simplified version of the Boundary theorem in
which the action is left unchanged by an infinitesimal symmetry transformation
(i.e. we do not allow for the possibility of a surface term).72

The Boundary theorem (restricted form)

If a continuous group of transformations depending smoothly on ρ arbitrary func-
tions of time and space pk(x) (k = 1, 2, ..., ρ) and their first derivatives is a Noether
symmetry group73 of the Euler-Lagrange equations associated with a Lagrangian
L(φi, ∂µφi, xµ), then the following three sets of ρ relations are satisfied, one for
every parameter on which the symmetry group depends:

∑
i

∂µ(b
µ
kiE

L
i ) = ∂µj

µ
k (5)

∑
i

(bµkiE
L
i ) = jµk −

∑
i

[
∂ν

(
∂L

∂(∂νφi)
bµki

)]
(6)

(
∂L

∂(∂µφi)
bνki

)
+
(

∂L

∂(∂νφi)
bµki

)
= 0. (7)

Once again, the bνki depend on the particular transformations of the fields in
question, the details of which need not concern us here. The first identity is

68See [Brading and Brown, 2007].
69For a discussion of this in the case of general covariance, see [Brading and Brown, 2002].
70The Boundary theorem also appears in the work of Hermann Weyl, specialized to the case

of his unified field theory (see [Weyl, 1922, 287–289]; the first appearance was in the 1919 third
edition), and was published in a non-theory-specific form by Utiyama [1956; 1959].

71As with Noether’s second theorem, the Boundary theorem is a useful tool in the attempt to
demarcate ‘true gauge theories’ from theories where the local symmetry is a ‘mere mathematical
artefact’, through inspection of the identities that result from the theorem, and through the
physical significance — or otherwise — of these identities.

72For further details of the Boundary theorem, including the generalization that allows for a
surface term, see [Brading and Brown, 2007].

73The Boundary theorem is here stated in a restricted form such that the Noether symmetry
group must belong to the restricted class of such groups associated with an invariant action.
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connected to the existence of superpotentials associated with local symmetries.74

The second equation can be used to investigate the relationship between a field
and its sources. For example, in the case of classical electromagnetism, we can
investigate the relationship between the local gauge symmetry of the theory and
the condition that:

jµ = ∂νF
µν , (8)

i.e. that Maxwell’s equations with dynamical sources hold. Using the case of clas-
sical electromagnetism as our example once again, the third equation becomes the
condition that the electromagnetic tensor be antisymmetric (showing the relation-
ship between this condition and the local gauge symmetry of that theory):

Fµν + F νµ = 0. (9)

These remarks have been necessarily brief, and the reader is referred to [Bar-
bashov and Nesterenko, 1983], along with Brading and Brown [2003; 2007], for
detailed derivations and discussion of these results. The identities of the Bound-
ary theorem and of Noether’s two theorems are not all independent of one another,
and which is most useful depends on the context and the question under consider-
ation. As with Noether’s theorems, the Boundary theorem holds independently of
the specific details of the dynamical equations, and together they allow us to in-
vestigate structural features of our theories that are associated with the symmetry
properties of those theories.

8 THE INTERPRETATION OF SYMMETRIES IN CLASSICAL PHYSICS

In what follows, we begin with ‘Wigner’s hierarchy’, which has become the canon-
ical view of the relationship between symmetries, laws and events. We supplement
this with a brief discussion of the connection between symmetry and irrelevance,
and how this bears on the interpretation of the various symmetries described in
Section 4.2, above.

The general interpretation of symmetries in physical theories can adopt a num-
ber of complementary approaches. We can ask about the different roles that var-
ious symmetries play; about the epistemological, ontological or other status that
various symmetries have; and about the significance of the structures left invariant
by symmetry transformations. We end with some remarks on each of these issues.

8.1 Wigner’s hierarchy

The starting point for contemporary philosophical discussion of the status and sig-
nificance of symmetries in physics is Wigner’s 1949 paper ‘Invariance in Physical
Theory’, along with his three later papers published in 1964.75 In these papers,

74See, for example, [Trautman, 1962, 179].
75Wigner’s papers can be found in the collection Symmetries and Reflections [Wigner, 1967].
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Wigner makes the distinction mentioned above (see Section 4.2) between geomet-
rical and dynamical symmetries, which we will return to below. He also presents
his view of the hierarchy of physical knowledge, according to which symmetries
are viewed as properties of laws:

There is a strange hierarchy in our knowledge of the world around us.
Every moment brings surprises and unforeseeable events — truly the
future is uncertain. There is, nevertheless, a structure in the events
around us, that is, correlations between the events of which we take
cognizance. It is this structure, these correlations, which science wishes
to discover, or at least the precise and sharply defined correlations.
. . . We know many laws of nature and we hope and expect to discover
more. Nobody can foresee the next such law that will be discovered.
Nevertheless, there is a structure in the laws of nature which we call
the laws of invariance. This structure is so far-reaching in some cases
that laws of nature were guessed on the basis of the postulate that
they fit into the invariance structure. . . . This then, the progression
from events to laws of nature, and from laws of nature to symmetry or
invariance principles, is what I meant by the hierarchy of our knowledge
of the world around us. [Wigner, 1967, 28–30].

This view of symmetries, as properties of laws, has become canonical.

8.2 Symmetry and irrelevance

There is a general property of laws, or of the underlying events, to which symme-
tries are connected: the irrelevance of certain quantities that might otherwise be
thought to have physical significance.76 In Section 4.2 we outlined the variety of
symmetries found in physics, and in each case the symmetry is associated with a
property that is deemed irrelevant for the purposes of describing the law-governed
behaviour of a system. For example, left-right symmetry means that whether a
system is left-handed or right-handed is irrelevant to its law-governed evolution.
Famously, this symmetry is violated in the weak interaction: the law-governed
behaviour of systems turns out to be sensitive to handedness for certain processes
(see [Pooley, 2003]).

In Section 4.2 we characterized the distinction between global and local sym-
metries mathematically, in terms of the dependence on constant parameters and
arbitrary functions of time (and space) respectively. The physical meaning of this
distinction can be understood through the associated properties that are deemed
irrelevant. A global symmetry reflects the irrelevance of absolute values of a cer-
tain quantity: only relative values are relevant. So in Newtonian mechanics, for
example, spatial translation invariance holds and absolute position is irrelevant to

76For an analysis of the connection between symmetry, equivalence and irrelevance, see [Castel-
lani, 2003].
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the behaviour of systems.77 Only relative positions matter, and this is reflected
in the structure of the theory through the equations being invariant under global
spatial translations — the equations do not depend upon, or invoke, a background
structure of absolute positions.

A global symmetry is a special case of a local symmetry. A local symmetry re-
flects the irrelevance not only of absolute values, but furthermore of relative values
specified at-a-distance: only local relative values (i.e. relative values specified at a
point) are relevant. This is reflected in the structure of the theory by the equations
of motion not depending upon some background structure that determines relative
values at-a-distance (i.e. there is no global background structure associated with
the property in question).78

8.3 Roles of symmetries

The various different roles in which symmetries are invoked in physics have become
much more evident with the advent of quantum theory.79 Nevertheless, already
with the classification of crystals using their remarkable and varied symmetry
properties, we see the powerful classificatory role at work. Indeed, it was with
René-Just Haüy’s use of symmetries in this way that crystallography emerged
in 1801 as a discipline distinct from mineralogy.80 Furthermore, the heuristic
and/or normative role is clear for the principle of relativity in the construction of
both Special and General Relativity (see above, Section 5). The unificatory role,
so prominent now in the attempts to unify the fundamental forces, was already
present (although differing methodologically somewhat) in Hilbert’s attempt to
construct a generally covariant theory of gravitation and electromagnetism (see
[Sauer, 1999]) and in Weyl’s 1918 unified theory of gravitation and electromag-
netism, for example. Symmetries may also be invoked in a variety of explanatory
roles. For example, on the basis of Noether’s first theorem (see Section 7) we might
say that it is because of the translational symmetry of classical mechanics (plus

77We are considering here Newtonian mechanics, without Newton’s absolute space.
78Instead, we require the explicit appearance of a connection in our theory, which provides the

rules by which two distant objects may be brought together so that comparisons between them
may be made locally.

79The application of the theory of groups and their representations for the exploitation of
symmetries in the quantum mechanics of the 1920s represents a dramatic step-change in the
significance of symmetries in physics, with respect to both the foundations and the phenomeno-
logical interpretation of the theory. As Wigner emphasized on many occasions, one essential
reason for the ‘increased effectiveness of invariance principles in quantum theory’ [Wigner, 1967,
47] is the linear nature of the state space of a quantum physical system, corresponding to the
possibility of superposing quantum states. For details on the application of symmetries in quan-
tum physics we refer the reader to [Dickson, this vol., ch. 4, Section 3.3], [Landsman, this vol.,
ch. 5, Section 4.1], and [Halvorson, this vol., ch. 8, Section 5.2]. For philosophical discussions
see [Brading and Castellani, 2003].

80The use of discrete symmetries in crystallography continued through the nineteenth century
in the work of J. F. Hessel and A. Bravais, leading to the 32 point transformation crystal classes
and the 14 Bravais lattices. These were combined into the 230 space groups in the 1890s by E. S.
Fedorov, A. Schönflies, and W. Barlow. The theory of discrete groups continues to be important
in such fields as solid state physics, chemistry, and materials science.
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satisfaction of other conditions) that linear momentum is conserved in that theory.
Another example would be an appeal to symmetry principles as an explanation,
via Wigner’s hierarchy, for (i) aspects of the form of the laws, and thereby (ii) why
certain events occur and others do not.

8.4 Status of symmetries

Are symmetries ontological, epistemological, or methodological in status? It is
clear that symmetries have an important heuristic function, as discussed above
(Section 5) in the context of relativity. This indicates a methodological status,
something that becomes further developed within the context of quantum theory.
We can also ask whether we should attribute an ontological or epistemological
status to symmetries.

According to an ontological viewpoint, symmetries are seen as “existing in na-
ture”, or characterizing the structure of the physical world. One reason for at-
tributing symmetries to nature is the so-called geometrical interpretation of spa-
tiotemporal symmetries, according to which the spatiotemporal symmetries of
physical laws are interpreted as symmetries of spacetime itself, the “geometrical
structure” of the physical world. Moreover, this way of seeing symmetries can be
extended to non-external symmetries, by considering them as properties of other
kinds of spaces, usually known as “internal spaces”.81 The question of exactly
what a realist would be committed to on such a view of internal spaces remains
open, and an interesting topic for discussion.

One approach to investigating the limits of an ontological stance with respect
to symmetries would be to investigate their empirical or observational status: can
the symmetries in question be directly observed? We first have to address what it
means for a symmetry to be observable, and indeed whether all symmetries have
the same observational status. Kosso [2000] arrives at the conclusion that there are
important differences in the empirical status of the different kinds of symmetries.
In particular, while global continuous symmetries can be directly observed — via
such experiments as the Galilean ship experiment — a local continuous symmetry
can have only indirect empirical evidence.82

The direct observational status of the familiar global spacetime symmetries
leads us to an epistemological aspect of symmetries. According to Wigner, the
spatiotemporal invariance principles play the role of a prerequisite for the very
possibility of discovering the laws of nature: ‘if the correlations between events
changed from day to day, and would be different for different points of space, it
would be impossible to discover them’ [Wigner, 1967]. For Wigner, this conception
of symmetry principles is essentially related to our ignorance (if we could directly
know all the laws of nature, we would not need to use symmetry principles in our
search for them). Such a view might be given a methodological interpretation, ac-

81See Section 4.2, above, for the varieties of symmetry.
82See Section 6.1, above; and Brading and Brown [2003b], who argue for a different interpre-

tation of Kosso’s examples.
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cording to which such spatiotemporal regularities are presupposed in order for the
enterprize of discovering the laws of physics to get off the ground.83 Others have
arrived at a view according to which symmetry principles function as “transcen-
dental principles” in the Kantian sense (see for instance [Mainzer, 1996]). It should
be noted in this regard that Wigner’s starting point, as quoted above, does not im-
ply exact symmetries — all that is needed epistemologically (or methodologically)
is that the global symmetries hold approximately, for suitable spatiotemporal re-
gions, so that there is sufficient stability and regularity in the events for the laws
of nature to be discovered.

As this discussion, and that of the preceding Subsections, indicate, the dif-
ferences between various types of symmetry become important before we have
ventured very far into interpretational issues. For this reason, much recent work
on the interpretation of symmetry in physical theory has focussed not on gen-
eral questions, such as those sketched above, but on addressing interpretational
questions specific to particular symmetries.84

8.5 Symmetries, objectivity, and objects

Turning now to the issue of the structures left invariant by symmetry transforma-
tions, the old and natural idea that what is objective should not depend upon the
particular perspective under which it is taken into consideration is reformulated in
the following group theoretical terms: what is objective is what is invariant with
respect to the relevant transformation group. This connection between symme-
tries and objectivity is something that has a long history going back to the early
twentieth century at least. It was highlighted by Weyl [1952], where he writes
that ‘We found that objectivity means invariance with respect to the group of au-
tomorphisms.’ This connection between objectivity and invariance was discussed
particularly in the context of Relativity Theory, both Special and General. We
recall Minkowski’s famous phrase ([1908] 1923, 75) that ‘Henceforth space by it-
self, and time by itself, are doomed to fade away into mere shadows, and only a
kind of union of the two will preserve an independent reality’, following his ge-
ometrization of Einstein’s Special Theory of Relativity, and the recognition of the
spacetime interval (rather than intervals of space and of time) as the geometrically
invariant quantity. The connection between objectivity and invariance in General
Relativity was discussed by, amongst others, Hilbert and Weyl, and continues to
be an issue today.85

83We are grateful to Brandon Fogel for this point, and for the comparison he suggested be-
tween this view of spatiotemporal symmetries and the methodological face of Einstein’s notion
of separability.

84These include the varieties of gauge invariance found in classical electromagnetism and in
quantum theories, along with general covariance in GTR (these being continuous symmetries),
plus the discrete symmetries of parity (violated in the weak interaction) and permutation in-
variance, both of which are found in classical theory but require reconsideration in the light of
quantum theory. See [Brading and Castellani, 2003].

85We saw above (Sections 6.2 and 6.3) some aspects of this debate in the discussion of Einstein’s
‘hole argument’ and of the status of observables in GTR.
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Related to this is the use of symmetries to characterize the objects of physics
as sets of invariants. Originally developed in the context of quantum theory,
this approach can also be applied in classical physics.86 The basic idea is that
the invariant quantities — such as mass and charge — are those by which we
characterize objects. Thus, through the application of group theory we can use
symmetry considerations to determine the invariant quantities and “construct” or
“constitute” objects as sets of these invariants.87

In conclusion, then, the philosophical questions associated with symmetries in
classical physics are wide-ranging. What we have offered here is nothing more than
an overview, influenced by our own interests and puzzles, which we hope will be
of service in further explorations of this philosophically and physically rich field.
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électrique et d’un champ magnétique. Journal de Physique, 3e série, vol. 3: 393-417, 1894.
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[Klein, 1918] F. Klein. Über die Differentialgesetze für die Erhaltung von Impuls und En-
ergie in der Einsteinschen Gravitationstheorie. Königliche Gesellschaft der Wissenschaften
zu Göttingen. Mathematisch-physikalische Klasse. Nachrichten: 469-92, 1918.

[Kosso, 2000] P. Kosso. The empirical status of symmetries in physics. British Journal for the
Philosophy of Science, 51: 81-98, 2000.



1366 Katherine Brading and Elena Castellani

[Lanczos, 1949] C. Lanczos. The Variational Principles of Mechanics. University of Toronto
Press, [1949], 1962.

[Landsman, 2006] N. P. Landsman. Between classical and quantum. This volume.
[Mainzer, 1996] K. Mainzer. Symmetries of Nature. A Handbook. New York: de Gruyter, 1996.
[Malament, 2006] D. Malament. Classical relativity theory. This volume.
[Miller, 1981] A. I. Miller. Albert Einstein’s Special Theory of Relativity. Addison-Wesley Pub-

lishing Company, 1981.
[Minkowski, 1908] H. Minkowski. Space and time. In The Principle of Relativity. A Collection

of Original Memoirs on the Special and General Theory of Relativity. New York: Dover,
pages 75-91, [1908], 1923.

[Misner et al., 1970] C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. New York:
W. H. Freeman and Company, 1970.

[Noether, 1971] E. Noether. Noether’s theorem. Transport Theory and Statistical Physics, 1:
183-207, 1971.

[Norton, 1984] J. Norton. How Einstein found his field equations: 1912-1915. Hist. Stud. Phys.
Sci., 14: 253-316, 1984.

[Norton, 1993] J. Norton. General covariance and the foundations of general relativity: eight
decades of dispute. Rep. Prog. Phys., 56: 791-858, 1993.

[Norton, 2003] J. Norton. General covariance, gauge theories, and the Kretschmann objection.
In K. Brading and E. Castellani (eds.), pages 110-123, 2003.

[Ohanian and Ruffini, 1994] H. C. Ohanian and R. Ruffini. Gravitation and Spacetime, 2nd
edition. London, New York: W. W. Norton and company, 1994.

[Olver, 1993] P. J. Olver. Applications of Lie Groups to Differential Equations, 2nd edition,
New York: Springer, 1993.

[O’Raifeartaigh, 1997] L. O’Raifeartaigh. The Dawning of Gauge Theory. Princeton University
Press, 1997.

[Pitts, 2006] J. B. Pitts. Absolute objects and counterexamples: Jones-Geroch Dust, Tor-
retti constant curvature, Tetrad-Spinor, and scalar density. Studies in History and Philos-
ophy of Modern Physics, forthcoming, 2006. Manuscript available at Los Alamos arXive:
http://arxiv.org/abs/gr-qc/0506102/.

[Pooley, 2003] O. Pooley. Handedness, parity violation, and the reality of space. In K. Brading
and E. Castellani (eds.), pages 250-280, 2003.

[Radicati, 1987] L. A. Radicati. Remarks on the early developments of the notion of symmetry
breaking. In M. G. Doncel, A. Hermann, L. Michel, and A. Pais (eds.), Symmetries in physics
(1600-1980). Barcelona: Servei de Publicaciones, pages 195-206, 1987.

[Rovelli, 2006] C. Rovelli. Quantum gravity. This volume.
[Ryckman, 2005] T. Ryckman. The Reign of Relativity. Oxford University Press, 2005.
[Sauer, 1999] T. Sauer. The relativity of discovery: Hilbert’s first note on the foundations of

physics. Arch. Hist. Exact Sci., 53: 529-575.
[Shubnikow and Koptsik, 1974] A. V. Shubnikow and V. A. Koptsik. Symmetry in Science and

Art. London: Plenum Press, 1974.
[Stachel, 1993] J. Stachel. The meaning of general covariance: the hole story. In J. Earman et al.

(eds.), Philosophical Problems of the Internal and External World: Essays on the Philosophy
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ASPECTS OF DETERMINISM IN
MODERN PHYSICS

John Earman

1 INTRODUCTION

The aims of this chapter are to review some aspects of determinism that are famil-
iar to physicists but are little discussed in the philosophical literature and to show
how these aspects connect determinism to issues about symmetries in physics, the
structure and ontological status of spacetime, predictability, and computability.1

It will emerge that in some respects determinism is a robust doctrine and is quite
hard to kill, while in other respects it is fragile and requires various enabling as-
sumptions to give it a fighting chance. It will also be seen that determinism is far
from a dead issue. Whether or not ordinary non-relativistic quantum mechanics
(QM) admits a viable deterministic underpinning is still a matter of debate. Less
well known is the fact that in some cases QM turns out to be more deterministic
than its classical counterpart. Quantum field theory (QFT) assumes determinism,
at least at the classical level, in order to construct the field algebra of quantum
observables. Determinism is at the heart of the cosmic censorship hypothesis, the
most important unsolved issue in classical general relativity theory (GTR). And
issues about the nature and status of determinism lie at the heart of key foundation
issues in the search for a theory of quantum gravity.

2 PRELIMINARIES

2.1 The metaphysics of determinism

The proposal is to begin by getting a grip on the doctrine of determinism as it was
understood pre-GTR and pre-QM, and then subsequently to try to understand
how the doctrine has to be adjusted to accommodate these theories. In pre-GTR
physics, spacetime serves as a fixed background against which the drama of physics
is enacted. In pre-QM physics it was also assumed that there is a set O of gen-
uine physical magnitudes (a.k.a. “observables”) each of which takes a determinate

1Recent surveys of determinism are found in Butterfield [1998], Earman [2004a], and Hoefer
[2003]. A collection of articles on various aspects of determinism is found in Atmanspacher and
Bishop [2002].
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value at every moment of time; call these the occurrent magnitudes. Other phys-
ical magnitudes may be dispositional in character and may take on determinate
values only in appropriate contexts; but it was assumed that these dispositional
magnitudes supervene on the nondispositional magnitudes.2 A history H is a map
from R to tuples of values of the basic magnitudes, where for any t ∈ R the state
H(t) gives a snapshot of behavior of the basic magnitudes at time t. The world is
Laplacian deterministic with respect to O just in case for any pair of histories H1,
H2 satisfying the laws of physics, if H1(t) = H2(t) for some t, then H1(t) = H2(t)
for all t.

Several remarks are in order. First, the ‘t’ which appears in the above definition
is supposed to be a global time function. This notion can be defined in a manner
that applies to classical, special relativistic, and general relativistic spacetimes:
a global time function is a smooth map t : M → R, where M is the spacetime
manifold, such that for any p, q ∈ M, t(p) < t(q) just in case there is a future
directed timelike curve from p to q.3 In classical spacetimes, all of which possess
an absolute (or observer independent) notion of simultaneity, a timelike curve
is one which is oblique to the planes of absolute simultaneity. And the levels
t = const of a global time function must coincide with the planes of simultaneity;
thus, in the classical setting t is determined up to a transformation of the form
t → t′ = t′(t). In the relativistic setting a timelike curve is one whose tangent at
any point lies inside the light cone at that point. In causally pathological general
relativistic spacetimes (e.g. Gödel spacetime — see Section 6.1) there can be no
global time function, and the global sense of Laplacian determinism as defined
above makes no sense.4 But if one global time function exists for a relativistic
spacetime, then many exist. A poor choice of global time function can lead to the
failure of Laplacian determinism on the above definition. Thus, in the relativistic
setting, the definition of determinism must be construed as applying to a suitable
choice of time function, the nature of which will be clarified below.

Second, the above formulation of determinism assumes a distinction between
laws of nature on one hand and initial/boundary conditions on the other. Where
this distinction becomes mushy, so does the doctrine of determinism. There is a

2The general idea of supervenience is that X supervenes on Y iff within the range of possible
cases, there is no difference in X without a difference in Y . The strength and type of superve-
nience depends on what are counted as possible cases. Here the concern is mainly with physical
supervenience where the possible cases are those compatible with the laws of physics.

3This definition presupposes that the spacetime is temporally orientable and that one of the
orientations has been singled out as giving the future direction of time. The first presupposition
is satisfied for classical and special relativistic spacetimes. A general relativistic spacetime (see
[Malament, this vol.]) may not be temporally orientable, but a covering spacetime always is
since temporal orientability fails only if the spacetime is not simply connected. The second
presupposition implies that some solution to the problem of the direction of time has been found
(see [Uffink, this vol.]).

4A necessary and sufficient condition for the existence of a global time function for a relativistic
spacetime is stable causality which (roughly speaking) requires that there exists a widening of
the null cones that does not result in closed timelike curves; for a precise definition, see [Wald,
1984, 198-199]. Not only does Gödel spacetime not admit a global time function, it does not
admit any global time slices (i.e. spacelike hypersurfaces without edges).
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huge philosophical literature on laws of nature.5 Since most of it is unilluminating
when it comes to understanding the nature and function of laws in the practice of
physics, it will be largely ignored here. For present purposes I will simply stipulate
that an acceptable account of laws must satisfy the empiricist constraint that
the laws supervene on the totality of non-modal, particular facts.6 Philosophers
like to speculate about non-empiricist laws; but such entities, should they exist,
would seem to be beyond the ken of science, and as such they are irrelevant for
present purposes. I prefer David Lewis’ [1973, 72-77] way of fulfilling the empiricist
constraint since it connects the account of laws to the practice of physics: the
laws of physics are the axioms or postulates that appear in the ideal theory of
physics, where the ideal theory is the one that, within the class of true theories,
achieves the best balance between simplicity and information content. All of the
historical examples we have of candidates for deterministic laws involve a relatively
small subset B ⊂ O of basic occurrent magnitudes, the assumption being that the
remaining ones supervene on those of B.7 This is hardly surprising if, as has been
claimed, simplicity is a crucial feature of physical laws. Hermann Weyl shared
the conviction that simplicity must figure into an account of laws, but he noted
that “this circumstance is apt to weaken the metaphysical power of determinism,
since it makes the meaning of natural law depend on the fluctuating distinction
between simple and complicated functions or classes of functions” [1932, 42]. This
is, I think, a consequence that has to be swallowed and digested. Philosophers
who are answerable only to their armchairs are free to think otherwise.

Third, it is conceptually possible that the world could be partially deterministic,
i.e. deterministic with respect to partial histories defined by the values of mag-
nitudes in some proper subset D ⊂ O of the occurrent physical magnitudes but
non-deterministic with respect to partial histories defined by the values of magni-
tudes in some other proper subset N ⊂ O. But it is hard to imagine a scenario in
which this could happen if both D and N are basic magnitudes. For in order that
the non-deterministic evolution of the elements N not upset deterministic evolu-
tion for D, the magnitudes in N must not interact with those in D, or else there
would have to be a conspiracy in which the upsetting effects of the N magnitudes
on D cancel out, which is operationally the same. However, this plausibility con-
sideration fails to operate when the N are non-basic magnitudes; in particular, as
discussed below, stochastic processes on one level can supervene on deterministic
processes at a lower level (see [Butterfield, 1998]). This fact makes the inference
from observed stochastic behavior to indeterminism fraught with peril.

Fourth, the laws of physics typically take the form of differential equations,
in which case the issue of Laplacian determinism translates into the question of
whether the equations admit an initial value formulation, i.e. whether for ar-

5For an overview of different accounts of laws of nature, see [Carroll, 2004].
6This is what David Lewis has termed “Humean supervenience” with regards to laws of

nature; for a defense, see [Earman and Roberts, 2006].
7For example, in classical particle mechanics the elements of B are the positions and momenta

of the particles, and it is assumed that any other genuine mechanical magnitude can be expressed
as a functional of these basic magnitudes.
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bitrary initial data there exists a unique solution agreeing with the given initial
data.8 What counts as initial data depends on the details of the case, but typically
it consists of the instantaneous values of the independent variables in the equa-
tions, together with the instantaneous values of a finite number of time derivatives
of these variables. “Arbitrary” initial data might be thought to include any kine-
matically possible values of the relevant variable — as with the initial values of
particle positions and velocities in Newtonian mechanics — but “arbitrary” must
be taken to mean arbitrary within the bounds of compatibility with the equations
of motion, which may impose non-trivial constraints on the initial data. This leads
to the next remark.

Fifth, in the relativistic setting, field equations often factor into constraint
equations, which place restrictions on the initial data, and the evolution equa-
tions, which govern how initial data satisfying the constraint equations evolve over
time — Maxwell’s equations for electromagnetism and Einstein’s gravitational field
equations being prime examples. In these instances the evolution equations guar-
antee that once the constraint equations are satisfied they continue to be satisfied
over time. This should be a feature of deterministic equations, for if the data
at some future time in the unique solution picked out by the initial data do not
satisfy the constraints, then the laws are self-undermining. It could be argued
that a basic feature of time in relativistic worlds — perhaps the key feature that
separates the time dimension from the space dimensions — lies precisely in this
separation of evolution and constraint equations.9

Sixth, while there is no a priori guarantee that the laws of the ideal theory
of physics will be deterministic, the history of physics shows that determinism is
taken to be what might be termed a ‘defeasible methodological imperative’: start
by assuming that determinism is true; if the candidate laws discovered so far are
not deterministic, then presume that there are other laws to be discovered, or
that the ones so far discovered are only approximations to the correct laws; only
after long and repeated failure may we entertain the hypothesis that the failure
to find deterministic laws does not represent a lack of imagination or diligence
on our part but reflects the fact that Nature is non-deterministic. An expression
of this sentiment can be found in the work of Max Planck, one of the founders
of quantum physics: determinism (a.k.a. the law of causality), he wrote, is a
“heuristic principle, a signpost and in my opinion the most valuable signpost
we possess, to guide us through the motley disorder of events and to indicate
the direction in which scientific inquiry should proceed in order to attain fruitful
results” [1932, 26; my translation].10

8And as will be discussed below, there are further issues, such as whether the solution depends
continuously on the initial data.

9See [Callender, 2005] and [Skow, 2005] for defenses of related views on the difference between
space and time.

10For a history of the debates about the status of determinism among the founding fathers of
QM, see [Cushing, 1994] and [Stöltzner, 2003].
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2.2 Varieties of determinism

There is a tendency in the philosophical literature to fixate on the Laplacian
variety of determinism. But other kinds of determinism crop up in physics. For
example, some processes are described by delay-differential equations for which
instantaneous initial data may not suffice to single out a unique solution. A simple
example is given by the first order ordinary differential equation (ode) ẋ(t) =
x(t − C) with a constant delay C > 0. Laplacian determinism fails since given
initial data x(0) is compatible with multiple solutions. However, a near cousin
of Laplacian determinism holds since a specification of x(t) for the interval of
time t ∈ [−C, 0] fixes a unique solution.11 If the constant delay C replaced by a
function τ(t) of t which is unbounded, or if the delay-differential equation has a
more complicated form than in the simple example, then even the weakened forms
of Laplacian determinism can fail. An illustration of the latter is given by the
equation of motion is ẋ(t) = f(t)x(t− 1) where f(t) is a continuous function that
vanishes outside of [0, 1] and satisfies

∫
f(t)dt = −1. Raju [1994, 120ff] gives an

example of an f such that unless x(t) is identically 0 for all t ≥ 1, the equation of
motion admits no solutions for t < 0; whereas if x(t) is identically zero for t ≥ 1,
then the equation of motion admits an infinity of solutions for t < 0. Changing
the delay term x(t− 1) in this example to an advance term x(t + 1) produces an
example where an entire past history fails to fix a unique future solution. Very
little is known about the initial value problem for what is probably the most
important physical application of delay/advance differential equations; namely,
charged particles moving under their mutual retarded/advanced interactions.12

For sake of definiteness, fix on the Laplacian variety of determinism. Within this
variety there is a distinction between future and past determinism. Past Laplacian
determinism means that for any pair of histories H1, H2 satisfying the laws of
physics, if H1(t) = H2(t) for some t, then H1(t′) = H2(t′) for all t′ > t. Future
Laplacian determinism is defined analogously. In principle, Laplacian determinism
can hold in one direction of time but not in the other. However, if the laws of
motion are time reversal invariant, then future and past determinism stand or
fall together. Time reversal invariance is the property that if H is a history
satisfying the laws, then so is the ‘time reverse’ history HT , where HT (t) :=
RH(−t) and where ‘R’ is the reversal operation that is defined on a case-by-
case basis, usually by analogy with classical particle mechanics where H(t) =
(x(t),p(t)), with x(t) and p(t) being specifications respectively of the particle
positions and momenta at t, and RH(t) = (x(t),−p(t)).13 Since all of the plausible
candidates for fundamental laws of physics, save those for the weak interactions

11See [Driver, 1977] for relevant results concerning delay-differential equations.
12Driver [1979] studied the special case of identically charged particles confined to move sym-

metrically on the x-axis under half-retarded and half-advanced interactions. He showed that,
provided the particles are sufficiently far apart when they come to rest, a unique solution is
determined by their positions when they come to rest.

13A different account of time reversal invariance is given in [Albert, 2000, Ch. 1]; but see
[Earman, 2002] and [Malament, 2004].
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of elementary particles, are time reversal invariant, the distinction between past
and future determinism is often ignored.

This is the first hint that there are interesting connections between determinism
and symmetry properties.14 Many other examples will be encountered below,
starting with the following section.

2.3 Determinism and symmetries: Curie’s Principle

The statement of what is now called ‘Curie’s Principle’ was announced in 1894 by
Pierre Curie:

(CP) When certain effects show a certain asymmetry, this asymmetry
must be found in the causes which gave rise to it. [Curie 1894, 401]

Some commentators see in this Principle profound truth, while others see only
falsity, and still others see triviality (compare [Chalmers, 1970]; [Radicati, 1987];
[van Fraassen, 1991, 23–24], and [Ismael, 1997]). My reading of (CP) makes it a
necessary truth. It takes (CP) to assert a conditional:

If

(CP1) the laws of motion governing the system are deterministic; and
(CP2) the laws of motion governing the system are invariant under a
symmetry transformation; and (CP3) the initial state of the system is
invariant under said symmetry

then

(CP4) the final state of the system is also invariant under said symme-
try

When the first clause (CP1) in the antecedent holds, the second clause (CP2) can
be understood as follows: if an initial state is evolved for a period ∆t and then
the said symmetry is applied to the (unique) evolved state, the result is the same
as first applying the symmetry to the initial state and evolving the resulting state
for a period ∆t. With this understanding, the reader can easily derive (CP4) from
(CP1)-(CP3). Concrete instantiations of Curie’s principle at work in classical and
relativistic physics can be found in [Earman, 2004b]. An instantiation for GTR is
mentioned in Section 6.3 below.15

Although (CP) is a necessary truth, it is far from a triviality since it helps to
guide the search for a causal explanation of an asymmetry in what is regarded as
the final state of system: either the asymmetry is already present in the initial
state; or else the initial state is symmetric and the asymmetry creeps in over time,

14See [Brading and Castellani, this vol.] for a discussion of symmetries and invariances in
modern physics.

15For additional remarks on Curie’s principle, see [Brading and Castellani, this vol.].
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either because the laws that govern the evolution of the system do not respect
the symmetry or because they are non-deterministic. If, as is often the case, the
latter two possibilities are ruled out, then the asymmetry in the final state must
be traceable to an asymmetry in the initial state. It is also worth noting that the
use of (CP) has ramifications for the never ending debate over scientific realism;
for the asymmetry in the initial state may be imperceptible not only to the naked
eye but to any macroscopic means of detection.16

3 DETERMINISM AND INDETERMINISM IN CLASSICAL PHYSICS

3.1 The hard road to determinism in classical physics

Classical physics is widely assumed to provide a friendly environment for deter-
minism. In fact, determinism must overcome a number of obstacles in order to
achieve success in this setting. First, classical spacetime structure may not be
sufficiently rich to support Laplacian determinism for particle motions. Second,
even if the spacetime structure is rich, uniqueness can fail in the initial value
problem for Newtonian equations of motion if the force function does not satisfy
suitable continuity conditions. Third, the equations of motion that typically arise
for classical particles plus classical fields, or for classical fields alone, do not admit
an initial value formulation unless supplementary conditions are imposed. Fourth,
even in cases where local (in time) uniqueness holds for the initial value problem,
solutions can break down after a finite time.

The following subsection takes up the first of these topics — the connection
between determinism and the structure and ontology of classical spacetimes. The
others are taken up in due course.

3.2 Determinism, spacetime structure, and spacetime ontology

Here is the (naive) reason for thinking that neither Laplacian determinism nor
any of its cousins stands a chance unless supported by enough spacetime struc-
ture of the right kind. Assume that the (fixed) classical spacetime background is
characterized by a differentiable manifold M and various geometric object fields
O1, O2, ..., OM on M. And assume that the laws of physics take the form of
equations whose variables are the Oi’s and additional object fields P1, P2, ..., PN
describing the physical contents of the spacetime. (For the sake of concreteness,
the reader might want to think of the case where the Pj ’s are vector fields whose
integral curves are supposed to be the world lines of particles.) A symmetry of the
spacetime is a diffeomorphism d ofM onto itself which preserves the background
structure given by the Oi’s — symbolically, d∗Oi = Oi for all values if i, where

16For a more detailed discussion of Curie’s Principle and its connection to spontaneous symme-
try breaking in quantum field theory see [Earman, 2004b]; for spontaneous symmetry breaking
in quantum statistical physics, see [Emch, this vol.].
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d∗ denotes the drag along by d.17 By the assumption on the form of the laws, a
spacetime symmetry d must also be a symmetry of the laws of motion in the sense
that if 〈M, O1, O2, ..., OM , P1, P2, ..., PN 〉 satisfies the laws of motion, then so does
〈M, O1, O2, ..., OM , d∗P1, d

∗P2, ..., d
∗PN 〉.18

Now the poorer the structure of the background spacetime, the richer the space-
time symmetries. And if the spacetime symmetry group is sufficiently rich, it will
contain elements that are the identity map on the portion of spacetime on or below
some time slice t = const but non-identity above. We can call such a map a ‘deter-
minism killing symmetry’ because when applied to any solution of the equations
of motion, it produces another solution that is the same as the first for all past
times but is different from the first at future times, which is a violation of even
the weakest version of future Laplacian determinism.

As an example, take Leibnizian spacetime,19 whose structure consists of all and
only the following: a notion of absolute or observer-independent simultaneity; a
temporal metric (giving the lapse of time between non-simultaneous events); and
a Euclidean spatial metric (giving the spatial distance between events lying on a
given plane of absolute simultaneity). In a coordinate system (xα, t), α = 1, 2, 3
adapted to this structure, the spacetime symmetries are

xα → x′α = Rα
β (t)xβ + aα(t) α, β = 1, 2, 3(1)

t → t′ = t + const

where Rα
β (t) is an orthogonal time dependent matrix and the aα(t) are arbitrary

smooth functions of t. Clearly, the symmetries (1) contain determinism killing
symmetries.

It is also worth noting that if the structure of spacetime becomes very minimal,
no interesting laws of motion, deterministic or not, seem possible. For example,
suppose that the time metric and the space metric are stripped from Leibnizian
spacetime, leaving only the planes of absolute simultaneity. And suppose that the
laws of physics specify that the world is filled with a plenum of constant mass dust
particles and that the world lines of these particles are smooth curves that never
cross. Then either every smooth, non-crossing motion of the dust is allowed by the
laws of motion or none is, for any two such motions are connected by a symmetry
of this minimal spacetime.

Two different strategies for saving determinism in the face of the above con-
struction can be tried. They correspond to radically different attitudes towards

17A diffeomorphism d of the manifoldM is a one-one mapping ofM onto itself that preserves
M’s differentiable structure. For the sake of concreteness, assume that d is C∞.

18For on the assumption that the laws are (say) differential equations relating the Oi and Pj ,
they cannot be sensitive to the “bare identity” of the points of M at which the Oi and Pj take
some given values. This diffeomorphism invariance of the laws is one of the ingredients of what is
called substantive general covariance (see section 6.2). One might contemplate breaking diffeo-
morphism invariance by introducing names for individual spacetime points; but the occurrence
of such names would violate the “universal” character that laws are supposed to have.

19The details of various classical spacetime structures are to be found in [Earman, 1989].
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the ontology of spacetime. The first strategy is to beef up the structure of the
background spacetime. Adding a standard of rotation kills the time dependence
in Rα

β (t), producing what is called Maxwellian spacetime. But since the aα(t) are
still arbitrary functions of t there remain determinism killing symmetries. Adding
a standard of inertial or straight line motion linearizes the aα(t) to vαt + cα,
where the vα and cα are constants, producing neo-Newtonian spacetime20 whose
symmetries are given by the familiar Galilean transformations

xα → x′α = Rα
βxβ + vαt + cα α, β = 1, 2, 3.(2)

t → t′ = t + const

The mappings indicated by (2) do not contain determinism killing symmetries
since if such a map is the identity map for a finite stretch of time, no matter how
short, then it is the identity map period. Note that this way of saving determinism
carries with it an allegiance to “absolute” quantities of motion: in neo-Newtonian
spacetime it makes good sense to ask whether an isolated particle is accelerating
or whether an isolated extended body is rotating. To be sure, this absolute ac-
celeration and rotation can be called ‘relational’ quantities, but the second place
in the relation is provided by the structure of the spacetime — in particular, by
the inertial structure — and not by other material bodies, as is contemplated by
those who champion relational accounts of motion.

The second strategy for saving determinism proceeds not by beefing up the
structure of the background spacetime but by attacking a hidden assumption of
the above construction — the “container view” of spacetime. Picturesquely, this
assumption amounts to thinking of spacetime as a medium in which particles and
fields reside. More precisely, in terms of the above apparatus, it amounts to the
assumption that 〈M, O1, O2, ..., OM , P1, P2, ..., PN 〉 and 〈M, O1, O2, ..., OM , d∗P1,
d∗P2, ..., d

∗PN 〉, where d is any diffeomorphism ofM such that d∗Pj �= Pj for some
j, describe different physical situations, even when d is a spacetime symmetry, i.e.
d∗Oi = Oi for all i. Rejecting the container view leads to (one form of) relation-
ism about spacetime. A spacetime relationist will take the above construction to
show that, on pain of abandoning the possibility of determinism, those who are
relationists about motion should also be relationists about spacetime. Relationists
about motion hold that talk of absolute motion is nonsensical and that all mean-
ingful talk about motion must be construed as talk about the relative motions of
material bodies. They are, thus, unable to avail themselves of the beef-up strategy
for saving determinism; so, if they want determinism, they must grasp the lifeline
of relationism about spacetime.

Relationalism about motion is a venerable position, but historically it has been
characterized more by promises than performances. Newton produced a stunningly
successful theory of the motions of terrestrial and celestial bodies. Newton’s op-
ponents promised that they could produce theories just as empirically adequate

20Full Newtonian spacetime adds a distinguished inertial frame — ‘absolute space’ — thus
killing the velocity term in (2).
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and as explanatorily powerful as his without resorting to the absolute quantities
of motion he postulated. But mainly what they produced was bluster rather than
workable theories.21 Only in the twentieth century were such theories constructed
(see [Barbour, 1974] and [Barbour and Bertotti, 1977]; and see [Barbour, 1999]
for the historical antecedents of these theories), well after Einstein’s GTR swept
away the notion of a fixed background spacetime and radically altered the terms
of the absolute vs. relational debate.

3.3 Determinism and gauge symmetries

When philosophers hear the word “gauge” they think of elementary particle physics,
Yang-Mills theories, etc. This is a myopic view. Examples of non-trivial gauge
freedom arise even in classical physics — in fact, we just encountered an example
in the preceding subsection. The gauge notion arises for a theory where there
is “surplus structure” (to use Michael Redhead’s phrase) in the sense that the
state descriptions provided by the theory correspond many-one to physical states.
For such a theory a gauge transformation is, by definition, a transformation that
connects those descriptions that correspond to the same physical state.

The history of physics shows that the primary reason for seeing gauge freedom
at work is to maintain determinism. This thesis has solid support for the class
of cases of most relevance to modern physics, viz. where the equations of mo-
tion/field equations are derivable from an action principle and, thus, the equations
of motion are in the form of Euler-Lagrange equations.22 When the Lagrangian
is non-singular, the appropriate initial data picks out a unique solution of the
Euler-Lagrange equations and Laplacian determinism holds.23 If, however, the ac-
tion admits as variational symmetries a Lie group whose parameters are arbitrary
functions of the independent variables, then we have a case of underdetermina-
tion because Noether’s second theorem tells us that the Euler-Lagrange equations
have to satisfy a set of mathematical identities.24 When these independent vari-
ables include time, arbitrary functions of time will show up in solutions to the
Euler-Lagrange equations, apparently wrecking determinism.

The point can be illustrated with the help of a humble example of particle me-
chanics constructed within the Maxwellian spacetime introduced in the preceding
subsection. An appropriate Lagrangian invariant under the symmetries of this
spacetime is given by

L =
∑∑

j<k

mjmk

2M
(ẋj − ẋk)2 − V (|xj − xk|), M :=

∑
i

mi.(3)

21Newton’s opponents were correct in one respect: Newton’s postulation of absolute space, in
the sense of a distinguished inertial frame was not needed to support his laws of motion.

22See [Butterfield, this vol.] and [Belot, this vol.] for accounts of the Lagrangian and Hamil-
tonian formalisms.

23At least if the continuity assumptions discussed in Section 3.5 below are imposed.
24For an account of the Noether theorems, see [Brading and Brown, 2003] and [Brading and

Castellani, this vol.].
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This Lagrangian is singular in the sense that Hessian matrix ∂2L/∂ẋi∂ẋj does not
have an inverse. The Euler-Lagrange equations are

d

dt

(
mi(ẋj − 1

M

∑
k

mkẋk)

)
=

∂V

∂ẋi
.(4)

These equations do not determine the evolution of the particle positions uniquely:
if xi(t) is a solution, so is x′

i(t) = xi(t) + f(t), for arbitrary f(t), confirming
the intuitive argument given above for the apparent breakdown of determinism.
Determinism can be restored by taking the transformation xi(t)→ xi(t) + f(t) as
a gauge transformation.

The systematic development of this approach to gauge was carried out by P. A.
M. Dirac in the context of the Hamiltonian formalism.25 A singular Lagrangian
system corresponds to a constrained Hamiltonian system. The primary constraints
appear as a result of the definition of the canonical momenta. (In the simple
case of a first-order Lagrangian L(q, q̇, t), where q stands for the configuration
variables and q̇ := dq/dt, the canonical momentum is p := ∂L/∂q̇.) The secondary
constraints arise as a consequence of the demand that the primary constraints
be preserved by the motion. The total set of constraints picks out the constraint
surface C(q, p) of the Hamiltonian phase space Γ(q, p). The first class constraints
are those that commute on C(q, p) with all of the constraints. It is these first class
constraints that are taken as the generators of the gauge transformations. The
gauge invariant quantities (a.k.a. “observables”) are then the phase function F :
Γ(q, p)→ R that are constant along the gauge orbits.

Applying the formalism to our toy case of particle mechanics in Maxwellian
spacetime, the canonical momenta are:

pi :=
∂L

∂ẋi
=

mi

M

∑
k

mk(ẋi − ẋk) = miẋi − mi

M

∑
k

mkẋk.(5)

These momenta are not independent but must satisfy three primary constraints,
which require the vanishing of the x, y, and z-components of the total momentum:

φα =
∑
i

pαi = 0, α = 1, 2, 3.(6)

These primary constraints are the only constraints — there are no secondary
constraints — and they are all first class. These constraints generate in each
configuration variable xi the same gauge freedom; namely, a Euclidean shift given
by the same arbitrary function of time. The gauge invariant variables, such relative
particle positions and relative particle momenta, do evolve deterministically.

The technical elaboration of the constraint formalism is complicated, but one
should not lose sight of the fact that the desire to save determinism is the mo-
tivation driving the enterprise. Here is a relevant passage from [Henneaux and

25The standard reference on these matters is [Henneaux and Teitelboim, 1992]. For a user
friendly treatment of this formalism, see [Earman, 2003].
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Teitelboim, 1992], one of the standard references on constrained Hamiltonian sys-
tems:

The presence of arbitrary functions . . . in the total Hamiltonian tells
us that not all the q’s and p’s [the configuration variables and their
canonical momenta] are observable [i.e. genuine physical magnitudes].
In other words, although the physical state is uniquely defined once a
set of q’s and p’s is given, the converse is not true — i.e., there is more
than one set of values of the canonical variables representing a given
physical state. To see how this conclusion comes about, we note that
if we are given an initial set of canonical variables at the time t1 and
thereby completely define the physical state at that time, we expect
the equations of motion to fully determine the physical state at other
times. Thus, by definition, any ambiguity in the value of the canonical
variables at t2 �= t1 should be a physically irrelevant ambiguity. [pp.
16–17]

As suggested by the quotation, the standard reaction to the apparent failure of
determinism is to blame the appearance on the redundancy of the descriptive ap-
paratus: the correspondence between the state descriptions in terms of the original
variables — the q’s and p’s — and the physical state is many-to-one; when this
descriptive redundancy is removed, the physical state is seen to evolve determin-
istically. There may be technical difficulties is carrying through this reaction. For
example, attempting to produce a reduced phase space — whose state descriptions
corresponding one-one to physical states — by quotienting out the gauge orbits
can result in singularities. But when such technical obstructions are not met,
normal (i.e. unconstrained) Hamiltonian dynamics applies to the reduced phase
space, and the reduced phase space variables evolve deterministically.

In addition to this standard reaction to the apparent failure of determinism in
the above examples, two others are possible. The first heterodoxy takes the ap-
parent violation of determinism to be genuine. This amounts to (a) treating what
the constraint formalism counts as gauge dependent quantities as genuine physical
magnitudes, and (b) denying that these magnitudes are governed by laws which,
when conjoined with the laws already in play, restore determinism. The second
heterodoxy accepts the orthodox conclusion that the apparent failure of determin-
ism is merely apparent; but it departs from orthodoxy by accepting (a), and it
departs from the first heterodoxy by denying (b) and, accordingly, postulates the
existence of additional laws that restore determinism. Instances that superficially
conform to part (a) of the two heterodoxies are easy to construct from examples
found in physics texts where the initial value problem is solved by supplement-
ing the equations of motion, stated in terms of gauge-dependent variables, with
a gauge condition that fixes a unique solution. For instance, Maxwell’s equations
written in terms of electromagnetic potentials do not determine a unique solution
corresponding to the initial values of the potentials and their time derivatives.
Imposing the Lorentz gauge condition converts Maxwell’s equations to second or-



Aspects of Determinism in Modern Physics 1381

der hyperbolic partial differential equations (pdes) that do admit an initial value
formulation (see Section 4.2).26 Similar examples can be concocted in general
relativity theory where orthodoxy treats the metric potentials as gauge variables
(see Section 6.2). In these examples orthodoxy is aiming to get at the values of
the gauge independent variables via a choice of gauge. If this aim is not kept
clearly in mind, the procedure creates the illusion that gauge-dependent variables
have physical significance. It is exactly this illusion that the two heterodoxies take
as real. The second heterodoxy amounts to taking the gauge conditions not as
matters of calculational convenience but as additional physical laws. I know of
no historical examples where this heterodoxy has led to fruitful developments in
physics.

Since there is no a priori guarantee that determinism is true, the fact that
the orthodox reading of the constraint formalism guarantees that the equations of
motion admit an initial value formulation must mean that substantive assumptions
that favor determinism are built into the formalism. That is indeed the case, for the
Lagrangian/Hamiltonian formalism imposes a structure on the space of solutions:
in the geometric language explained in Chapters 1 and 2 of this volume, the space
of solutions has a symplectic or pre-symplectic structure. This formalism certainly
is not guaranteed to be applicable to all of the equations of motion the Creator
might have chosen as laws of motion; indeed, it is not even guaranteed to be
applicable to all Newtonian type second order odes. In the 1880s Helmholtz found
a set of necessary conditions for equations of this type to be derivable from an
action principle; these conditions were later proved to be (locally) sufficient as
well as necessary. After more than a century, the problem of finding necessary
and sufficient conditions for more general types of equations of motion, whether in
the form of odes or pdes, to be derivable from an action principle is still an active
research topic.27

3.4 Determinism for fields and fluids in Newtonian physics

Newtonian gravitational theory can be construed as a field theory. The gravita-
tional force is given by Fgrav = −∇ϕ, where the gravitational potential ϕ satisfies
the Poisson equation

∇2ϕ = ρ(7)

with ρ being the mass density. If ϕ is a solution to Poisson’s equation, then so is
ϕ′ = ϕ + g(x)f(t) where g(x) is a linear function of the spatial variables and f(t)

26Where A is the vector potential and Φ is the scalar potential, the Lorentz gauge requires
that

∇ ·A+
∂Φ

∂t
= 0

(with the velocity of light set to unity).
27Mathematicians discuss this issue under the heading of the “inverse problem.” For precise

formulations of the problem and surveys of results, see [Anderson and Thompson, 1992] and
[Prince, 2000].
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is an arbitrary function of t. Choose f so that f(t) = 0 for t ≤ 0 but f(t) > 0
for t > 0. The extra gravitational force, proportional to f(t), that a test particle
experiences in the primed solution after t = 0 is undetermined by anything in the
past.

The determinism wrecking solutions to (7) can be ruled out by demanding that
gravitational forces be tied to sources. But to dismiss homogeneous solutions to
the Poisson equation is to move in the direction of treating the Newtonian gravita-
tional field as a mere mathematical device that is useful in describing gravitational
interactions which, at base, are really direct particle interactions.28 In this way
determinism helps to settle the ontology of Newtonian physics: the insistence on
determinism in Newtonian physics demotes fields to second-class status. In rel-
ativistic physics fields come into their own, and one of the reasons is that the
relativistic spacetime structure supports field equations that guarantee determin-
istic evolution of the fields (see Section 4.2).

In the Newtonian setting the field equations that naturally arise are elliptic
(e.g. the Poisson equation) or parabolic, and neither type supports determinism-
without-crutches. An example of the latter type of equation is the classical heat
equation

∇2Φ = κ
∂Φ
∂t

(8)

where Φ is the temperature variable and κ is the coefficient of heat conductivity.29

Solutions to (8) can cease to exist after a finite time because the temperature
“blows up.” Uniqueness also fails since, using the fact that the heat equation
propagates heat arbitrarily fast, it is possible to construct surprise solutions Φs
with the properties that (i) Φs is infinitely differentiable, and (ii) Φs(x, t) = 0 for
all t ≤ 0 but Φs(x, t) �= 0 for t > 0 (see [John, 1982, Sec. 7.1]). Because (8) is
linear, if Φ is a solution then so is Φ′ = Φ + Φs. And since Φ and Φ′ agree for all
t ≤ 0 but differ for t > 0, the existence of the surprise solutions completely wrecks
determinism.

Uniqueness of solution to (8) can be restored by adding the requirement that
Φ ≥ 0, as befits its intended interpretation of Φ as temperature; for Widder [1975,
157] has shown that if a solution of Φ(x, t) of (8) vanishes at t = 0 and is non-
negative for all x and all t ≥ 0, then it must be identically zero. But one could
have wished that, rather than having to use a stipulation of non-negativity to
shore up determinism, determinism could be established and then used to show
that if the temperature distribution at t = 0 is non-negative for all x, then the
uniquely determined evolution keeps the temperature non-negative. Alternatively,
both uniqueness and existence of solutions of (8) can be obtained by limiting the

28This demotion of the status of the Newtonian gravitational field can also be supported by
the fact that, unlike the fields that will be encountered in relativistic theories, it carries no energy
or momentum.

29The fact that this equation is not Galilean invariant need cause no concern since Φ implicitly
refers to the temperature of a medium whose rest frame is the preferred frame for describing
heat diffusion.



Aspects of Determinism in Modern Physics 1383

growth of |Φ(x, t)| as |x| → ∞. But again one could have wished that such limits
on growth could be derived as a consequence of the deterministic evolution rather
than having to be stipulated as conditions that enable determinism.

Appearances of begging the question in favor of determinism could be avoided
by providing at the outset a clear distinction between kinematics and dynamics,
the former being a specification of the space of possible states. For example, a limit
on the growth of quantum mechanical wave functions does not beg the question
of determinism provided by the Schrödinger equation since the limit follows from
the condition that the wave function is an element of a Hilbert space, which is
part of the kinematical prescription of QM (see Section 5). Since this prescription
is concocted to underwrite the probability interpretation of the wave function, we
get the ironic result that the introduction of probabilities, which seems to doom
determinism, also serves to support it. The example immediately above, as well
as the examples of the preceding subsection and the one at the beginning of this
subsection, indicate that in classical physics the kinematical/dynamical distinction
can sometimes be relatively fluid and that considerations of determinism are used
in deciding where to draw the line. The following example will reinforce this
moral.30

The Navier-Stokes equations for an incompressible fluid moving in R
N , N = 2, 3,

read

Du
dt

= −∇p + υ∆u (9a)

div(u) = 0 (9b)

where u(x, t) = (u1, u2, ..., uN ) is the velocity of the fluid, p(x, t) is the pressure,

υ = const. ≥ 0 is the coefficient of viscosity, and D/dt := ∂/∂t +
N∑
j=1

uj∂/∂xj is

the convective derivative (see Foias at al. 2001 for a comprehensive survey). If the
fluid is subject to an external force, an extra term has to be added to the right
hand side of (9a). The Euler equations are the special case where υ = 0. The
initial value problem for (9a-b) is posed by giving the initial data

u(x, 0) = u0(x)(9)

30Another reaction to the problems of determinism posed by (8) is to postpone them on the
grounds that (8) is merely a phenomenological equation; heat is molecular motion and, thus,
the fate of determinism ultimately rests with the character of laws of particle motion. It will
be seen below, however, that in order to guarantee determinism for particle motion the helping
hand of the stipulation of boundary conditions at infinity is sometimes needed. In any case,
the postponement strategy taken to its logical conclusion would mean that no judgment about
determinism would be forthcoming until we are in possession of the final theory-of-everything.
It seems a better strategy to do today the philosophy of today’s physics while recognizing, of
course, that today’s best theory may be superseded by a better future theory that delivers a
different message about determinism.
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where u0(x) is a smooth (C∞) divergence-free vector field, and is solved by smooth
functions u, p ∈ C∞(RNx[0,∞)) satisfying (9)-(10). For physically reasonable
solutions it is required both that u0(x) should not grow too large as |x| → ∞ and
that the energy of the fluid is bounded for all time:

∫
RN

|u(x, t)|2dx <∞ for all t > 0.(10)

When υ = 0 the energy is conserved, whereas for υ > 0 it dissipates.
For N = 2 it is known that a physically reasonable smooth solution exists for

any given u0(x). For N = 3 the problem is open. However, for this case it is
known that the problem has a positive solution if the time interval [0,∞) for
which the solution is required to exist is replaced by [0, T ) where T is a possibly
finite number that depends on u0(x). When T is finite it is known as the “blowup
time” since |u(x, t)| must become unbounded as t approaches T . For the Euler
equations a finite blowup time implies that the vorticity (i.e. the curl of u(x, t))
becomes unbounded as t approaches T .

Smooth solutions to the Navier-Stokes equations, when they exist, are known
to be unique. This claim would seem to be belied by the symmetries of the Navier-
Stokes equations since if u(x, t) = f(x, t), p(x, t) = g(x, t) is a solution then so is
the transformed ũ(x, t) = f(x− εα(t), t) + εαt, p̃(x, t) = g(x− εα(t), t)− εx ·αt +
1
2ε2αtt, where α(t) is an arbitrary smooth function of t alone (see Olver 1993, pp.
130 and 177 (Exer. 2.15)). Choosing α(t) such that α(0) = αt(0) = αtt(0) = 0
but α(t) �= 0 for t > 0 results in different solutions for the same initial data unless
f(x − εα(t), t) + εαt = f(x, t). However, the transformed solution violates the
finiteness of energy condition (11).

The situation on the existence of solutions can be improved as follows. Mul-
tiplying (9a-b) by a smooth test function and integrating by parts over x and t
produces integral equations that are well-defined for any u(x, t) and p(x, t) that
are respectively L2 (square integrable) and L1 (integrable). Such a pair is called
a weak solution if it satisfies the integral equations for all test functions. Moving
from smooth to weak solutions permits the proof of the existence of a solution for
all time. But the move reopens the issue of uniqueness, for the uniqueness of weak
solutions for the Navier-Stokes equations is not settled. A striking non-uniqueness
result for weak solutions of the Euler equations comes from the construction by
Scheffer [1994] and Shnirelman [1997] of self-exciting/self-destroying weak solu-
tions: u(x, t) ≡ 0 for t < −1 and t > 1, but is non-zero between these times in a
compact region of R

3.
It is remarkable that basic questions about determinism for classical equations

of motion remain unsettled and that these questions turn on issues that mathe-
maticians regard as worthy of attention. Settling the existence question for smooth
solutions for the Navier-Stokes equations in the case of N = 3 brings a $1 million
award from the Clay Mathematics Institute (see [Fefferman, 2000]).



Aspects of Determinism in Modern Physics 1385

3.5 Continuity issues

Consider a single particle of mass m moving on the real line R in a potential V (x),
x ∈ R. The standard existence and uniqueness theorems for the initial value
problem of odes can be used to show that the Newtonian equation of motion

mẍ = F (x) := −dV

dx
(11)

has a locally (in time) unique solution if the force function F (x) satisfies a Lipschitz
condition.31 An example of a potential that violates the Lipschitz condition at
the origin is − 9

2 |x|4/3. For the initial data x(0) = 0 = ẋ(0) there are multiple
solutions of (12): x(t) ≡ 0, x(t) = t3, and x(t) = −t3, where m has been set to
unity for convenience. In addition, there are also solutions x(t) where x(t) = 0
for t < k and ±(t − k)3 for t ≥ k, where k is any positive constant. That such
force functions do not turn up in realistic physical situations is an indication that
Nature has some respect for determinism. In QM it turns out that Nature can
respect determinism while accommodating some of the non-Lipschitz potentials
that would wreck Newtonian determinism (see Section 5.2).

3.6 The breakdown of classical solutions

Consider again the case of a single particle of mass m moving on the real line
R in a potential V (x), and suppose that V (x) satisfies the Lipschitz condition,
guaranteeing a temporally local unique solution for the initial value problem for
the Newtonian equations of motion. However, determinism can fail if the potential
is such that the particle is accelerated off to −∞ or +∞ in a finite time.32 Past
determinism is violated because two such solutions can agree for all future times
t ≥ t∗ (say) — no particle is present at these times anywhere in space — but
disagree at past times t < t∗ on the position and/or velocity of the particle when
it is present in space. Since the potential is assumed to be time independent, the
equations of motion are time reversal invariant, so taking the time reverses of these
escape solutions produces solutions in which hitherto empty space is invaded by
particles appearing from spatial infinity. These invader solutions provide violations
of future determinism. Piecing together escape and invader solutions produces
further insults to determinism.

In the 1890’s Paul Painlevé conjectured that for N > 3 point mass particles
moving in R

3 under their mutually attractive Newtonian gravitational forces, there
exist solutions to the Newtonian equations of motion exhibiting non-collision sin-
gularities, i.e. although the particles do not collide, the solution ceases to exist

31F (x) satisfies the Lipschitz condition in an interval (a, b) ⊂ R if there is a constant K > 0
such that |F (x1) − F (x2)| ≤ K|x1 − x2| for all x1, x2 ∈ (a, b). A sufficient condition for this is
that dF/dx exists, is continuous, and |dF/dx| ≤ K on (a, b) for some K > 0.

32See [Reed and Simon, 1975, Theorem X.5] for necessary and sufficient conditions for this to
happen.
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after a finite time. Hugo von Zeipel [1908] showed that in such a solution the par-
ticle positions must become unbounded in a finite time. Finally, near the close of
the 20th century Xia [1992] proved Painlevé conjecture by showing that for N = 5
point mass particles, the Newtonian equations of motion admit solutions in which
the particles do not collide but nevertheless manage to accelerate themselves off to
spatial infinity in a finite time (see [Saari and Xia, 1995] for an accessible survey).

Determinism can recoup its fortunes by means of the device, already mentioned
above, of supplementing the usual initial conditions with boundary conditions at
infinity. Or consolation can be taken from two remarks. The first remark is that
in the natural phase space measure, the set of initial conditions that lead to Xia
type escape solutions has measure zero. But it is unknown whether the same is
true of all non-collision singularities. The second remark is that the non-collision
singularities result from the unrealistic idealization of point mass particles that
can achieve unbounded velocities in a finite time by drawing on an infinitely deep
potential well. This remark does not suffice to save determinism when an infinity
of finite sized particles are considered, as we will see in the next subsection.

It is interesting to note that for point particles moving under mutually attractive
Newtonian gravitational forces, QM cures both the collision33 and non-collision
singularities that can spell the breakdown of classical solutions (see Section 5.2).
This is more than a mere mathematical curiosity since it is an important ingredient
in the explanation of the existence and stability of the hydrogen atom.

3.7 Infinite collections

Consider a collection of billiard balls confined to move along a straight line in
Euclidean space. Suppose that the balls act only by contact, that only binary col-
lisions occur, and that each such collision obeys the classical laws of elastic impact.
Surely, the reader will say, such a system is as deterministic as it gets. This is so,
if the collection is finite. But if the collection is infinite and unbounded velocities
are permitted, then determinism fails because even with all of the announced re-
strictions in place the system can seemingly self-excite itself (see [Lanford, 1974]).
Pérez Laraudogoitia [2001] shows how to use such infinite collections to create an
analogue of the escape solution of the preceding subsection where all of the parti-
cles disappear in a finite amount of time. The time reverse of this scenario is one
in which space is initially empty, and then without warning an infinite stream of
billiard balls pour in from spatial infinity.

Legislating against unbounded velocities or imposing boundary conditions at
infinity does not suffice to restore determinism if the billiard balls can be made
arbitrarily small [Pérez Laraudogoitia, 2001]. For then a countably infinite collec-
tion of them can be Zeno packed into a finite spatial interval, say (0, 1], by placing
the center of the first ball at 1, the second at 1/2, the third at 1/4, etc. Assume
for ease of illustration that all the balls have equal mass (≡ 1). A unit mass cue

33A collision singularity occurs when two or more of the point particles collide and the solution
cannot be continued through the collision time.
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ball moving with unit speed from right to left collides with the first ball and sends
a ripple through the Zeno string that lasts for unit time, at the end of which all
of the balls are at rest. The boring history in which all the balls are at rest for
all time is, of course, also a solution of the laws of impact. Comparing this boring
history with the previous one shows that past Laplacian determinism is violated.34

This failure of determinism carries with it a violation of the conservation and
energy momentum, albeit in a weak sense; namely, in the inertial frame in which
the object balls are initially at rest, the total energy and the total momentum
each have different values before and after the collisions start, but in every other
inertial frame there is no violation simply because the values are infinite both
before and after the collisions.35 Pérez Laraudogoitia [2005] has shown how to
construct scenarios in which there is a strong violation of conservation of energy
and momentum in that the violation occurs in every inertial frame.

3.8 Domains of dependence

With some artificiality one of the threats to classical determinism discussed above
can be summarized using a concept that will also prove very helpful in compar-
ing the fortunes of determinism in classical physics and in relativistic physics.
By a causal curve let us understand a (piecewise) smooth curve in spacetime
that represents the spacetime trajectory for a physically possible transfer of en-
ergy/momentum. Define the future domain of dependence, D+(S), of a spacetime
region S as the set of all spacetime points p such that any past directed causal
curve with future endpoint at p and no past endpoint intersects S. The past do-
main of dependence D−(S) of S is defined analogously. And the total domain of
dependence D(S) is the union D+(S) ∪ D−(S). If p /∈ D(S) then it would seem
that the state in region S does not suffice to determine the state at p since there
is a possible causal process that passes through p but never registers on S.

Since neither the kinematics nor the dynamics of classical physics place an upper
bound on the velocity at which energy/momentum can be transferred, it would
seem that in principle any timelike curve — i.e. any (piecewise) smooth curve
oblique to the planes of absolute simultaneity — can count as a causal curve, and
as a consequence D(S) = ∅ even when S is taken to be an entire plane of absolute
simultaneity. The examples from Sections 3.4, 3.6, and 3.7 show how the “in
principle” can be realized by some systems satisfying Newtonian laws of motion.

We have seen that some threats to classical determinism can be met by beefing
up the structure of classical spacetime. And so it is with the threat currently un-
der consideration. Full Newtonian spacetime is what results from neo-Newtonian

34The time reverse of the interesting history starts with all the balls initially at rest, and
then subsequently the collection self-excites, sending a ripple of collisions from left to right and
ejecting the cue ball. If this self-exciting history is physically possible, then future laplacian
determinism is violated. However, it might rejected on the grounds that it violated Newton’s
first law of motion.

35For a comment on how the availability of an infinite amount of momentum/energy renders
the indeterminism unsurprising, see [Norton, 1999, 1268].
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spacetime by adding absolute space in the form of a distinguished inertial frame
(‘absolute space’). In this setting the spacetime symmetries are small enough that
there are now finite invariant velocities (intuitively, velocities as measured relative
to absolute space), and thus laws can be formulated that set a finite upper bound
on the absolute velocity of causal propagation. Nor is this move necessarily ad
hoc as shown, for example, by the fact that the formulation of Maxwell’s laws of
electromagnetism in a classical spacetime setting evidently requires the services of
a distinguished inertial frame, the velocity of light c being the velocity as measured
in this frame.

But, as is well known, such a formulation is embarrassed by the undetectability
of motion with respect to absolute space. This embarrassment provides a direct
(albeit anachronistic) route from classical to relativistic spacetime. Adopting for
classical spacetimes the same geometric language used in the special and general
theories of relativity (see [Earman, 1989, Ch. 2]), absolute space is represented
by a covariantly constant timelike vector field Aa, the integral curves of which are
the world lines of the points of absolute space. The space metric is represented
by a degenerate second rank contravariant tensor hab, which together with Aa

defines a tensor that is formally a Minkowski metric: ηab := hab − AaAb. The
unobservability of absolute motion means that there is no preferred way to split
ηab into an hab part and a AaAb part, suggesting that ηab is physically as well as
formally a Lorentz metric. As we will see in Section 4.1, this puts determinism on
much firmer ground in that domains of dependence of local or global time slices
are non-empty in the spacetime setting of STR.

3.9 Determinism, predictability, and chaos

Laplace’s vision of a deterministic universe makes reference to an “intelligence”
(which commentators have dubbed ‘Laplace’s Demon’):

We ought to regard the present state of the universe as the effect of
its antecedent state and as the cause of the state that is to follow. An
intelligence knowing all of the forces acting in nature at a given instant,
as well as the momentary positions of all things in the universe, would
be able to comprehend in one single formula the motions of the largest
bodies as well as the lightest atoms in the world, provided that its
intellect were sufficiently powerful to subject all data to analysis; to it
nothing would be uncertain, the future as well as the past would be
present to its eyes.36

36[Laplace, 1820]. English translation from [Nagel, 1961, 281-282]. More than a century earlier
Leibniz espoused a similar view: “[O]ne sees then that everything proceeds mathematically —
that is, infallibly — in the whole wide world, so that if someone could have sufficient insight into
the inner parts of things, and in addition has remembrance and intelligence enough to consider
all the circumstances and to take them into account, he would be a prophet and would see the
future in the present as in a mirror.” Quoted from [Cassirer, 1956, 12].
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Perhaps by taking Laplace’s vision too literally, philosophers and physicists alike
conflate determinism and predictability. The conflation leads them to reason as
follows: here is a case where predictability fails; thus, here is a case where determin-
ism fails.37 This is a mistake that derives from a failure to distinguish determinism
— an ontological doctrine about how the world evolves — from predictability —
an epistemic doctrine about what can inferred, by various restricted means, about
the future (or past) state of the world from a knowledge of its present state.

There is, however, an interesting connection between determinism and practi-
cal predictability for laws of motion that admit an initial value problem that is
well-posed in the sense that, in some appropriate topology, the solutions depend
continuously on the initial data.38 The standard existence and uniqueness proofs
for the initial value problem for the odes used in particle mechanics also furnish a
proof of well-posedness, which can be traced to the fact that the existence proof is
constructive in that it gives a procedure for constructing a series of approximations
that converge to the solution determined by the initial data.

To illustrate the implications of well-posedness for predictability, consider the
toy case of a system consisting of a single massive particle obeying Newtonian
equations of motion. If a suitable Lipschitz condition is satisfied, then for any given
values of the position q(0) and velocity q̇(0) of the particle at t = 0 there exists
(for some finite time interval surrounding t = 0) a unique solution: symbolically
q(t) = F (q(0), q̇(0), t). And further, since this initial value problem is well-posed,
for any fixed t > 0 (within the interval for which the solution is guaranteed to
exist), F is a continuous function of q(0) and q̇(0). Suppose then that the practical
prediction task is to forecast the actual position q̄(t∗) of the particle at some given
t∗ > 0 with an accuracy of ε > 0, and suppose that although measurements of
position or velocity are not error free, the errors can be made arbitrarily small.
By the continuity of F , there exist δ1 > 0 and δ2 > 0 such that if |q(0)− q̄(0)| <
δ1 and |q̇(0) − q̇(0)| < δ2, then |q(t∗) − q̄(t∗)| < ε. Thus, measuring at t = 0 the
actual particle position and velocity with accuracies ±δ1/2 and ±δ2/2 respectively
ensures that when the measured values are plugged into F , the value of the function
for t = t∗ answers to the assigned prediction task. (Note, however, that since the
actual initial state is unknown, so are the required accuracies ±δ1/2 and ±δ2/2,
which may depend on the unknown state as well as on ε and t∗. This hitch
could be overcome if there were minimum but non-zero values of δ1 and δ2 that

37On the philosophical side, Karl Popper is the prime example. Popper [1982] goes so far as to
formulate the doctrine of “scientific determinism” in terms of prediction tasks. An example on
the physics side is Reichl [1992]: “[W]e now know that the assumption that Newton’s equations
are deterministic is a fallacy! Newton’s equations are, of course, the correct starting point of
mechanics, but in general they only allow us to determine [read: predict] the long time behavior
of integrable mechanical systems, few of which can be found in nature” (pp. 2–3). I am happy
to say that in the second edition of Reichl’s book this passage is changed to “[W]e now know
that the assumption that Newton’s equations can predict the future is a fallacy!” [Reichl 2004,
3; italics added].

38When the topology is that induced by a norm || · || on the instantaneous states represented
by a function s(t) of time, well-posedness requires that there is a non-decreasing, nonnegative
function C(t) such that ||s(t)|| ≤ C(t)||s(0)||, t > 0, for any solution s(t).
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answered to the given prediction task whatever the initial state; but there is no
a priori guarantee that such minimum values exist. A prior measurement with
known accuracy of the position and velocity at some t∗∗ < 0 will put bounds,
which can be calculated from F , on the position and velocity at t = 0. And then
the minimum values can be calculated for accuracies δ1 and δ2 of measurements
at t = 0 that suffice for the required prediction task for any values of the position
and velocity within the calculated bounds.)

Jacques Hadamard, who made seminal contributions to the Cauchy or initial
value problem for pdes, took the terminology of “well-posed” (a.k.a. “properly
posed”) quite literally. For he took it as a criterion for the proper mathematical
description of a physical system that the equations of motion admit an initial
value formulation in which the solution depends continuously on the initial data
(see [Hadamard, 1923, 32]). However, the standard Courant-Hilbert reference
work, Methods of Mathematical Physics, opines that

“properly posed” problems are by far not the only ones which appro-
priately reflect real phenomena. So far, unfortunately, little mathemat-
ical progress has been made in the important task of solving or even
identifying such problems that are not “properly posed” but still are
important and motivated by realistic situations. [1962, Vol. 2, 230].

Some progress can be found in [Payne, 1975] and the references cited therein.
Hadamard was of the opinion that if the time development of a system failed to

depend continuously on the initial conditions, then “it would appear to us as being
governed by pure chance (which, since Poincaré,39 has been known to consist pre-
cisely in such a discontinuity in determinism) and not obeying any law whatever”
[1923, 38]. Currently the opinion is that the appearance of chance in classical
systems is due not to the failure of well-posedness but to the presence of chaos.

The introduction of deterministic chaos does not change any of the above con-
clusions about determinism and predictability. There is no generally agreed upon
definition of chaos, but the target class of cases can be picked out either in terms
of cause or effects. The cause is sensitive dependence of solutions on initial con-
ditions, as indicated, for example, by positive Lyapunov exponents. The effects
are various higher order ergodic properties, such as being a mixing system, being
a K-system, being a Bernoulli system, etc.40 Generally a sensitive dependence on
initial conditions plus compactness of the state space is sufficient to secure such
properties. The sensitive dependence of initial condition that is the root cause of
chaotic behavior does not contradict the continuous dependence of solutions on
initial data, and, therefore, does not undermine the task of predicting with any
desired finite accuracy the state at a fixed future time, assuming that error in
measuring the initial conditions can be made arbitrarily small. If, however, there

39See Poincaré’s essay “Chance” in Science and Method [1952].
40See Uffink, this volume, section 6.2, or [Lichtenberg and Lieberman, 1991] for definitions of

these concepts.
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is a fixed lower bound on the accuracy of measurements — say, because the mea-
suring instruments are macroscopic and cannot make discriminations below some
natural macroscopic scale — then the presence of deterministic chaos can make
some prediction tasks impossible. In addition, the presence of chaos means that
no matter how small the error (if non zero) in ascertaining the initial conditions,
the accuracy with which the future state can be forecast degrades rapidly with
time. To ensure the ability to predict with some given accuracy ε > 0 for all t > 0
by ascertaining the initial conditions at t = 0 with sufficiently small error δ > 0,
it would be necessary to require not only well-posedness but stability, which is
incompatible with chaos.41

Cases of classical chaos also show that determinism on the microlevel is not
only compatible with stochastic behavior at the macro level but also that the
deterministic microdynamics can ground the macro-stochasticity. For instance,
the lowest order ergodic property — ergodicity — arguably justifies the use of
the microcanonical probability distribution and provides for a relative frequency
interpretation; for it implies that the microcanonical distribution is the only sta-
tionary distribution absolutely continuous with respect to Lebesque measure and
that the measure of a phase volume is equal to the limiting relative frequency of
the time the phase point spends in the volume. In these cases there does not seem
to be a valid contrast between “objective” and “epistemic” probabilities. The
probabilities are epistemic in the sense that conditionalizing on a mathematically
precise knowledge of the initial state reduces the outcome probability to 0 or 1.
But the probabilities are not merely epistemic in the sense of merely expressing
our ignorance, for they are supervenient on the underlying microdynamics.

Patrick Suppes [1991; 1993] has used such cases to argue that, because we are
confined to the macrolevel, determinism becomes for us a “transcendental” issue
since we cannot tell whether we are dealing with a case of irreducible stochasticity
or a case of deterministic chaos. Although I feel some force to the argument, I am
not entirely persuaded. There are two competing hypotheses to explain observed
macro-stochasticity: it is due to micro-determinism plus sensitive dependence on
initial conditions vs. it is due to irreducible micro-stochasticity. The work in recent
decades on deterministic chaos supplies the details on how the first hypothesis can
be implemented. The details of the second hypothesis need to be filled in; particu-
lar, it has to be explained how the observed macro-stochasticity supervenes on the
postulated micro-stochasticity.42 And then it has to be demonstrated that the two
hypotheses are underdetermined by all possible observations on the macrolevel. If
both of these demands were met, we would be faced with a particular instance of
the general challenge to scientific realism posed by underdetermination of theory
by observational evidence, and all of the well-rehearsed moves and countermoves
in the realism debate would come into play. But it is futile to fight these battles
until some concrete version of the second hypothesis is presented.

41Stability with respect to a norm on states s(t) requires that there is a constant C such that
||s(t)|| ≤ C||s(0)||, t > 0, for any solution s(t). Compare to footnote 38.

42It is not obvious that micro-stochasticity always percolates up to the macro-level.
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3.10 Laplacian demons, prediction, and computability

Since we are free to imagine demons with whatever powers we like, let us suppose
that Laplace’s Demon can ascertain the initial conditions of the system of interest
with absolute mathematical precision. As for computational ability, let us suppose
that the Demon has at its disposal a universal Turing machine. As impressive as
these abilities are, they may not enable the Demon to predict the future state of
the system even if it is deterministic. Returning to the example of the Newtonian
particle from the preceding subsection, if the values of the position and velocity of
the particle at time t = 0 are plugged into the function F (q(0), q̇(0), t) that specifies
the solution q(t), the result is a function F(t) of t; and plugging different values
of the initial conditions results in different F(t) — indeed, by the assumption of
determinism, the F(t)’s corresponding to different initial conditions must differ
on any finite interval of time no matter how small. Since there is a continuum of
distinct initial conditions, there is thus a continuum of distinct F(t)’s. But only
a countable number of these F(t)’s will be Turing computable functions.43 Thus,
for most of the initial conditions the Demon encounters, it is unable to predict the
corresponding particle position q(t) at t > 0 by using its universal Turing machine
to compute the value of F(t) at the relevant value of t — in Pitowsky’s [1996]
happy turn of phrase, the Demon must consult an Oracle in order to make a sure
fire prediction.

However, if q(0) and q̇(0) are both Turing computable real numbers, then an
Oracle need not be consulted since the corresponding F(t) is a Turing computable
function; and if t is a Turing computable real number, then so is F(t). This follows
from the fact that the existence and uniqueness proofs for odes gives an effective
procedure for generating a series of approximations that converges effectively to
the solution; hence, if computable initial data are fed into the procedure, the
result is an effectively computable solution function. Analogous results need not
hold when the equations of motion are pdes. Jumping ahead to the relativistic
context, the wave equation for a scalar field provides an example where Turing
computability of initial conditions is not preserved by deterministic evolution (see
Section 4.4).

A more interesting example where our version of Laplace’s Demon must consult
an Oracle has been discussed by Moore [1990; 1991] and Pitowsky [1996]. Moore
constructed an embedding of an abstract universal Turing machine into a concrete
classical mechanical system consisting of a particle bouncing between parabolic
and flat mirrors arranged so that the motion of the particle is confined to a unit

43The familiar notion of a Turing computable or recursive function is formulated for functions
of the natural numbers, but it can be generalized so as to apply to functions of the real numbers.
First, a computable real number x is defined as a limit of a computable sequence {rn} of rationals
that converges effectively, i.e. there is a recursive function f(n) such that k ≥ f(n) entails
|x − rk| ≤ 10n. Next, a sequence {xn} of reals is said to be computable iff there is a double
sequence {rkn} such that rkn → xn as k → ∞ effectively in both k and n. Finally, a function
of the reals is said to be computable iff it maps every computable sequence in its domain into
a computable sequence and, moreover, it is effectively uniformly continuous. For details, see
[Pour-el and Richards, 1989].
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square. Using this embedding Moore was able to show how recursively unsolvable
problems can be translated into prediction tasks about the future behavior of the
particle that the Demon cannot carry out without help from an Oracle, even if
it knows the initial state of the particle with absolute precision! For example,
Turing’s theorem says that there is no recursive algorithm to decide whether a
universal Turing machine halts on a given input. Since the halting state of the
universal Turing machine that has been embedded in the particle-mirror system
corresponds to the particle’s entering a certain region of the unit square to which
it is thereafter confined, the Demon cannot predict whether the particle will ever
enter this region. The generalization of Turing’s theorem by Rice [1953] shows that
many questions about the behavior of a universal Turing machine in the unbounded
future are recursively unsolvable, and these logical questions will translate into
physical questions about the behavior of the particle in the unbounded future that
the Demon cannot answer without consulting an Oracle.

The reader might ask why we should fixate on the Turing notion of computabil-
ity. Why not think of a deterministic mechanical system as an analogue computer,
regardless of whether an abstract Turing machine can be embedded in the system?
For instance, in the above example of the Newtonian particle with deterministic
motion, why not say that the particle is an analogue computer whose motion
“computes,” for any given initial conditions q(0), q̇(0), the possibly non-Turing
computable function q(t) = F (q(0), q̇(0), t)? I see nothing wrong with removing
the scare quotes and developing a notion of analogue computability along these
lines. But the practical value of such a notion is dubious. Determining which func-
tion of t is being computed and accessing the value computed for various values
of t requires ascertaining the particle position with unbounded accuracy.

Connections between non-Turing computability and general relativistic space-
times that are inhospitable to a global version of Laplacian determinism will be
mentioned below in Section 6.6.

4 DETERMINISM IN SPECIAL RELATIVISTIC PHYSICS

4.1 How the relativistic structure of spacetime improves the fortunes
of determinism

Special relativistic theories preserve the Newtonian idea of a fixed spacetime back-
ground against which the drama of physics plays itself out, but they replace the
background classical spacetimes with Minkowski spacetime. This replacement
makes for a tremendous boost in the fortunes of determinism. For the symme-
tries of Minkowski spacetime are given by the Poincaré group, which admits a
finite invariant speed c, the speed of light, making it possible to formulate laws of
motion/field equations which satisfy the basic requirement that the symmetries of
the spacetime are symmetries of the laws and which propagate energy-momentum
no faster than c. For such laws all of the threats to classical determinism that
derive from unbounded velocities are swept away.
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The last point can be expounded in terms of the apparatus introduced in Section
3.8. For the type of law in question, a causal curve is a spacetime worldline whose
tangent at any point lies inside or on the null cone at that point, with the upshot
that domains of dependence are now non-trivial. Minkowski spacetime admits a
plethora of global time functions. But in contrast with classical spacetimes, such
a function t can be chosen so that the domains of dependence D(t = const) of the
level surfaces of t are non-empty. Indeed, t can be chosen so that for each and
every t = const the domain of dependence D(t = const) is a Cauchy surface, i.e.
D(t = const) is the entire spacetime. In fact, any inertial time coordinate is an
example of a global time function, all of whose levels are Cauchy surfaces.44 In the
context of STR, the definition of Laplacian determinism given above in Section
2.1 is to be understood as applying to a t with this Cauchy property.

It is important to realize that these determinism friendly features just discussed
are not automatic consequences of STR itself but involve additional substantive
assumptions. The stress-energy tensor T ab used in both special and general rel-
ativistic physics describes how matter-energy is distributed through spacetime.
What is sometimes called the local conservation law for T ab, ∇aT ab = 0, where
∇a is the covariant derivative determined by the spacetime metric, does not guar-
antee that the local energy-momentum flow as measured by any observer is always
non-spacelike. That guarantee requires also that for any future pointing timelike
Ua, −T abUa is a future pointing, non-spacelike vector.45 Combining this require-
ment with the further demand that the local energy density as measured by any
observer is non-negative, i.e. T abUaUb ≥ 0 for any non-spacelike vector field Ua,
produces what is called the dominant energy condition. Not surprisingly, this con-
dition, together with the local conservation of T ab, does guarantee that the matter
fields that give rise to T ab cannot travel faster than light in the sense that if T ab

vanishes on some spacelike region S, then it must also vanish on D(S) (see [Hawk-
ing and Ellis, 1973, 91-94]). The dominant energy conditions is thought to be
satisfied by all the matter-fields encountered in the actual world, but occasionally
what are purported to be counterexamples appear in the physics literature.

4.2 Fundamental fields

In Section 3.4 examples were given to illustrate how fields have a hard time living
up to the ideals of Laplacian determinism in classical spacetimes. The situation
changes dramatically in Minkowski spacetime, which supports field equations in
the form of hyperbolic pdes.46 For example, the Klein-Gordon equation for a
scalar field φ of mass m ≥ 0 obeys the equation

∇a∇aφ−m2φ = 0(12)

44Exercise for the reader: Construct a global time function t for Minkowski spacetime such
that none of the level surfaces of t are Cauchy.

45The minus sign comes from the choice of the signature (+ + +−) for the spacetime metric.
46A standard reference on the classification of pdes relevant to physical applications is [Courant

and Hilbert, 1962, Vol. 2]. See also [Beig, 2004].
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which is a special case of a linear, diagonal, second order hyperbolic pde. For such
equations there is a global existence and uniqueness proof for the initial value
problem: given a Cauchy surface Σ of Minkowski spacetime and C∞ initial data,
consisting of the value of φ on Σ and the normal derivative of φ with respect to Σ,
there exists a unique C∞ solution of (13) throughout spacetime. Furthermore, the
initial value problem is well-posed in that (in an appropriate topology) the unique
solution depends continuously on the initial data. And finally the Klein-Gordon
field propagates causally in that if the initial data are varied outside a closed
subset S ⊂ Σ, the unique solution on D(S) does not vary. Notice that we have
a completely clean example of Laplacian determinism at work — no boundary
conditions at infinity or any other enabling measures are needed to fill loopholes
through which indeterminism can creep in. By contrast, giving initial data on a
timelike hypersurface of Minkowski spacetime is known to lead to an improperly
posed Cauchy problem; indeed, not only do solutions not depend continuously on
the initial data, but there are C∞ initial data for which there is no corresponding
solution. This asymmetry between the fortunes of determinism in timelike vs.
spacelike directions, could, as noted above, be turned around and used as a basis
for singling out the time dimension.

It should be emphasized that only restricted classes of hyperbolic pdes are
known to have well-posed initial value problems. It is a challenge to mathematical
physics to show that the field equations encountered in physical theories can be
massaged into a form that belongs to one of these classes. It is a comparatively easy
exercise to show that, when written in terms of potentials, the source-free Maxwell
equations for the electromagnetic field take the form of a system of linear, diagonal,
second order hyperbolic pdes if an appropriate gauge condition is applied to the
potentials. In other cases the challenge requires real ingenuity.47

Physicists are so convinced of determinism in classical (= non-quantum) special
relativistic physics that they sort “fundamental” from “non-fundamental” matter
fields according as the field does or does not fulfill Laplacian determinism in the
form of global existence and uniqueness theorems for the initial value problem
on Minkowski spacetime. The Klein-Gordon field and the source-free Maxwell
electromagnetic field qualify as fundamental by this criterion. A dust matter
field, however, fails to make the cut since singularities can develop from regular
initial data since, for example, in a collapsing ball of dust the density of the dust
can become infinite if the outer shells fall inward fast enough that they cross
the inner shells. Such shell-crossing singularities can develop even for physically
reasonable initial data for the Maxwell-Lorentz equations where the source for the
electromagnetic field consists of a charged dust obeying the Lorentz force law. But
no great faith in determinism is needed to brush aside the failure of determinism
in such examples; they can also be dismissed on the grounds that dust matter is
an idealization and, like all idealizations, it ceases to work in some circumstances.
Faith in determinism, however, is required to deal with what happens when the
Klein-Gordon equation is converted into a non-linear equation by adding terms to

47See [Beig, 2004] for examples.
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the right hand side of (13), e.g.

∇a∇aφ−m2φ = λφ2(13)

where λ is a constant. It is known that solutions of (14) corresponding to regular
initial data can become infinite at a finite value of t and that such data has non-zero
measure (see [Keller, 1957]).

A number of attempts have been made to modify the classical Navier-Stokes
equations (see Section 3.4) for dissipative fluids in order to make them consis-
tent with STR in the sense that they become a system of hyperbolic pdes with
causal propagation. A criterion of success is typically taken to be that the result-
ing system admits an initial value formulation, confirming once again the faith in
determinism in the special relativistic setting. One difficulty in carrying out this
program is that it necessitates the introduction of additional dynamical variables
and additional dynamical equations, and as a result many different relativistic
generalizations of the classical equations have been produced. Geroch [1995] has
argued that we need not be troubled by this embarras des riches because the differ-
ences among the relativistic generalizations wash out at the level of the empirical
observations that are captured by the Navier-Stokes theory.

4.3 Predictability in special relativistic physics

The null cone structure of Minkowski spacetime that makes possible clean exam-
ples of Laplacian determinism works against predictability for embodied observers
who are not simply “given” initial data but must ferret it out for themselves by
causal contact with the system whose future they are attempting to predict. Con-
sider, for example, the predicament of an observer O whose world line is labeled γ
in Fig. 1. At spacetime location p this observer decides she wants to predict what
will happen to her three days hence (as measured in her proper time).

γ

σ

p'

p

I-(p')t

Figure 1. The failure of predictability in Minkowski spacetime
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Suppose that, in fact, three-days-hence for O corresponds to the spacetime
location p′. And suppose that the equations governing the variables relevant to
the prediction are such that initial data on a spacelike hypersurface Σ fixes a unique
solution in D(Σ). Then to carry out the prediction by way of solving the relevant
equations, O must ascertain the state on a local spacelike hypersurface that slices
through the past null cone of p′, such as σ in Fig. 1. As O’s “now” creeps up
her world line, the past light of the “now” sweeps out increasingly large portions
of σ, but until her “now” reaches p′ she does not have causal access to all of σ.
And the same goes for any other local slice through the past cone of p′. Thus, the
very spacetime structure that provides a secure basis for Laplacian determinism
prevents O from acquiring the information she needs before the occurrence of the
event that was to be predicted.

This predictability predicament can be formalized in a way that will be useful
when it comes to investigating predictability in a general relativistic spacetime
M, gab, whereM is a differentiable manifold and gab is a Lorentz signature metric
defined on all of M, Minkowski spacetime being the special case where M = R

n

and gab is the Minkowski metric. Geroch (1977) defines the domain of prediction
P (q) of a point q ∈ M to consist of all points p ∈ M such that (i) every past
directed timelike curve with future endpoint at p and no past endpoint enters the
chronological past I−(q) of q,48 and (ii) I−(p) � I−(q). Condition (i) is needed to
ensure that causal processes that can influence events at p register on the region
I−(q) that is causally accessible to an observer whose “now” is q, and condition
(ii) is needed to ensure that from the perspective of q, the events to be predicted
at p have not already occurred. The predictability predicament for Minkowski
spacetime can now be stated as the theorem that for every point q of Minkowski
spacetime, P (q) = ∅.

Note that the predictability predicament arises not just because of the local null
cone structure of Minkowski spacetime but also because of its global topological
structure. To drive home this point, suppose that space in (1 + 1)-Minkowski
spacetime is compactified to produce the cylindrical spacetime C pictured in Fig.
2. Now predictability is possible since I−(q) for any q contains a Cauchy surface,
e.g. Σ in Fig. 2. As a result P (q) = C − I−(q).

For standard Minkowski spacetime and other spacetimes for which P (q) = ∅ for
every spacetime point q, one can wonder how secure predictions are possible. The
answer is that if complete security is required, the only secure predictions have a
conditional form, where the antecedent refers to events that are not causally acces-
sible from q. But there will be many such conditionals, with different antecedents
and different consequents, and since one will not be in a position to know which
of the antecedents is actualized, the best one can do is a “prediction” (all too
familiar from economic forecasts) consisting of a big set of conditionals. On the
other hand, if complete security is not demanded, then unconditional predictions

48For a point q in a relativistic spacetime M, gab, the chronological past I−(q) consists of all
p ∈ M such that there is a future directed timelike curve from p to q. The chronological future
I+(q) of a point q is defined analogously.
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Σ

p
q

I-(q)t

Figure 2. The improved fortunes of predictability when the spatial aspect of
Minkowski spacetime is compactified

carrying probability instead of certainty are obtainable if inductive inference from
past observations points to one of the antecedents of the set of conditionals as
being highly likely.

If one wants predictions that are in principle verifiable, then a third condition
needs to be added to the definition of the domain of prediction; namely, (iii)
p ∈ I+(q). The point p in Fig. 2 satisfies clauses (i) and (ii) but not (iii).

4.4 Special relativity and computability

Pour-el and Richards [1981] constructed an example in which deterministic evolu-
tion does not preserve Turing computability. The equation of motion at issue is
the relativistic wave equation, which in inertial coordinates is written

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
− ∂2u

∂t2
= 0, c ≡ 1(14)

Pour-el and Richards studied solutions corresponding to initial data at t = 0 of
the form u(x, y, z, 0) = f(x, y, z), ∂u(x, y, z, 0)/∂t = 0. They showed that there
is a Turing computable f(x, y, z) such that the corresponding solution u(x, y, z, t)
is not Turing computable at t = 1. However, such a solution is necessarily a
weak solution (in the sense of Section 3.4) to the wave equation since it must
be non-differentiable. And the non-preservation result is sensitive to the norm
used to define convergence. Indeed, if Turing computability is defined using the
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energy norm,49 then for any Turing computable functions f and g, the solution
u(x, y, z, t) corresponding to u(x, y, z, 0) = f(x, y, z), ∂u(x, y, z, 0)/∂t = g(x, y, z)
is Turing computable (see [Pour-el and Richards, 1989, 116-118]).

5 DETERMINISM AND INDETERMINISM IN ORDINARY QM

The folklore on determinism has it that QM is the paradigm example of an in-
deterministic theory. Like most folklore, this bit contains elements of truth. But
like most folklore it ignores important subtleties — in this instance, the fact that
in some respects QM is more deterministic and more predictable than classical
physics. And to distill the elements of truth from the folklore takes considerable
effort — in particular, the folkloric notion that quantum indeterminism arises be-
cause the “reduction of the wave packet” is based on a controversial interpretation
of the quantum measurement process. Before turning to these matters, I will dis-
cuss in Section 5.1 an issue that links to the some of the themes developed above
and in Secs. 5.2-5.4 some issues unjustly neglected in the philosophical literature.

5.1 Determinism and Galilean invariance in QM

Here is another example of how linking determinism and symmetry considerations
is fruitful in producing physical insights. Consider the motion of a single spinless
particle on the real line R, and work in the familiar Hilbert space H of wave
functions, i.e. H = L2

C
(R, dx). The evolution of the state ψ(x) ∈ H of the

quantum particle is governed by the Schrödinger equation

i�
∂ψ

∂t
= Ĥψ(15)

where Ĥ is the Hamiltonian operator. This evolution is deterministic, or so it is
said. But a puzzle is quickly generated by conjoining the presumed determinism
with the presumed Galilean invariance of (16).50 Since (16) is first order in time,
giving the value of the wave function ψ(x, 0) for all x ∈ R at t = 0 should fix the
value of ψ(x, t) for all t > 0. But how can this be if the Schrödinger equation is
Galilean invariant? A proper Galilean transformation x → x′ = x − vt, v �= 0,
is the identity map for t = 0 but non-identity for t > 0. Assuming Galilean
invariance of (16), this map must carry a solution to a solution. Since the map in
question is the identity for t = 0 the two solutions should have the same initial data
ψ(x, 0); but since the map is not the identity for t > 0 the original solution and

49For initial conditions f, g the energy norm is given by
||f, g||2 :=

R R R
[(∇f)2 + g2]dxdydz.

And for functions u on R
4 the norm is ||u(x, y, z, t)|| = supt E(u, t), where

E(u, t)2 :=
R R R

[∇u +
“∂u

∂t

”2

]dxdydz.

If u is a solution of the wave equation, then E(u, t) is independent of t.
50For a treatment of the Galilean invariance of the Schrödinger equation, see [Brown, 1999].
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its image under a Galilean boost should diverge in the future, violating Laplacian
determinism. The resolution of this little puzzle is to reject the implicit assumption
that ψ behaves as a scalar under a Galilean transformation. In fact, Galilean
invariance of the Schrödinger equation can be shown to imply that the Galilean
transformation of ψ depends on the mass of the particle. And this in turn entails
a “superselection rule” for mass (discovered by Bargmann [1954]) which means
that a superposition of states corresponding to different masses is not physically
meaningful in non-relativistic QM.

5.2 How QM can be more deterministic than classical mechanics

Physics textbooks on QM offer a procedure for quantization that starts with a
Hamiltonian formulation of the classical dynamics for the system of interest and
produces, modulo operator ordering ambiguities, a formal expression for the quan-
tum Hamiltonian operator Ĥ that is inserted into equation (16).51 But to make the
formal expression into a genuine operator a domain of definition must be specified
since, typically, Ĥ is an unbounded operator and, therefore, is defined at best for
a dense domain of the Hilbert space. Usually it is not too difficult to find a dense
domain on which Ĥ acts as a symmetric operator. The question then becomes
whether or not this operator is essentially self-adjoint, i.e. has a unique self-adjoint
(SA) extension — which will also be denoted by Ĥ.52 If so, Û(t) := exp(−iĤt)
is unitary for all t ∈ R, and since Û(t) is defined for the entire Hilbert space, the
time evolute ψ(t) := Û(t)ψ for every vector in the Hilbert space is defined for all
times. (The Schrödinger equation (16) is just the “infinitesimal” version of this
evolution equation.) Thus, if Ĥ is essentially SA, none of the problems which be-
set the deterministic evolution of the classical state can trouble the deterministic
evolution of the quantum state.

What is, perhaps, surprising is that the quantum Hamiltonian operator can
be essentially SA in some cases where the counterpart classical system does not
display deterministic evolution. Recall from Section 3.5 the example of a particle
moving on the real line R in a (real-valued) potential V (x), x ∈ R. As we saw, when
the potential is proportional to −|x|4/3 near the origin, the initial value problem
for the Newtonian equation of motion does not have a unique solution. But the

quantum Hamiltonian operator Ĥ = − �
2

2m

d2

dx2
− V (x) is essentially SA provided

that V (x) is locally integrable and bounded below. And this can be satisfied by
the classically non-deterministic potential by suitably modifying it away from the
origin.53

51See [Landsman, this vol.] for details on various approaches to quantization.
52A linear operator Ô defined on the dense domain D(Ô) of the Hilbert space H is symmetric

just in case for all ψ, ϕ ∈ D(Ô), (Ôϕ, ψ) = (ϕ, Ôψ), where (·, ·) is the inner product on H. That

Ô is self-adjoint means that Ô = Ô∗, i.e. Ô is symmetric and D(Ô) = D(Ô∗), where Ô∗ is

adjoint of Ô∗. Here D(Ô∗) is defined to be the set of ϕ ∈ H such that there is a χ ∈ H such

that (Ôψ, ϕ) = (ψ, χ) for all ψ ∈ D(Ô); then Ô∗ϕ := χ.
53An appropriate dense domain is {ψ ∈ L2

C
(R, dx) : ψ, ψ′ ∈ AC(R) & Ĥψ ∈ L2

C
(R, dx)} where
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Another form of classical indeterminism occurs when the initial value problem
has locally in time a unique solution but the solution breaks down after a finite
time. The example given in Section 3.6 was that of a system of classical point
mass particles moving under the influence of their mutual pairwise attractive 1/r2

force, and it was noted that the solution can break down either because of collision
or non-collision singularities. Neither type of singularity occurs in the quantum
analogue since again the quantum Hamiltonian operator for this case is essentially
SA.54

QM also cures the indeterminism of the Zeno version of classical billiards dis-
cussed in Section 3.7, at least in a backhanded sense. A putative quantum analogue
would mimic the Zeno construction of an infinite number of distinct particles in the
unit interval (0, 1] by squeezing into that interval an infinite number of wave pack-
ets with substantial non-overlap. The latter would require that the uncertainty in
position ∆x associated with a wave packet becomes arbitrarily small as the origin
is approached. By the uncertainty principle, the uncertainty in momentum ∆p
would have to become unboundedly large as the origin is approached. This rep-
resents a breakdown in the putative quantum analogue if ∆x and ∆p both small
in comparison with some specified macroscopic standard is required for mimicing
classical behavior.55

5.3 How QM (even without state vector reduction) can be a lot less
deterministic than classical mechanics

Determinism for the evolution of the quantum state is an all-or-nothing affair.
If Ĥ is essentially SA then the “all” alternative applies since, as already noted,
the exponentiation of the unique SA extension gives a unitary evolution operator
which is defined for all times and all vectors in the Hilbert space. If Ĥ is not
essentially SA there are two possibilities to consider. The first is that Ĥ has no SA
extensions. This can be dismissed on the grounds that Ĥ should be a real operator,
and every real symmetric operator has SA extensions. The second possibility is
that Ĥ has many SA extensions. Then the “nothing” alternative applies; for
the exponentiations of the different SA extensions give physically distinct time
evolutions. Roughly speaking, the different self-adjoint extensions correspond to
different boundary conditions at the boundary points of the configuration space.
Perhaps some boundary condition can be singled out and promoted to lawlike

AC(R) stands for the absolutely continuous functions.
54This result is known as Kato’s theorem; see [Kato, 1995, Remark 5.6]. For a more detailed

discussion of the issue of essential self-adjointness and its implications for quantum determinism,
see [Earman, 2005].

55Mimicking a classical state in which a particle has given values of position and momentum
requires a quantum state ψ that not only returns the given values as expectation values but
also gives (∆x)ψ and (∆p)ψ small in comparison with the relevant macroscopic standard; for if
(∆x)ψ (respectively, (∆p)ψ) is large in comparison with the standard, there is an appreciable
probability that the particle will be found with a position (respectively, momentum) different
from the given value.
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status, thus providing for a unique quantum dynamics. But restoring determinism
by this route would require a justification for the hypothesized singling out and
promotion. Alternatively, the effects of the non-essential self-adjointness of the
Hamiltonian can be down played if it can be shown that the quantum dynamics
associated with different self-adjoint extensions all have the same classical limit
(see [Earman, 2005b]).

A toy example of the second possibility is given by a particle moving on the
positive real line R+ in a potential V (x), x ∈ R. If the potential has the form C/x2,
with C > 0, then the Newtonian initial value problem has a unique solution, and
the solution is defined for all times. The intuitive explanation is that no matter how
much energy it has, the classical particle cannot climb over the indefinitely high
potential to reach the singularity at the origin, and it cannot reach x = +∞ in finite
time. However, the quantum Hamiltonian operator for this case is not essentially

SA on L2
C
(R+, dx) if C <

3
4

(see [Reed and Simon, 1975, Thm X.10]). The intuitive
explanation is that the quantum particle can tunnel through the barrier to reach
the singularity, allowing probability to leak away. This leakage is incompatible
with unitary evolution, which would obtain as the result of exponentiating the
unique SA extension of an essentially SA Ĥ.

The singularity in the configuration space of the toy example is wholly artificial,
being created by deleting half of the real line. But analogues in the form of naked or
timelike singularities occur in general relativistic spacetimes (see Section 6.4). One
can ask whether a relativistic quantum particle propagating on the background of
negative mass Schwarzschild spacetime can tunnel through the effective repulsive
barrier that surrounds the origin r = 0. Horowitz and Marolf [1995] show that the
answer is positive.

Essential self-adjointness of the Hamiltonian might be promoted as a selec-
tion principle to help decide what systems are “quantum possible,” guaranteeing
that (barring state vector collapse) the evolution of the quantum is deterministic.
Those who think that determinism is an a priori truth may look favorably on this
promotion, but otherwise its merits are hard to discern.

5.4 Chaos and predictability in QM

QM can not only be more deterministic than classical mechanics, but it can also
be more predictable as well. Classical predictability is compromised or completely
wrecked for observers who cannot ascertain initial conditions with complete preci-
sion if the systems whose behavior they are attempting to predict display sensitive
dependence on initial conditions. But if the quantum Hamiltonian operator is
essentially SA, then not only is the evolution of the quantum state completely
deterministic, its predictability is not compromised by sensitive dependence on
initial conditions. The point is simply that the linear, unitary nature of the evo-
lution preserves the Hilbert space norm: ||U(t)ψ2 − U(t)ψ1|| = ||U(t)(ψ2 − ψ1)||
= ||ψ2 − ψ1||. In words, if two states are close (as measured in the Hilbert space
norm) to begin with, they remain close for all times, i.e. the evolution is stable.
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This stability causes trouble for anyone seeking chaos in QM itself — they are
driven to such extremes as resorting to open systems (whose evolution is not
unitary) or to hidden variables whose evolution is not stable.56 But in itself
the stability of quantum evolution poses no a priori barrier to explaining how
chaos can emerge from quantum dynamics in some appropriate classical limit. For
that project only requires showing that the expectation values of relevant classical
quantities can diverge rapidly enough (in some appropriate metric) to underwrite
higher order ergodic properties that constitute the chaotic behavior observed on
the macrolevel (see [Belot and Earman, 1997]). One obvious way to carry out this
project is to use Ehrenfest’s theorem to show that in the position representation
the centroid of a quantum wave packet will follow a classical trajectory, as long
as the mean square width of the wave packet remains sufficiently small. However,
for classically chaotic trajectories the time interval in which the latter condition
holds is uncomfortably short — for example, [Zurek, 1998] estimates that for the
chaotic tumbling of Hyperion (a moon of Jupiter) it is of the order of 20 years.
Several authors have argued that quantum decoherence comes to the rescue (see,
for example, [Zurek, 1998; 2003]), but that is a topic that is beyond the scope
of this chapter. Clearly, classical chaos poses a challenge to our understanding of
how the classical world emerges from quantum physics.57 Another aspect of the
classical-quantum correspondence is treated in the next section.

5.5 State vector reduction, hidden variables, and all that

Showing that the Hamiltonian operator Ĥ for a quantum system of interest is
essentially SA is not enough to secure the fortunes of determinism for this system,
and this for two reasons. The first is that the deterministic evolution of the quan-
tum state might be interrupted by “state vector reduction,” as is postulated in
some treatments of the measurement problem in QM, by which the unitary evo-
lution ψ(0) → ψ(t) = exp(−iĤt)ψ(0) is suspended and the quantum state jumps
into an eigenstate of the observable being measured. In its crudest form state
vector reduction is a literal miracle — a violation of the laws of nature — making
it an inappropriate topic for the present forum. But there are more sophisticated
forms of state vector reduction that model the reduction as a dynamical process.
Stochastic models in which the reduction occurs discontinuously and continuously
have been studied respectively by Ghirardi et al. [1986] and Pearle [1989]. Reduc-
tion by means of a non-linear term added to the Schrödinger equation was studied
by Pearle [1976]. If the stochastic models of reduction are on the right track
and if the stochastic mechanisms they postulate represent irreducible randomness,
then obviously determinism is breached. By contrast, the scheme of Pearle [1976]

56See the discussions of Kronz [1998] and Cushing and Bowman [1999]. By contrast, physicists
who study “quantum chaos” do not try to find chaos in QM itself but rather study the distinguish-
ing properties of quantum systems whose classical counterparts display chaos. For this reason
Michael Berry suggested replacing “quantum chaos” with “quantum chaology.” Unfortunately
the suggestion did not stick.

57For a comprehensive survey of this problem, see [Landsman, this vol.].
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achieves a deterministic state vector reduction with the help of hidden variables.58

None of these alternatives to standard non-relativistic QM has been generalized
to a viable relativistic quantum field theory, and as far as I am aware none of
them play any role in the main lines of research on quantum gravity that come
from string theory or loop quantum gravity (see Section 8). Thus, at present it
does not seem productive to speculate about the implications for determinism of
possible modifications to QM that may or may not become part of some future
physics. However, the motivation for introducing state vector reduction is relevant
here, for it leads to the second set of reasons why the conventional quantum state
dynamics may not be sufficient to secure determinism for the quantum domain.

Classical (= non-quantum) theories wear their interpretations on their sleeves.59

For example, for a classical theory that admits an (unconstrained) Hamiltonian
formulation, observables are in one-one correspondence with functions from the
phase space Γ(q, p) to (say) the reals R. The intended interpretation is that if
fO is the function corresponding to the observable O, then the value of O at t is
o iff the state (q(t), p(t)) at t is such that fO(q(t), p(t)) = o. This scheme can
be liberalized to allow for dispositional observables which have definite values in
only some states; for such an O the representing function fO is only a partial
function. Another liberalization is to allow that the range of fO includes “fuzzy”
(e.g. interval) values. To get an interpretation of QM along similar lines requires
adding to the formalism at least two things: (i) an account of which SA operators
correspond to quantum observables, and (ii) a semantics for quantum observables
in the form of a value assignment rule that specifies what values the observables
take under what conditions. I will simply assume that part (i) of the interpretation
problem has been solved.

The most obvious way to supply part (ii) would be to ape the classical value
assignment rule, replacing the classical state space Γ(q, p) by the quantum state
space to get a value assignment rule of the form: the value of quantum observable
O at t is o iff the state vector ψ(t) is such that fO(ψ(t)) = o where fO is the
representing function for the quantum observable O. If, as implicitly assumed in
this formulation, the quantum state space is taken to be the the unit sphere SH
of the Hilbert space H of the system (i.e. {ψ ∈ H : (ψ,ψ) = 1}), then as far as
standard QM is concerned, gauge freedom is present since any two elements of
SH that differ by a phase factor correspond to the same physical state in that all
expectation values of observables are the same for the two quantum states. This
gauge redundancy can be removed by taking the state space to be the projective
Hilbert space PH, defined as the quotient of SH by the action of ψ → ςψ where
ς ∈ C with |ς| = 1; equivalently, PH is the space of rays or one-dimensional
subspaces of H. Thus, from the point of view of conventional QM, the value
assignment rule should obey the restriction that fO(ψ) = fO(ψ′) whenever the

58The hidden variables are the phase angles, an idea revived by Ax and Kochen [1999]; see
below.

59But recall from Section 3 that if determinism is demanded, then the initial on-the-sleeve
interpretation may have to be modified by seeing gauge freedom at work.
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unit vectors ψ′ and ψ belong to the same ray. Allowing the value assignment
to depend on the phase would amount to introducing “hidden variables,” in the
terminology used below.

In any case, if the quantum value assignment rule takes the form under discus-
sion and if the problems discussed in Section 5.3 are waived, then arguably QM is a
deterministic theory, and this is so even if fO is a partial function (i.e. is undefined
for some quantum states) or even if fO can take fuzzy values. For assuming no
state vector reduction, the state ψ(0) at t = 0 uniquely determines the state ψ(t)
at any t > 0; and assuming the implementation of (ii) under discussion, the state
ψ(0) at t = 0 uniquely determines the value assignments at any later time t > 0.
That an observable is assigned no value or a fuzzy value at t does not represent
a failure of determinism, which requires only that the laws plus the initial state
determine the present and future values of all observables to the extent that these
values are determinate at all. Thus, on the present option it is a mistake to view
the Kochen-Specker theorem, and other subsequent no-go theorems, as showing
that QM does not admit a deterministic interpretation. Rather, what these no-
go results show is that, subject to certain natural constraints,60 some subset of
quantum observables cannot all be assigned simultaneously sharp values.61 The
same goes for the Bell-type theorems, which are best interpreted as extensions of
the Kochen-Specker no-go result to an even smaller set of observables (see [Fine,
1982a; 1982b]).

One example of the type of value assignment rule at issue is the eigenvalue-
eigenvector rule which says that, for an observable O whose quantum operator
Ô has a discrete spectrum, O has a sharp value at t iff Ôψ(t) = oψ(t), in which
case O(t) = o. But it is just this eigenvalue-eigenvector link that leads to the
notorious measurement problem in QM in the form of the inability of the theory
to explain why measurements have definite outcomes, and it is this problem that
motivated the idea of state vector reduction. In essence the problem arises because
of the insistence that “measurement” should not be taken as a primitive term
but should be analyzed within QM itself as a physical interaction between the
object system and a measuring instrument. But while the application of the
standard linear, unitary dynamics to the composite object-system + measurement-
apparatus-system can establish a one-one correlation between the eigenstates of
the object observable of interest and the eigenstates of the “pointer observable”
of the measuring instrument, the application of the eigenvector-eigenvalue rule to
the post measurement composite state function yields the unacceptable result that
the “pointer” on the measuring instrument is not pointing to any definite value

60For example, it is natural to require that if the quantum value assignment rule for O assigns
O a definite value, that value lies in the spectrum of the operator Ô corresponding to O. And it
is natural to require that for suitable functions g, Fg(O) = g ◦ FO.

61It follows from Gleason’s theorem that, subject to very plausible constraints on value assign-
ments, not all of the (uncountably infinite number of) self-adjoint operators in a Hilbert space of
dimension 3 or greater can be assigned simultaneously definite values belonging to the spectra of
these operators. The Kochen-Specker theorem shows that the same conclusion can be drawn for
a finite set of quantum observables. See [Redhead, 1987] for an account of these no-go results.
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(see [Albert, 1992] for a detailed exposition). The Schrödinger cat paradox is a
cruel illustration of this conundrum in which “live cat” and “dead cat” serve as
the “pointer positions.”

Thus, if the eigenvalue-eigenvector link is maintained, there are compelling rea-
sons to contemplate a modification of the standard quantum dynamics in order to
ensure that in measurement interactions the quantum state evolves into an eigen-
state of the relevant observables. But since the decision was made above not to
treat such modifications, the discussion that follows will be confined to the other
option, namely, the use of a value assignment rule that breaks the eigenvalue-
eigenvector link, possibly with the help of “hidden variables” that supplement the
quantum state. If hidden variables X are used, the value assignment rule takes the
form: the value of quantum observable O at t is o iff the total state (ψ(t),X(t)) is
such that fO(ψ(t),X(t)) = o, where again fO stands for the representing function
for the observable O but is now a function defined on the augmented state space.
If the evolution of the total state is deterministic, then by the same argument
as before, the quantum domain is fully deterministic if QM is true. An exam-
ple is supplied by the Bohm interpretation where X(t) specifies the positions of
the particles at t. The quantum component of the total state evolves according to
Schrödinger dynamics, and the postulated equation of motion for particle positions
guarantees that (ψ(0),X(0)) uniquely determines (ψ(t),X(t)) for t > 0 (see [Hol-
land, 1993] for a survey). On the Bohm interpretation many quantum observables
have a dispositional character, taking on determinate values only in adequately
specified contexts (typically including a measurement apparatus together with its
hidden variables). For example, in the context of a Stern-Gerlach experiment a
spin 1

2 particle will have spin-up (or spin down) just in case the position of the
particle lies the appropriate region of the apparatus. The validity of the claim that
the Bohm interpretation resolves the measurement problem thus turns on whether
all measurements can be reduced to position measurements.

The family of modal interpretations of QM also attempt to resolve the mea-
surement problem by breaking open the eigenvalue-eigenvector link wide enough
to allow measurements to have definite outcomes but not so wide as to run afoul of
the Kochen-Specker type impossibility results (see [Bub, 1997] and [Dickson, this
vol.] for overviews), but in contrast to the Bohm interpretation the modal interpre-
tations have no commitment to maintaining determinism. Very roughly the idea
is that an observable associated with a subsystem of a composite system in state
ψ(t) has a definite value just in case the reduced density matrix of the subsystem
is a weighted sum of projectors associated with an eigenbasis of the observable.
This guarantees that in an idealized non-disturbing measurement interaction in
which the pointer positions of the measuring instrument are perfectly correlated
with the possible values of the object system observable being measured, both the
pointer observable and the object system observable have definite values.62

62More generally, the interaction of a system with its environment will mean that “measure-
ment” of the system is going on all the time. Thus, decoherence aids the modal interpretation
by providing the conditions of applicability of the interpretation. In the other direction, deco-
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Most forms of the modal interpretation supply the probabilities for an observ-
able to have particular values, assuming that the conditions are appropriate for the
observable to have a determinate value; but they are silent as to what the actual
value is. Nevertheless, the actual possessed values of quantum observables can be
taken to play the role of the hidden variables X, and one can ask whether the total
state (ψ,X) can be given a deterministic dynamics. The answer is negative for
versions of the modal interpretation discussed in the philosophy literature since
these versions do not supply enough hidden variables to allow for determinism. For
example, at the time t > 0 when an ideal measurement interaction is completed
and the eigenstates of pointer position are perfectly correlated with eigenstates of
the object observable, the standard modal interpretations say that both the object
observable and the pointer observable have definite values. In different runs of the
experiment these correlated observables have different values. But in all the runs
the initial quantum state ψ(0) is the same, and the experimental situation can be
arranged so that modal interpretations say that the initial possessed values X(0)
are the same. This failure of determinism is of no concern to the modal theorist
whose goal is to solve the measurement problem. To this end it is enough to show
that there is a stochastic dynamics for possessed values that is compatible with
the statistical predictions of QM. In fact, there is a vast array of such dynamics
(see [Dickson, 1997] and [Bacciagaluppi, and Dickson, 1998]).

A different version of the modal interpretation, proposed by Ax and Kochen
[1999], takes the option mentioned above of extending the standard quantum state
space of rays PH to unit vectors SH. Elements of the former are supposed to char-
acterize statistical ensembles of systems while elements of the latter characterize
individual systems. This extension allows the modal interpretation to specify what
value an observable has, in circumstances when it has a definite value, and also
to provide for a deterministic evolution of the augmented quantum state. It is
postulated that the ensemble corresponding to a ray ςψ, |ς| = 1, is composed
of individual systems with phase factors ς having an initial uniformly random
distribution, which accounts for the apparent failure of determinism.

Both the Bohm interpretation and the family of modal interpretations have
difficulties coping with relativistic considerations. The former does not have any
natural generalization to QFT, at least not one which takes seriously the lesson
that in QFT fields are the fundamental entities and particles are epiphenomena
of field behavior. The latter does possess a natural generalization to QFT, but it
yields the unfortunate consequence that in situations that are standardly discussed,
no subsystem observable has a definite value (see [Earman and Ruetsche, 2005]
and the references therein).

Many worlds interpretations of QM can be given a literal or a figurative reading
(see [Barrett, 1999] for an overview). On the literal reading there are literally
many worlds in that spacetime splits into many branches which, from the branch

herence requires something akin to the modal interpretation, for otherwise it does not, contrary
to the claims of its promoters, resolve the measurement problem. For more on decoherence, see
[Landsman, this vol.].
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time onwards, are topologically disconnected from one another (see, for example,
[McCall, 1995]).63 This form of many worlds can be described as a hidden variable
interpretation by taking the hidden variables X to describe the spacetime branch-
ing and by taking the representing function fO to be a mapping from the total
state (ψ(t),X(t)) to a vector, possibly with infinitely many components labeled
α, where the component α supplies the value at t of O in branch α. The fate of
determinism then depends on whether or not the story of when and how branching
takes place makes the evolution of the total state (ψ,X) deterministic. On the
figurative reading of “many worlds” there is literally only one world, but there are
many minds, contexts, perspectives, or whatever. Also there is no such thing as
an observable O simpliciter but rather an observable O-in-context-α, denoted by
Oα. If the representing function fOα

is a function of the quantum state only, then
determinism seems to be secured. However, our notation is defective in disguising
the need for a specification of the contexts that are available at any given time.
That specification is determined by the quantum state ψ(t) alone if there is a
“democracy of bases,” i.e. any “branch” of ψ(t) expressed as a linear combina-
tion of the vectors of any orthonormal basis of the Hilbert space of the system
defines a context. Such a radical democracy seems incompatible with experience,
e.g. in the Schrödinger cat experiment we either see a live cat or we see a dead
cat, and we never experience a superposition of seeing a live and seeing a dead
cat.64 To overcome this difficulty some many world theorists propose to work with
a preferred set of bases. The issue of determinism then devolves on the question
of whether the specification of the set of preferred bases is deterministic. Even
if the many worlds interpretation — on either the literal or figurative version —
secures ontological determinism, the price seems to be a radical epistemic indeter-
minism: How do I know which branch of a splitting world or which context of a
non-splitting world I am in? Being told that there is no “I” only an “I-in-branch-
α” or an “I-in-context-α ”is of no help when I — whichever I that is — have to
make a prediction about the outcome of a measurement. Here all I can do is fall
back on the statistical algorithm of QM. The many worlds interpretation seems to
guarantee that even if the world is ontologically deterministic, it behaves, as far
as anyone can judge, as if there is an irreducible stochasticity.

Although the discussion of the quantum measurement problem and its ramifi-
cations has been very sketchy, I trust it is sufficient to indicate why it is vain to
hope for a simple and clean answer to the question of whether the truth of QM
entails the falsity of determinism. To arrive at an answer to that question calls for
winnowing the various competing interpretations of QM, a task that is far from
straightforward, especially since judgments about how to perform the winnowing

63How to describe branching spacetimes within the context of conventional spacetime theories
is a ticklish matter. Perhaps the most promising move is to hold on to the assumption that
spacetime is a differentiable manifold but abandon the assumption that it is a Hausdorff mani-
fold. However, non-Hausdorff manifolds can display various pathological properties that threaten
determinism, e.g. geodesics can bifurcate. See Section 6.1.

64But how can we be sure? Perhaps momentary mental confusion is a superposition phe-
nomenon.
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are inevitably colored by attitudes towards determinism.

6 DETERMINISM IN CLASSICAL GTR

6.1 Einstein’s revolution

Einstein’s GTR was revolutionary in many respects, but for present purposes
the initially most important innovation is that GTR sweeps away the notion —
shared by all pre-GTR theories — of a fixed spacetime background against which
the evolution of particles and fields takes place. In GTR the spacetime metric is a
dynamical field whose evolution is governed by Einstein’s gravitational field equa-
tions (EFE). Before discussing the issue of whether this evolution is deterministic,
two preliminary matters need attention.

First, general relativists typically assume that the manifold M of a relativistic
spacetime M, gab is Hausdorff.65 Without this stipulation determinism would be
in deep trouble. For example, non-Hausdorff spacetimes can admit a bifurcating
geodesics; that is, there can be smooth mappings γ1 and γ2 from, say, [0, 1] intoM
such that the image curves γ1[0, 1] and γ1[0, 1] are geodesics that agree for [0, b),
0 < b < 1, but have different endpoints γ1(1) and γ2(1). According to GTR, the
worldline of a massive test particle not acted upon by non-gravitational forces is a
timelike geodesic. But how would such a particle know which branch of bifurcating
geodesic to follow? Additionally, the (local) uniqueness of solutions to the initial
value problem for EFE discussed below in Section 6.3 would fail if non-Hausdorff
attachments were allowed.

Second, the reader is reminded that attention is being restricted to relativistic
spacetimes M, gab that are temporally orientable, and it is assumed that one of
the orientations has been singled out as giving a directionality to time. But even
with this restriction in place, some of the spacetimes embodied in solutions to
EFE are inimical to the formulation of global Laplacian determinism given in
Section 2.1. For example, such spacetimes may not admit a global time function.
Indeed, the spacetime of the Gödel cosmological model not only does not admit a
global time function, but it does not even admit a single global time slice (spacelike
hypersurface without edges) so that one cannot meaningfully speak of the universe-
at-a-given-moment.66

One response would be to narrow down the class of physically acceptable models
of GTR by requiring that, in addition to satisfying EFE, such models must also
fulfill restrictions on the global causal structure of spacetime that rule out such
monstrosities as Gödel’s model and other models which contains closed timelike

65M is Hausdorff iff for any p, q ∈M with p 
= q, there are neighborhoods N(p) and N(q) such
that N(p) ∩N(q) = ∅. Of course, a manifold is (by definition) locally Euclidean and, therefore,
locally Hausdorff.

66This is a consequence of three features of Gödel spacetime: it is temporally orientable (i.e.
it admits a continuous non-vanishing timelike vector field), it is simply connected, and through
every spacetime point there passes a closed future directed timelike curve. For a description of
the Gödel solution, see [Hawking and Ellis, 1973, 168–170] and [Malament, 1984].
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curves. This move has the independent motivation of avoiding the “paradoxes of
time travel.”67 But much stronger causality conditions are needed to underwrite
the global version of Laplacian determinism in the general relativistic setting.

In the first place, to carry over the classical conception of Laplacian determinism
to the context of a general relativistic spacetime requires that the spacetime admit
a global time function, which is not guaranteed by the absence of closed timelike
curves. But even the requirement of a global time function is not strong enough
because it provides no guarantee that the level surfaces of any such function will
have the Cauchy property. To be at home, Laplacian determinism requires a space-
timeM, gab that is globally hyperbolic, which is the conjunction of two conditions:
first, M, gab must be strongly causal in that for any p ∈ M and any neighbor-
hood p there is a subneighborhood such that once a future directed causal curve
leaves, it never reenters (intuitively, there are no almost closed causal curves);
and second, for every p, q ∈ M, the causal diamond J+(p) ∩ J−(q) is compact.68

Global hyperbolicity guarantees that M, gab can be foliated by Cauchy surfaces
and thatM is diffeomorphically Σ x R, where Σ is an n− 1 dimensional manifold
if dim(M) = n. But simply stipulating global hyperbolicity has all the virtues of
theft over honest toil. So let us see what can be achieved by honest toil.

6.2 Determinism and gauge freedom in GTR

For pre-relativistic theories a constant theme was that creating an environment
friendly to determinism requires willingness to either beef up the structure of the
background spacetime or else to see gauge freedom at work in sopping up the ap-
parent indeterminism (recall Section 3.3). But in GTR there is no fixed background
structure. Thus, one would expect that GTR either produces indeterminism or
else that there is a non-trivial gauge symmetry at work. This expectation is not
disappointed.

To see why it is necessary to be more detailed about the EFE:

Rab − 1
2
Rgab + Λgab = κTab(16)

where Rab and R := Rc
c are respectively the Ricci tensor (which is defined in terms

of gab and its derivatives) and the Ricci scalar, Λ is the cosmological constant, and
Tab is the stress-energy tensor. The cosmological constant can be ignored for
present purposes, but it is currently the object of intense interest in cosmology
since a positive Λ is one of the candidates for the “dark energy” which is driving
the accelerating expansion of the universe (see [Ellis, this vol.]).

A potential model of the theory is then a triple 〈M, gab, Tab〉 where gab, Tab
satisfy (17) at all points of M. Building such a model seems all too easy: start

67But see [Earman, Smeenk, and Wüthrich, 2005] which argues that the so-called paradoxes
of time travel do not show that time travel is conceptually or physically impossible.

68J+(p) (respectively, J−(p)) denotes the causal future (respectively, causal past) of p, i.e.,
the set of all points q such that there is a future directed causal curve from p to q (respectively,
from q to p).
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with any any general relativistic spacetime M, gab, compute the Einstein tensor
Gab := Rab− 1

2Rgab, and define the stress-energy tensor by Tab := κGab. Thus, the
understanding must be that Tab arises from a known matter field. And in order to
make the environment as friendly as possible for determinism, it will be assumed
that the Tab’s that are plugged into the right hand side of (17) fulfill the dominant
energy condition (see Section 4.1) which, together with the local conservation law
∇aTab = 0 (which itself is a logical consequence of (17)), guarantees that matter-
energy does not propagate faster than light.

Even with these enabling stipulations in place, it seems at first glance that
determinism gets no traction, at least not if a naively realistic interpretation is
given to the models of the theory. The difficulty can be made apparent by repeating
a variant of the construction given in Section 3.2. Let 〈M, gab, Tab〉 be a model
satisfying all of the above stipulations, and suppose that the spacetime M, gab
satisfies all of the causality conditions you like, e.g. that it is globally hyperbolic.
Since there is no fixed background structure to respect, save for the topological and
differentiable structure ofM, one is free to choose a diffeomorphism d :M→M
such that d is the identity map on and to the past of some Cauchy surface Σ
of M, gab but non-identity to the future of Σ. Then 〈M, d∗gab, d∗Tab〉, where d∗

indicates the drag along by d, will also be a model satisfying all of the stipulations
imposed on 〈M, gab, Tab〉. By construction, d∗gab(p) = gab(p) and d∗Tab(p) =
Tab(p) for all p on or to the past of Σ, but d∗gab(p) �= gab(p) and d∗Tab(p) �= Tab(p)
for some points p to the future of Σ (unless we have inadvertently chosen a d
that is a symmetry of gab and Tab, which can always be avoided). The existence
of this pair of models that agree for all past times but disagree in the future is
a violation of even the weakest cousin of Laplacian determinism, at least if the
surface structure of the theory — tensor fields on a manifold — is taken at face
value.

When this sort of construction threatened to undermine determinism in a pre-
GTR setting, two options were available for shoring up determinism: add more
structure to the background spacetime or reject the container view of spacetime.
The first option is ineffective unless the additional elements of spacetime struc-
ture are non-dynamical objects, but this represents a retreat from one of the key
features Einstein’s revolution. If there is to be no retreat, then the second option
must be exercised. In the present context the option of rejecting the container view
of spacetime takes the form of rejecting the naive realism that reads the theory as
describing tensor fields living on a manifold.

Choosing the second option has a principled motivation which is not invented
to save determinism in GTR but which follows in line with the treatment of gauge
symmetries in pre-general relativistic theories. The field equations (17) of GTR
are the Euler-Lagrange equations derived from an action principle that admits the
diffeomorphism group as a variational symmetry group. Thus, Noether’s second
theorem applies, indicating that we have a case of underdetermination — more
“unknowns” than there are independent field equations — and that arbitrary
functions of the spacetime variables will show up in solutions to the field equations.
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Switching from the Lagrangian to the Hamiltonian formulation, it is found, as
expected, that GTR is a constrained Hamiltonian theory. There are two families
of first class constraints, the momentum constraints and the Hamiltonian con-
straints.69 Unfortunately the Poisson bracket algebra of these constraints is not a
Lie algebra,70 and consequently one cannot directly associate the diffeomorphism
group, which acts on the spacetime, with a group which acts on the Hamiltonian
phase space by finding a natural homomorphism of the Lie algebra of the diffeo-
morphism group into the constraint algebra. This glitch is overcome by Isham
and Kuchař [1986a; 1986b] who show that if appropriate embedding variables and
their conjugate momenta are used to enlarge the phase space, then the enlarged
constraint algebra is a Lie algebra, and that there exists a homomorphism of the
Lie algebra of the spacetime diffeomorphism group into the new constraint alge-
bra. Thus, the standard apparatus for treating gauge symmetries can be applied,
yielding the verdict that the diffeomorphism invariance of GTR is to be inter-
preted as a gauge symmetry. On this interpretation, the above construction does
not demonstrate that GTR is indeterministic but rather produces a faux violation
of determinism by taking advantage of the redundancy of the surface structure the-
ory in the sense of the many-to-one correspondence between the surface structure
models and the intrinsic physical situation they describe; in particular, the mod-
els 〈M, d∗gab, d∗Tab〉 and 〈M, gab, Tab〉 in the above construction cannot threaten
determinism since they are to be interpreted as different descriptions of the same
physical situation. Of course, the apparatus at issue has built into it a commit-
ment to determinism, so its application to GTR cannot be taken as part of a proof
that the correct interpretation of GTR makes it a deterministic theory. The only
claim being made here is that this determinism-saving move for GTR is not ad hoc
but is part of a systematic approach to gauge symmetries that is taken to yield
the “correct” results for pre-GTR theories.71

What is so clear using hindsight wisdom took Einstein many years of struggle to
understand. His infamous “hole argument” can be seen as a discovery of this un-
derdetermination problem.72 What muddied the waters was a confusion between
two senses of general covariance. Formal general covariance demands that the
laws of motion/field equations of a theory be written in a form that makes them

69The plural is used here since there is a momentum constraint and a Hamiltonian constraint
for every point of space.

70The bracket of a pair of the constraints is not always a linear combination of the constraints
multiplied by a “structure constant.” This failure of the constraint algebra to form a Lie algebra
means that GTR is not a gauge theory in the sense of Yang-Mills. But it certainly does not
mean that GTR does not contain non-trivial degrees of gauge freedom.

71Because these matters are surrounded by so much controversy in the philosophical literature,
I want to emphasize as strongly as possible that I am not proposing a new way of looking at
GTR but am simply expounding what is the standard view among general relativists; see, for
example, [Wald, 1984].

72See [Norton, 1984] and [Stachel, 1986] for accounts of how the “hole argument” figured in
Einstein’s search for his gravitational field equations. And see [Rovelli, this. vol, Ch. 12] for an
account of how reflecting on the lessons of the “hole argument” influenced his understanding of
classical GTR and his approach to quantum gravity.
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covariant under arbitrary coordinate transformations. The terminology “formal”
was chosen with malice aforethought since the demand of formal general covari-
ance is a demand on the form rather than on the content of theory. For example,
Newtonian and special relativistic theories can be reformulated, without change of
content, so as to meet this demand. Indeed, the fact that Newtonian and special
relativistic theories can be formulated in a completely coordinate-free manner al-
ready should make it clear that coordinates cannot matter.73 Substantive general
covariance demands diffeomorphism invariance (e.g. that for arbitrary diffeomor-
phism of M, (M, d∗gab, d∗Tab) is a model of the theory if (M, gab, Tab) is) and
that this diffeomorphism invariance is a gauge symmetry. Again the terminology
“substantive” was chosen with malice aforethought since the demand of substan-
tive general covariance is not automatically met, without change of content, for
formally generally covariant Newtonian and special relativistic theories, at least
not by the lights of apparatus for treating gauge symmetries that has been touted
here (see [Earman, 2006]).

What invites confusion is the fact that a spacetime coordinate transformation
can be taken to indicate either a relabeling of spacetime points or as indicating a
(local) diffeomorphism. In the first guise these transformations are gauge trans-
formations of an innocent kind: they relate the various coordinate representations
of the intrinsic coordinate-free objects gab and Tab obtained by taking the compo-
nents of these objects in different coordinate systems. But there is nothing new
here as regards GTR since exactly the same story holds for intrinsic coordinate-free
presentations of pre-GTR theories. In the second guise, however, these transfor-
mations may or may not be gauge transformations — it depends on the content
of the theory.

When he first discovered the underdetermination problem by means of the “hole
argument,” Einstein took it to reveal a real and intolerable form of underdeter-
mination. To avoid it, he thought he had to reject formal general covariance as a
desideratum for gravitational field equations. Only after wandering in the wilder-
ness of non-covariant equations for almost three years did he re-embrace general
covariance. In effecting the re-embrace Einstein did not speak the language of
gauge symmetries (the terminology and the apparatus had not been invented),
so he did not say that the gauge interpretation of GTR lowers the hurdle for de-
terminism in that it requires only the uniqueness of evolution for gauge invariant
quantities. But he said what amounts to the same thing; or rather he said it for
a subclass of the gauge invariant quantities of GTR — what are called “point
coincidences,” i.e. things like the intersection of light rays.74

Many philosophers have traced Einstein’s path in various ways. Very few of
them, however, have owned up to the implications of where the path leads. If

73In the above presentation I have intentionally used the “abstract index” notation. Thus,
gab stands for a symmetric, covariant tensor field that is defined in a coordinate-free manner
as a bilinear map of pairs of tangent vectors to R. This object can be represented by its co-
ordinate components gjk in a coordinate system {xi}. The transformations between two such
representations are gauge transformations, albeit trivial ones.

74See [Howard, 1999] for an account of Einstein’s use of this term.
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determinism in GTR is saved by treating diffeomorphism invariance as a gauge
symmetry, then the only “observables” (= genuine physical magnitudes) of GTR
are gauge invariant quantities. This is easy enough to say, but what exactly is
the nature of the gauge invariant structure that underlies the surface structure?
This is a crucial issue for those physicists who pursue a quantum theory of gravity
by applying some version of the canonical quantization program to GTR, for on
this program it is the “observables” of classical GTR that will be turned into
quantum observables in the sense of self-adjoint operators on the Hilbert space
of quantum gravity. There is no standard answer to the question of how best
to characterize the observables of classical GTR. But one thing is sure: none of
the familiar quantities used in textbook presentations of GTR, not even scalar
curvature invariants such as the Ricci scalar appearing in the field equations (17),
count as observables in the sense under discussion. And more particularly, no
local quantities — quantities attached to spacetime points or finite regions — are
gauge invariants. In this respect the gauge-free content of the theory has a non-
substantivalist flavor. Whether this content can be characterized in a way that
also satisfies traditional relationalist scruples remains to be seen.

A second closely related implication of treating the diffeomorphism invariance of
GTR as a gauge symmetry concerns the nature of time and change. In the Hamil-
tonian formalism the implication takes the form of a “frozen dynamics.” Applying
to the Hamiltonian constraint of GTR the doctrine that first class constraints
generate gauge transformations leads directly to the conclusion that motion in
GTR is pure gauge. Put another way, the instantaneous states in the Hamiltonian
formulation of the theory contain redundant structure, and any two such states,
where one is generated from another by solving the Hamiltonian form of EFE, are
equivalent descriptions of the same intrinsic, gauge invariant situation.75

For those who find these implications unpalatable, the heterodox moves men-
tioned in Section 3.3 may be attractive. As far as I am aware, however, such
heterodoxy as applied to GTR has not been seriously pursued by the physics
community.

6.3 The initial value problem in GTR

For the sake of simplicity consider the initial value problem for the source-free or
vacuum EFE, i.e. (17) with Tab ≡ 0. Since these equations are second order in
time, presumably the appropriate initial data consist of the values, at some given
time, of the spacetime metric and its first time derivative. The technical formu-
lation of this idea is to take an initial data set to consist of a triple (Σ, hab, kab),
with the following features and intended interpretations. Σ is a three-manifold,
which is to be embedded as a spacelike hypersurface of spacetime M, gab. hab is
a smooth Riemann metric on Σ, which will coincide with the metric induced on
Σ by the spacetime metric gab when Σ is embedded as a spacelike hypersurface

75For more on the problem of time in GTR and quantum gravity, see [Belot and Earman,
1999], [Belot, this vol.], and [Rovelli, this vol.].
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of M, gab. And kab is a smooth symmetric tensor field on Σ that coincides with
the normal derivative of hab when Σ is embedded as a spacelike hypersurface of
M, gab. A spacetime M, gab that fulfills all of these roles is said to be a develop-
ment of the initial data set (Σ, hab, kab). If the development M, gab of the initial
data set (Σ, hab, kab) satisfies the source-free EFE, then hab and kab cannot be
specified arbitrarily but must satisfy a set of constraint equations. The existence
and uniqueness result for the source-free EFE takes the following form76: Let
(Σ, hab, kab) be an initial value set satisfying the constraint equations; then there
exits a developmentM, gab of the initial data that is the unique — up to diffeomor-
phism — maximal Cauchy development satisfying the source-free field equations.
Furthermore, gab depends continuously on the initial data (see [Hawking and Ellis,
1973] for details of the relevant topology).

Just as the proof of the well-posedness of the initial value problem for the ho-
mogeneous Maxwell equations exploits the gauge freedom in the electromagnetic
potentials (see Section 4.2), so the existence and uniqueness proof for EFE exploits
the idea that diffeomorphism invariance is a gauge symmetry of GTR. When the
metric potentials gij (i.e. the coordinate components of the metric gab) are sub-
jected to a gauge condition (called the harmonic coordinate condition), the EFE
take the form of a system of quasi-linear, diagonal, second order hyperbolic pdes,
which are known to have locally well-posed initial value problem.

That the developmentM, gab of the given initial data is a Cauchy development
means that Σ is a Cauchy surface of M, gab (and, thus, that this spacetime is
globally hyperbolic). That it is the maximal Cauchy development means that there
is no proper extension ofM, gab which is a solution of the source-free EFE and for
which Σ is a Cauchy surface. The up-to-diffeomorphism qualifier to uniqueness was
to be expected from the discussion of gauge freedom in the previous subsection,
and in turn the presence of this qualifier shows that the heuristic discussion given
there can be given precise content. Here the qualifier means that if M′, g′ab is
any other maximal development satisfying the source-free EFE, then there is a
diffeomorphism d :M→M′ such that d∗gab = g′ab.

Curie’s Principle (see Section 2.3 above) would lead one to believe that a symme-
try of the initial value set (Σ, hab, kab) for the vacuum EFE should be inherited by
the corresponding solution. And so it is. Let ϕ : Σ→ Σ be a diffeomorphism that
is a symmetry of the initial data in the sense that ϕ∗hab = hab and ϕ∗kab = kab.
Then as shown by Friedrich and Rendall [2000, 216–217], if ψ is an embedding of
Σ into the maximal Cauchy development determined by (Σ, hab, kab), there exists
an isometry ψ̄ of this development onto itself such that ψ̄ ◦ϕ = ϕ ◦ψ, i.e. there is
an isometry of the maximal Cauchy development whose restriction to ϕ(Σ) is ψ.
Moreover, this extension of the symmetry of the initial data is unique.

The initial value problem for the sourced EFE involves not only the stress-energy
tensor Tab but also the equations of motion for the matter fields that give rise to Tab
and, in particular, the coupling of these matter fields to gravity and to each other.
Whether the coupled Einstein-matter equations admit an initial value formulation

76This formulation is taken from Wald [1984, Theorem 10.2.2].
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and, if so, whether the initial value problem is well-posed are issues that have to
be studied on a case-by-case basis. For what seem to be appropriate choices of
coupling, the initial value problem for the combined Einstein-Klein-Gordon equa-
tions and the Einstein-Maxwell equations have existence and uniqueness results
similar to that for the source-free Einstein equations. For other cases the results
are not as nice.77

The results mentioned above demonstrate that substantive general covariance
(in the sense that diffeomorphism invariance is a gauge symmetry) is compatible
with having a well-posed initial value problem. But there is clearly a tension
between the two, and so one can wonder just how tightly the combination of these
two requirements constrains possible laws.78

6.4 Cosmic censorship and chronology protection

The positive results reported in the preceding section hardly exhaust the issue of
determinism in GTR. One key concern is what happens when the maximal Cauchy
developmentM, gab of initial data (Σ, hab, kab) satisfying the constraint equations
is not maximal simpliciter, i.e. when M, gab can be imbedded isometrically as a
proper subset of a larger spacetime M′, g′ab satisfying the source-free EFE. The
analogous issue can also be raised for the case when Tab �= 0. The future boundary
H+(Σ) of the (image of) the future domain of dependence D+(Σ) in the larger
spacetime is called the future Cauchy horizon of Σ; the past Cauchy horizon H−(Σ)
of Σ is defined analogously.79 Intuitively, beyond the Cauchy horizons of Σ lie the
regions of spacetime where the state of things is not uniquely fixed by the given
initial data on Σ; for generally if the maximal Cauchy developmentM, gab of the
initial data is not maximal simpliciter, then the larger extensions for which Σ is
not a Cauchy surface are not unique (even up-to-diffeomorphism).

A relatively uninteresting reason why the maximal Cauchy development might
be non-maximal simpliciter is that Σ was a poor choice of initial value hypersurface.
A trivial but useful example is given by choosing Σ to be the spacelike hyperboloid
of Minkowski spacetime pictured in Fig. 3. Here H+(Σ) is the past null cone of
the point p.

Some features of this example generalize; in particular, H+(Σ) is always a
null surface generated by null geodesics. The unfortunate case can be excluded by
requiring, say, that Σ be compact or that it be asymptotically flat. Of course, these
conditions exclude many cases of physical relevance, but for sake of discussion let
us leave them in place. Even so, the maximal Cauchy development may fail to be
maximal simpliciter for more interesting and more disturbing reasons.

77For comprehensive reviews of what is known, see [Friedrich and Rendall, 2000] and [Rendall,
2002].

78An analysis of gauge symmetries different from the one advertised here is given in [Geroch,
2004]. He gives only two examples of laws that have an initial value formulation and that have
diffeomorphism invariance as a gauge symmetry (in his sense).

79More precisely, H+(Σ) := D+(Σ)− I−(D+(Σ)), and analogously for H−(Σ).
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Σ

p

I-(p)t

Figure 3. A poor choice of initial value hypersurface

One reason is that a spacetime can start with nice causal properties and evolve
in such a way that these properties are lost. The point is illustrated by Misner’s
(1 + 1)-dim spacetime that captures some of the causal features of Taub-NUT
spacetime, which is a solution to the source-free EFE. The Σ in Fig. 4 is a compact
spacelike slice in the causally well behaved Taub portion of the spacetime, and its
future Cauchy horizon H+(Σ) is a closed null curve. Crossing over this horizon
takes one into a region of spacetime where there are closed timelike curves.

H+(Σ)

CTCNUT
region

Taub
region

Σ

Figure 4. Misner spacetime

Another reason that the maximal Cauchy development may fail to be maximal
simpliciter is illustrated in Fig. 5 which shows a non-compact asymptotically flat
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spacelike slice Σ on which a spherically symmetric ball of matter starts to undergo
gravitational collapse. After a finite time the density of collapsing matter becomes
infinite, creating a curvature singularity that is pictured as a timelike line in the
figure. Strictly speaking, however, it makes no sense to call the singularity a
timelike line since the singularity is not part of the spacetime.80 But this makes
no difference to the main point of relevance here; namely, a causal curve that
terminates at a point to the future of H+(Σ) and that is extended into the past
may fail to reach Σ, not because it has a past endpoint or because it gets trapped
on H+(Σ) (as can happen in the spacetime of Fig. 4) but because it “runs into a
singularity” or, better (since the singularity is not part of the spacetime), because
it “runs off the edge of the spacetime.”

H+(Σ)

Σ

t

collapsing
matter

singularity

Figure 5. The development of a naked singularity in spherical gravitational collapse

It is known that EFE plus the imposition of the various energy conditions on
Tab discussed above do not suffice to prevent the kind of pathologies indicated
by Figs. 4 and 5. But in all of such known examples there is something suspi-
cious: either the matter fields involved are not “fundamental,” i.e. even when
gravity is turned off these matter fields are not well behaved in the sense that in
Minkowski spacetime the initial value problem for their equations of motion do
not admit global existence and uniqueness results (see Section 4.2), or else the
initial conditions that eventuate in the singularity are very special, e.g. the ini-
tial configuration of matter in Fig. 5 required to produce the singularity must be
perfectly spherically symmetric. One might conjecture that what holds for these
examples holds generally: Consider a fundamental matter field that can serve as a

80One could try to attach the singular points as boundary points of the spacetime manifold.
However, the extant prescriptions for doing this lead to counterintuitive features, e.g. the singular
points need not be Hausdorff separated from interior points of the manifold; see [Geroch et al.,
1982].
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source for gravitation. Then the subset of initial data for the Einstein-matter field
equations for which the unique (up to diffeomorphism) maximal Cauchy develop-
ment is not maximal simpliciter is of measure zero in the full space of such data,
assuming poor choices of initial value hypersurfaces are excluded. To make this
vague claim into a precise conjecture would require a specification of what matter
fields are to be counted as fundamental, a specification of a suitable measure on
the space of initial data, and a non-question begging specification of what counts
as a poor choice of initial value hypersurface. The aimed-for conjecture is referred
to as Penrose’s cosmic censorship conjecture.

Less sweeping versions of the conjecture might focus specifically on one or an-
other of the two types of pathologies illustrated in Figs. 4 and 5. Hawking’s
chronology protection conjecture aims to show that cases where closed timelike
curves develop from a causally innocent past are highly non-generic among solu-
tions to Einstein-fundamental-matter-field equations. The weak cosmic censorship
conjecture aims to show that in generic solutions with asymptotically flat space-
times, singularities are not “naked” in the sense of being visible to observers at
infinity because whatever singularities develop (say, in gravitational collapse) are
hidden inside of the event horizons of black holes which serve as one-way causal
membranes that shield external observers from any of the pathologies of indeter-
minism that might develop within the horizon. Some progress has been made in
formulating and proving precise versions of chronology protection and weak cosmic
censorship, but the juries are still out on strong cosmic censorship.81

6.5 Predictability in general relativistic spacetimes

In Section 4.3 it was seen that the structure of Minkowski spacetimes has a double-
edged quality with respect to determinism and predictability: while this structure
makes possible clean examples of determinism, it also makes it impossible for em-
bodied observers who must gather their information about initial conditions by
means of causal interactions with the world to use determinism to perform gen-
uine predictions. The point was formalized by defining the domain of predictability
P (q) of a point q ∈M of a spacetimeM, gab and noting that in Minkowski space-
time P (q) = ∅ for every q. Non-empty domains of predictability are obtained in
the modified version of Minkowski spacetime with compactified space slices illus-
trated in Fig. 2. A feature of this case generalizes to arbitrary general relativistic
spacetimes; namely, if the spacetime M, gab possesses a Cauchy surface Σ such
that Σ ⊂ I−(q) for some q ∈ M, then Σ is compact. Since a spacetime with a
Cauchy surface Σ is diffeomorphically Σ x R, the kind of complete predictability
that comes with having Σ ⊂ I−(q) for some q is possible only in a spatially finite
universe. The converse is not true: the existence of a compact Cauchy surface does
not guarantee that there is a Cauchy surface Σ such that Σ ⊂ I−(q) for some q, de

81For an overview of progress on cosmic censorship, see [Chruściel, 1992; Isenberg, 1992; [Pen-
rose, 1998; Wald, 1998]. And for an overview of progress on chronology protection, see [Earman
et al., 2005].
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Sitter spacetime providing a relevant counterexample. Many interesting features
of predictability in general relativistic spacetime are studied in [Hogarth, 1993].

6.6 Determinism and computability in general relativistic spacetimes

A Plato machine for gaining mathematical knowledge about an unresolved conjec-
ture of number theory, whose prenex normal form is (∀n1)(∀n2)...(∀nm)F (n1, n2, ...,
nm) or (∃n1)(∃n2)...(∃nm)F (n1, n2, ..., nm) with F recursive, can be conceptual-
ized as an ordinary Turing machine run in Zeno fashion: enumerate the m-tuples
of natural numbers and have the computer check in the first 1/2 minute whether
F holds of the first tuple, check in the next 1/4 minute whether F holds of the
second tuple, etc. At the end of the minute the truth of the conjecture is settled.
Despite various claims to the contrary, I see no conceptual incoherency in such a
device. But STR militates against the physical instantiation of such a device since
the Zeno speed up would seem to require that some of the parts of the device must
eventually move faster than the speed of light.82

General relativistic spacetimes seem to open the possibility of creating the func-
tional equivalent of a Plato machine without Zeno tricks and without running afoul
of the prohibition on superluminal propagation. Consider a spacetime with the
following features. First, there is a timelike half-curve γ1 with past endpoint, no
future endpoint, and an infinite proper length. Second, there is another timelike
half-curve γ2 with past endpoint p and a point q ∈ γ2 such that the proper time
elapsed along γ2 from p to q is finite and such that γ1 ∈ I−(q). Such a spacetime
has been dubbed a Malament-Hogarth spacetime. The theorems of any recursively
axiomatizable theory — say, Zermelo-Frankel set theory — can be recursively
enumerated, and a device whose worldline is γ1 can utilize a Turing machine to
effectively check each of these theorems to see one has the form “0 = 1”. The
device can be programmed to send out a signal — “Eureka!”— to an observer
whose world line is γ2 just in case “0 = 1” is found among the theorems. Assum-
ing that the observer γ2 is aware of this arrangement, she gains knowledge of the
consistency/inconsistency of ZF: she knows that ZF is consistent just in case she
has not received a “Eureka!” signal by the time she reaches the point q.

Similar arrangements can be used to “decide,” at least in principle, Turing unde-
cidable questions and to “compute” Turing uncomputable functions (see [Hogarth,
1994]). They, thus, threaten to falsify the physical Church-Turing thesis which as-
serts, roughly, that any physical computing device can be simulated by a Turing
machine (see [Etsei and Németi, 2002] for a careful formulation of this thesis).
In contrast to the original Church-Turing thesis which belongs to mathematical
logic, the physical Church-Turing thesis lies in the borderland of mathematical
logic and physics (see [Deutsch et al., 2000]), and it is much harder to evaluate,
especially if it is understood to require the physical realizability of the devices that
implement the bifurcated supertask. Here I will confine myself to a few remarks

82Perhaps conflict with STR can be avoided by Zeno shrinking the parts, but this maneuver
may run afoul of quantum restrictions.
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on this matter and refer the interested reader to Németi and David [2005] for a
fuller discussion.

Malament-Hogarth spacetimes are among the solutions of EFE — e.g. Reissner-
Nordström spacetime and (the universal covering spacetime of) anti-De Sitter
spacetimes. These particular spacetimes do not involve causal anomalies in the
sense that they admit global time functions. However, all Malament-Hogarth
spacetimes fail to be globally hyperbolic. Indeed, it can shown of such spacetimes
that if Σ ⊂ M is any spacelike hypersurface such that the above defined γ1 lies
in I+(Σ), then any Malament-Hogarth point q whose chronological past contains
γ1 must lie on or beyond H+(Σ) (see Lemma 4.3 of [Earman, 1995, 117]). The
possibility of non-deterministic influences, which might open the possibility that
γ1 receives a false “Eureka!” message, seems to undermine the use of Malament-
Hogarth spacetimes for gaining knowledge in the sense of certainty. However,
one should not draw hasty conclusions here since, as discussed in the following
subsection, it is possible to have deterministic dynamics for fields propagating
on a non-globally hyperbolic spacetime. Also it might seem that the problem is
avoided by the fact that it can be arranged so that any signal from γ1 arrives
at γ2 before the Malament-Hogarth point q and, thus, within D+(Σ). But since
a “Eureka!” message can arrive arbitrarily close to q, the receiver must possess
arbitrarily accurate discriminatory powers to separate signals that arrive before q
from the potentially false signals that arrive after q.

6.7 The possibility of deterministic dynamics in non-globally hyper-
bolic spacetimes

For fields that propagate on a general relativistic spacetime, the failure of global
hyperbolicity can undermine the initial value problem. For example, it is known
that in generic two-dimensional spacetimes with closed timelike curves (CTCs)
the scalar wave equation may fail to have smooth solutions or else may admit
multiple solutions for the same initial data specified on a spacelike hypersurface.
But remarkably, existence and uniqueness results have been proven for some four-
dimensional spacetimes with CTCs (see [Friedman, 2004] for a review).

For spacetimes that do not have such blatant causal anomalies as CTCs but
which nevertheless fail to be globally hyperbolic, Hilbert space techniques can
sometimes be used to cure breakdowns in existence and uniqueness.83 Consider
a general relativistic spacetime M, gab that is static and possesses a global time
function. The first condition means that there is a timelike Killing field V a that is
hypersurface orthogonal.84 The second condition can be guaranteed by choosing

83The use of Hilbert space techniques to study problems in classical physics was pioneered by
Koopman [1931]. However, Koopman’s approach assumes determinism at the classical level and
then shows how to represent this determinism as unitary evolution on a Hilbert space.

84The Killing condition is∇(cgab) = 0 where∇a is the covariant derivative operator compatible
with gab. Staticity guarantees that locally a local coordinate system (xα, t) can be chosen so
that the line element takes the form ds2 = gαβ(xγ)dxαdxβ − g44(xγ)dt2. Cf. Malament, this
volume, section 2.7.
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a spacelike hypersurface Σ orthogonal to V a and by requiring that every integral
curve of V a meets Σ in exactly one point. Then every point p ∈M can be labeled
by (x, t), where x ∈ Σ is the point where the integral curve of V a through p meets
Σ, and t is the value of the Killing parameter along this integral curve. Such
a causally well behaved spacetime can nevertheless fail to be globally hyperbolic
because, intuitively speaking, it possess a naked, timelike singularity. (To help fix
intuitions, think of Minkowski spacetime with a timelike world tube removed. Or
the reader familiar with GTR can think of the negative mass Schwarzschild solution
to EFE, which is static and contains a timelike naked singularity at r = 0.) Now
consider a massive m ≥ 0 scalar field φ propagating on this background spacetime
in accord with the Klein-Gordon equation (13). For the type of spacetime in
question this equation can be rewritten in the form

∂2φ

∂t2
= −Aφ(17)

where t is the Killing parameter (see [Wald, 1980a], [Horowitz and Marolf, 1995]).
The differential operator A can be considered a Hilbert space Â operator acting
on L2

R
(Σ, dϑ), where dϑ is the volume element of Σ divided by

√−V aVa. With
the domain initially taken to be C∞

0 (Σ), Â is a positive symmetric operator. The
proposal is to replace the partial differential equation (18) with the ordinary dif-
ferential equation

d2φ

dt2
= −Âφ(18)

where the time derivative in (19) is a Hilbert space derivative. Since the Hilbert
space operator Â is real it has self-adjoint extensions, and since Â is positive the
positive square root of a self-adjoint extension Âe can be extracted to give

φ(t) := cos(
√

Âet)φ(0) + sin(
√

Âet)φ̇(0)(19)

which is valid for all t and all φ(0), φ̇(0) ∈ H. Since φ(t) is a solution throughout
the spacetime of the Klein-Gordon equation (13) and since it is the unique solution
for given initial data φ(0), φ̇(0) on Σ, it provides (relative to the chosen self-adjoint
extension) a deterministic prescription for the dynamics of the Klein-Gordon field.
There are other possible prescriptions for obtaining the dynamics of φ, but Ishibashi
and Wald [2003] have shown that the one just reviewed is the only one satisfying
the following set of restrictions: it agrees locally with (18); it admits a suitable
conserved energy; it propagates the field causally; and it obeys time translation
and time reflection invariance. If the Hilbert space operator Â is essentially self-
adjoint, then the unique self-adjoint extension Âe provides the dynamics for the
φ field satisfying the said restrictions. And this dynamics is fully deterministic
despite the fact that the background spacetime on which the field propagates is
not globally hyperbolic. Not surprisingly, however, Â fails to be essentially self-
adjoint for many examples of static but non-globally hyperbolic spacetimes, and
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unless further restrictions are added to single out one of the self-adjoint extensions,
no unambiguous dynamics is specified by the above procedure. But remarkably,
Horowitz and Marolf [1995] have provided examples of static, non-globally hyper-
bolic spacetimes where Â is essentially self-adjoint, and in these cases the above
prescription produces a dynamics of the φ field that is fully deterministic despite
the presence of naked singularities.

7 DETERMINISM IN RELATIVISTIC QFT

Ordinary QM starts from a classical mechanical description of a system of particles
— specifically, a Hamiltonian description — and attempts to produce a quantized
version. Similarly, QFT starts from a classical relativistic description of a field and
attempts to produce a quantized version. However, some classical fields do not
lend themselves to a QFT that physicists find acceptable. Consider, for example,
the non-linear wave equation (13) as a candidate for describing boson-boson inter-
actions. A heuristic quantization procedure leads to the conclusion that there is no
lowest energy state, leaving the system vulnerable to radiative collapse. On these
grounds quantum field theorists have categorized the hypothetical interaction as
“not physically realizable” (see [Baym, 1960]). That difficulties are encountered
in QFT is perhaps not surprising when it is realized that the field in question is
ill-behaved at the classical level in that regular initial data can pick out solutions
that develop singularities within a finite amount of time. Is it plausible that deter-
ministic behavior at the classical relativistic level can serve as a selection principle
for what fields it is appropriate to quantize?

Determinism also plays a more constructive role in QFT. In ordinary QM, quan-
tization involves the choice of a suitable representation of the canonical commuta-
tion relations [x̂j , p̂k] = iδjk (CCR). Since unbounded operators are involved, this
form of the CCR only makes sense when the domains of the operators are specified.
Such worries can be avoided by working with the Weyl, or exponentiated, form of
the CCR, which also makes available the Stone-von Neumann theorem: for a finite
number of degrees of freedom, the irreducible strongly continuous representations
of the Weyl CCR are all unitarily equivalent — in fact, all are equivalent to the
familiar Schrödinger representation. This theorem no longer applies when there
are an infinite number of degrees of freedom, as in QFT, a feature of QFT that
raises a number of interesting interpretational issues that are not relevant here.
What is relevant is the fact that the construction of the CCR algebra for, say,
the Klein-Gordon field in Minkowski spacetime, makes essential use of the deter-
ministic propagation of this field (see [Wald, 1994]). This construction can be
generalized to a Klein-Gordon field propagating in an arbitrary general relativistic
background spacetime that is globally hyperbolic since the deterministic nature of
the propagation carries over to the more general setting.

For a non-globally hyperbolic spacetime M, gab it is still the case that for any
p ∈M there is a neighborhoodN (p) such thatN , gab|N , considered as a spacetime
in its own right, is globally hyperbolic, and thus the field algebra A(N ) for this
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mini-spacetime can be constructed by the usual means. One can then ask whether
these local algebras can be fitted together to form a global algebra A(M) with
the natural net properties (e.g. each such A(N ) is a subalgebra of A(M), and if
N1 ⊂ N2 then A(N 1) is a subalgebra of A(N 2)). Kay (1992) calls the spacetimes
for which the answer is affirmative quantum compatible, the idea being that non-
quantum compatible spacetimes are not suitable arenas for QFT. A variety of non-
globally hyperbolic spacetimes are not quantum compatible, e.g. 2-dim cylindrical
spacetimes obtained from two-dimensional Minkowski spacetime by identifications
along the time axis. But, remarkably, some acausal spacetimes have been shown
to be quantum compatible (see [Fewster and Higuchi, 1996] and [Fewster, 1999]).

8 DETERMINISM AND QUANTUM GRAVITY

Arguably the biggest challenge in theoretical physics today is to combine the in-
sights of GTR and QFT so as to produce a quantum theory of gravity (see [Rovelli,
this vol.]). Some inkling of what this sought after theory will yield can perhaps
be gained from semi-classical quantum gravity, which is a kind of shot-gun mar-
riage of GTR and QFT. Semi-classical means that there is no attempt to quantize
the metric of spacetime, but rather than merely treating a general relativistic
spacetime as a fixed background on which quantum fields propagate (as in the
preceding section), an attempt is made to calculate the back-reaction on the met-
ric by inserting the quantum expectation value of the (renormalized) stress-energy
in place of the classical stress-energy tensor on the right hand side of EFE (17).
Although there may be no consistent theory underlying such a procedure, good
theoretical physicists know how to extract usable information from it. Perhaps
the most spectacular extraction is Hawking’s conclusion that a black hole is not
black but radiates exactly like a black body at temperature proportional to the
surface gravity of the black hole. This Hawking effect is taken as confirmation
that the formula for black hole entropy,85 which had been derived by independent
means, is more than a formal expression; it shows that black hole entropy is the
ordinary thermodynamic entropy of a black hole (see [Wald, 1994]).86 Theoretical
physicists of different schools are in agreement that this is a stable result that has
to be accommodated by an adequate quantum theory of gravity. But from this
point on, the disagreements increase to the point of stridency.

The Hawking effect means that, when quantum effects are taken into account,
black holes are not stable objects because the Hawking radiation must be accom-
panied by a diminution of the mass of the black hole. Presumably, as this process

85Sbh =
kc3

4G�
A, where A is the surface area of the black hole.

86The Hawking effect is related to, but distinct from, the Unruh effect. The latter effect is
analyzed in terms of the apparatus of quantum statistical mechanics discussed in [Emch, this
vol.]. In Minkowski spacetime the essence of the Unruh effect is that what an observer uniformly
accelerated through the Minkowski vacuum experiences is described by a KMS state. The Unruh
effect has been generalized to general relativistic spacetime; see [Kay and Wald, 1991].
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goes deeper and deeper into the quantum regime, the semi-classical calculation will
eventually break down. But if the continuation of the calculation can be trusted,
then in the fullness of time the black hole will completely evaporate. (The esti-
mated evaporation time for a black hole of solar mass is the order of 1067 years,
much greater than the age of the universe. But this is no problem in a universe
with an infinite future, as the latest cosmological measurements indicate is the
case for our universe.) And if the result of the evaporation can be described by a
classical general relativistic spacetime, the result is a momentarily naked singular-
ity and a breakdown in global hyperbolicity, as is indicated in Fig. 6.87 So even if
some form of cosmic censorship holds for classical GTR, quantum effects seem to
undo it.

Σ2

Σ1

singularity

center of
symmetry

ι0

R1

ℑ+

black hole
interior

Figure 6. Conformal representation of black hole evaporation

Having gotten this far it is not difficult to establish that if at a time Σ1 prior to
the evaporation of the black hole the quantum field is in a pure state and if Hawking
radiation has established correlations between relatively spacelike regions, such as
the region R1 in the black hole interior (see Fig. 6) and the region consisting of
a “sandwich” about the post evaporation time Σ2, then the state of the quantum
field will be mixed at a post evaporation time Σ2.88 Since a pure-to-mixed state
transition is necessarily non-unitary, the upshot is a loss of unitarity.89

87Following the conventions of conformal diagrams (see [Hawking and Ellis, 1973]), I+ denotes
future null infinity (the terminus of outgoing null rays), and ιo denotes spatial infinity.

88This can be rigorously established in the algebraic formulation of QFT; see [Earman, 2002].
89And, incidentally, there is also a violation of time reversal invariance; see [Wald, 1986] and

[Earman, 2002].
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This “information loss paradox,” as it is often referred to in the physics and
the popular literature, has evoked an amazing variety of reactions; see [Belot et
al., 1999] for an overview. Most notable are the reactions from those who are so
desperate to avoid the conclusion that they are willing to deploy “black hole com-
plementarity”90 and thereby abandon the mainstream reading of relativity theory,
namely, that what the theory teaches us is that there is an intrinsic observer-
independent reality — the very opposite of vulgar relativism that has it that
everything is relative-to-an-observer.

But stepping back from the fray allows one to see that there is no need for
such desperate measures. The pure-to-mixed evolution that is at the heart of the
“paradox” need not be seen as a breakdown of quantum theory.91 Nor is it surpris-
ing that consequences labeled ‘paradoxical’ flow from loss of global hyperbolicity.
What needs to be questioned is whether this loss of global hyperbolicity is a plausi-
ble expectation of quantum gravity. Semi-classical quantum gravity suggests such
a loss, but this way of bringing GTR and QFT together is at best a stepping stone
to a full theory of quantum gravity. And just as ordinary QM showed the ability to
smooth away singularities of classical mechanics, so the correct theory of quantum
gravity may show the ability to smooth away the singularities of classical GTR.

Some positive indications come from the work of string theorists who are able to
point to mechanisms that can smooth out singularities in classical general relativis-
tic models; for example, Johnson et al. [2000] show that brane repulsion smooths
out a class of naked singularities dubbed the repulsion. String theorists can also
give a back door argument for exclusion of some types of classical singularities:
postulate or prove that the sought after M-theory gives a stable ground state, and
then note that this rules out analogues of the negative mass Schwarzschild solution
and the like.

Other encouraging results come from loop quantum gravity (LQG), which aims
to produce a quantum theory of gravity by applying to GTR a version of the
canonical quantization based on a new set of canonical variables introduced by
Amitaba Sen and exploited by Abay Ashtekar.92 In the Friedmann-Robertson-
Walker big bang models of classical GTR the scale factor a of spacetime goes to
zero as the big bang singularity is approached, and the curvature blows up since

90Consider the case in STR of two inertial observers, O and O′, who describe an ambient
electromagnetic field using electric and magnetic fields (E,B) and (E′,B′) respectively. There
is a translation between the two descriptions which gives E′and B′ as functions of E, B, and
the relative velocity of O and O′ and vice versa with O and O′ exchanged. The existence of
such a translation follows from the fact that there an intrinsic, observer independent reality —
in this case, the electromagnetic field as specified by the Maxwell tensor field. This tensor field is
independent of coordinate systems, reference, frame, and observers. Contracting it with different
velocity fields, representing the motions of different observers, results in different descriptions
in terms of electric and magnetic fields. Whatever else it means, the “complementarity” part
of “black hole complementarity” means that the different descriptions of an evaporating black
hole given by two observers, one who falls through the black hole horizon and one who remains
outside the horizon, are not related in the way the descriptions of O and O′ are related.

91See [Wald, 1994, 181–182] and [Belot et al., 1999].
92See [Rovelli, 2004] and [this vol.] for surveys of loop quantum gravity.
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it scales as 1/a2.93 Since there is no physically motivated way to extend such a
solution through the initial singularity, the question of what happens “before” the
big band belongs to theology or science fiction rather than science. The situa-
tion is startlingly different in LQG. Corresponding to the classical quantity 1/a
there is a self-adjoint operator, acting on the Hilbert space of spatially homoge-
neous, isotropic quantum kinematical states, and its spectrum is bounded from
above, giving a first indication that the classical singularity has been removed (see
[Bojowald, 2001]). A complete proof of removal would require that the quantum
dynamics gives an unambiguous evolution through the classical singularity. In
LQG the “dynamics” is obtained by solving the Hamiltonian constraint equation,
which restricts the physically allowed states. For the case at issue this constraint
equation comes in the form of a difference equation rather than a differential equa-
tion. If the scale factor a is regarded as a “clock variable,” then the constraint
equation provides a “time evolution” of the quantum state through discrete steps
of the clock variable. The key point is that this evolution equation does determine
a unique continuation through the classical singularity.94 However, what happens
at the classical singularity is undetermined because the coefficient corresponding
to this stage decouples from the other coefficients in the evolution equation (see
[Ashtekar and Bojowald, 2003] for details).

From the point of view of determinism this last result means that the situation
is somewhat ironic. Determinism is not threatened in classical GTR by the initial
big bang singularity of the Friedmann-Robertson-Walker models because these
models are globally hyperbolic, and because there is no physically motivated way
to extend through the initial singularity. In LQG the initial singularity is banished
both in the sense that curvature remains bounded and in the sense that there is a
sensible way to extend through the classical singularity. But the price to be paid
is a loss of determinism in LQG at the classical singularity, which can be seen as
a Cheshire grin of the classical singularity.

Recently LQG has been used to resolve black hole singularities, leading to a
new perspective on the Hawking information loss paradox in which Fig. 6 is not a
valid depiction of black hole evaporation (see [Ashtekar et al., 2005]). It is argued
that, analogously to the FRW case, the quantum evolution continues through the
classical singularity.95 The new picture is not one in which global hyperbolicity is
restored; indeed, that concept is not meaningful since what replaces the classical
singularity is a region which cannot be described even approximately by the space-
time geometry of classical GTR. Nevertheless, it is argued that in the quantum

93The line element of FRW models can be written in the form ds2 = a(t)dσ2− dt2, where dσ2

is the spatial line element.
94But see [Green and Unruh, 2004] where it is shown that in a spatially closed FRW model, the

use of the scale factor as a “clock variable” is problematic. And the situation in inhomogeneous
cosmologies is much more delicate and complicated; see [Brunnemann and Thiemann, 2006a;
2006b].

95As in the FRW case, the Hamiltonian constraint equation becomes a difference equation.
The “quantum evolution” comes from this equation by choosing a suitable “clock variable” and
then following the quantum state through discrete steps of the clock variable.



1428 John Earman

evolution a pure state remains pure and, in this sense, no information is lost. In
its present form the argument has a heuristic character, and detailed calculations
are needed to make it rigorous.

9 CONCLUSION

Is the world deterministic? Without the aid of metaphysical revelation, the only
way we have to tackle this question is to examine the fruits of scientific theorizing.
We can thus set ourselves the task of going through the theories of modern physics
and asking for each: If the world is the way it would have to be in order for the
theory to be true, is it deterministic? One of the things we discovered is that
this task is far from straightforward, for the way in which theories are interpreted
is colored by our attitudes towards determinism. For example, the unwillingness
to see determinism fail at the starting gate in Newtonian gravitational theory
militates in favor of taking gravitation to be a direct interparticle interaction and
against assigning independent degrees of freedom to the Newtonian gravitational
field. And an unwillingness to see determinism fail at the starting gate in GTR
leads to the rejection of a naively realistic interpretation of the textbook version
of the theory’s description of spacetime and to the acceptance of diffeomorphism
invariance as a gauge symmetry — which entails that none of the variables used
in textbook presentations is counted as a genuine (= gauge invariant) physical
magnitude.

The fortunes of determinism are too complicated to admit of a summary that
is both short and accurate, but roughly speaking the story for classical (= non-
quantum theories) is this. In Newtonian theories determinism is hard to achieve
without the aid of various supplementary assumptions that threaten to become
question-begging. For special relativistic theories determinism appears so secure
that it is used as a selection criterion for “fundamental fields.” GTR, under the
appropriate gauge interpretation, is deterministic locally in time; but whether it
is deterministic non-locally in time devolves into the unsettled issues of cosmic
censorship and chronology protection.

Quantum physics is the strangest and most difficult case. Ordinary QM is in
some respects more deterministic than Newtonian mechanics; for example, QM
is able to cure some of the failures of Newtonian determinism which occur either
because of non-uniqueness of solutions or the breakdown of solutions. But the
fortunes of determinism in QM ultimately ride on unresolved interpretational is-
sues. The main driving force behind these issues is the need to explain how QM
can account for definite outcomes of experiments or more generally, the apparent
definiteness of the classical world — an ironic situation since QM is the most accu-
rate physical theory yet devised. Some of the extant responses to this explanatory
challenge would bury determinism while others give it new life.

A new arena for testing the mettle of determinism is provided by the nascent
quantum theories of gravity. There are some preliminary indications that just
as ordinary QM was able to smooth out singularities of Newtonian mechanics,
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so quantum gravity effects may smooth out singularities of classical GTR. If this
smoothing ability is broad enough it would alleviate worries that there are ana-
logues in quantum gravity of breakdowns in determinism in classical GTR asso-
ciated with failures of cosmic censorship. Quantum gravity will likely put a new
face on the measurement problem and related interpretational issues that arise
in ordinary QM. But it is too early to say whether this new face will smile on
determinism.
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Galilean transformation, 299, 337, 649,

1375, 1397, 1398
Galois, É., 1337–1338
gauge conditions

Lorentz gauge, 1378, 1379
gauge fixing, 153, 688, 692, 704, 716,

1318, 1378
gauge freedom, 151–153, 177–191, 1352,

1376, 1378–1380, 1410, 1413
gauge symmetry, 197, 203, 467, 685,

687, 719, 806, 809, 811, 815,
830, 846–848, 853, 854, 1124,
1355, 1359, 1378–1380, 1410,

1413
general covariance, 133, 136, 196–219,

1302, 1306, 1310, 1311, 1343,
1348–54, 1357, 1358, 1363,
1409, 1411, 1414

general linear group, 44, 49, 409
geometric quantization, 462–467, 471,

see quantization
functorial reinterpretation, 470

geometry of the universe, 1222
Ghirardi, G.-C., 379–381, 420, 522,

645, 1403
GHZ (Greenberger–Horne–Zeilinger)

theorem, 361, 387
Gibbs’ statistical mechanics, 992–1005,

see BBGKY approach
Gisin, N., 379, 569
Gleason’s theorem, 281, 282, 286, 295,

308, 634, 644, 654, 1089, 1405
global hyperbolicity, 1410, 1421–1424,

see Cauchy surface
global observable, 1101, 1109, see macro-

scopic observables
global time function, 1370, 1410, 1411,

1419
GNS (Gelfand–Naimark–Segal) con-

struction (or representation),
318, 442, 445, 498, 499, 502,
503, 505, 508, 510, 732, 740,
758, 759, 782, 800, 806, 827,
829, 830–833, 836, 843, 845,
851, 1089, 1101, 1109, 1110–
1113, 1117, 1119, 1120, 1121,
1124–1127, 1133, 1144, 1148,
1152, 1154, 1163

Goroff, M., 1292
gravitational lensing, 1197–1199, 1202,

1203, 1214, 1227
gravitational instability, 1193, 1210,

1214
gravitational waves, 1186, 1203, 1207,

1210, 1232, 1252, 1290, 1291
GR, see GTR (general theory of rel-

ativity)

Index I-7



Green, M., 1288, 1298
groups and group theory, 299, 409,

685, 1337–1342
amenable, 740, 1113
continuous, 44, 1340–1342
discrete, 1340
Lie, 7, 8, 15, 19, 20, 29, 37, 40,

44–79, 147, 1341, 1342, 1376
matrix, 44, 50, 51, 71, 72
semi-simple, 1113
compact, 900, 901

GRW (Ghirardi–Rimimi–Webber) ‘col-
lapse theory’, 645, 651

GTR (general theory of relativity),
133–138, 147, 156, 172, 178.
184, 196–221, 229, 246, 263,
384, 467, 724, 1185, 1230,
1287, 1348–1354, 1409–1423,
see Einstein field equations

Gupta, S., 1290
Gutzwiller trace formula, 487, 488

H-theorem, 962–969
objections and responses, 970–

974
Haag, R., 738ff, 777, 781ff, 1099, 1124,

1125
Hadamard gate, 616, 632
Hadamard transformation, 618, 620–

622, 624–626
Hadamard, J., 1105, 1390
Halvorson, H., 569, 632, 633
Hamilton’s equations, 11, 85, 87, 90,

141
Hamilton–Jacobi equations of GR, 1293
Hamiltonian approach to mechanics

and field theory, 8–13, 79–
119, 140–143, 147–154, 165–
168, 180, 193

Hamiltonian, 303, 304–307, 323, 325
Hamiltonian symmetries, 12, 58
Hamiltonian system, 12, 150
Hamiltonian vector field, 12, 85, 458

Hardy’s axioms (for quantum mechan-
ics), 320–322

Hardy’s no-go theorem, 387–389
Hartle, J., 518, 522, 528, 530, 546,

1262, 1264, 1294, 1315, 1323
Hartle–Hawking ‘no-boundary’ pro-

posal, 1213, 1236
Hausdorff property (of topological spaces),

63, 147, 155, 175, 445, 457,
507, 635, 885, 894, 1295, 1409,
1418

Hawking effect, 1143, 1144, 1294, 1424,
see Unruh effect

Hawking, S., 244, 271, 1143, 1207,
1213, 1236, 1294, 1424

Healey, R., 191, 209, 375, 421
heat equation, 927, 1096, 1380–1381
Heisenberg, W., 340, 342, 417, 418,

420, 421, 426–448, 459, 471,
484, 486, 515, 523, 529, 555,
641, 1126, 1291, 1292

Heisenberg cut, 418, 437–441, 446,
518

Heisenberg picture, 306, 307, 448, 475,
520, 521, 523, 635, 1115, see
Schrödinger picture

Heisenberg equation, 307, 509
Heisenberg’s matrix mechanics, see ma-

trix mechanics
Helmholtz, H. von, 159, 339, 1381
Helmholtz free energy, 939, 1091
Henneaux, M., 153, 467, 1379–1380
Hepp, K., 477, 492, 493, 499, 502,

512, 513, 1163
Hertz, H., 28
Hertz, P., 995
hidden variables (in quantum mechan-

ics), 372–376, 384–395, 431,
446, 646, 648, 653, 754, 1401–
1406, see Bohm interpreta-
tion

Higgs mechanism, see Brout–Englert–
Higgs mechanism

high temperature limit, 1078, 1081,
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1157–1159
Hilbert, D., 1076, 1268, 1270, 1348,

1351, 1357, 1361, 1363
Hilbert space, 397–400

formalism for quantum statisti-
cal physics, 1089–1094

limitations of, 1094–1099
hole argument, see Einstein’s hole ar-

gument
Holevo bound, 582, 585, 593

derivation, 583
holism, 395
horizons, see physics horizon

event, 1203, 1417
Cauchy, 216, 1414, 1415
causal, 1203, 1204, 1209
particle, 1203, 1204, 1206, 1209,

1215, 1230
visual, 1203, 1204, 1206, 1209,

1226, 1227, 1230, 1231, 1247,
1272

horizon problem, 1204, 1209, 1238
hot big bang, see big bang
Hubble constant (or parameter), 1186,

1187, 1190, 1196, 1197, 1227
Hughston–Jozsa–Wootters theorem,

569, 590
Husimi function, 480
hydrodynamics as part of statistical

physics, 926
Hyperion, 418, 478, 519, 1403

ideal fluid, 8, 15, 16, 82
ignorable coordinates, see cyclic co-

ordinates
ignorance interpretation (of mixed

states), 357, 432, 433, 439,
440, 512, 516, 544, 749

Immirzi parameter, 1295, 1301
improper mixture, see mixed state,

improper
impulsive measurement, 321–324, 327,

337, 377
incompatible observables, 285, 308,

346–349
incomplete motion, 491, 492, 1382,

1385, 1400
inductive limit C∗-algebra, 496, 504,

739, 765, 829, 879, 900, 901,
911, 920, 921, 1099, 1100,
1107, 1129, 1141, 1151, 1152

inertial frame, 140, 164, 169, 170, 188,
206, 334–339, 350, 451, 648,
649, 1297, 1375, 1376

inflationary model (or universe), 1209–
1212, 1215, 1224, 1233, 1234,
1284

chaotic, 1206, 1210, 1213, 1219,
1227, 1231, 1234–1236, 1244,
1245, 1256, 1262, 1266, 1269

information
accessible, 582
channel, 562
classical, 557, 576, 577
compressibility, 576, 577
compression, 562, 578

‘block coding’, 561
blind, 586
classical, 557
quantum, 585
visible, 586

compression rate, 560, 586
inaccessible, 577
mutual, 562, 564, 575, 577
quantum, 565, 576, 577
represented physically, 576
Shannon’s sense, 575
source, 557, 561

ergodic, 558
stationary, 557

information loss paradox, 1424, 1426
initial singularity (of the universe),

1188, 1190, 1204, 1211, 1232,
1235, 1236, 1284, 1426, see
big bang

initial conditions for the universe, 1223,
1233, 1237, 1238, 1273, 1426

initial value formulation/problem, 1370,
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1381, 1385
properly posed, 1390
well posed, 1388–1390, 1395,1414

instantons, 719
integrable system, 482, 483, 485

classical limit, 482
integral manifold, 42, 43, 98, 151
interaction Hamiltonian, 322, 324, 336,

364
interaction picture, 306, 1161
interference pattern, 345–347, 378, 441,

see wave-particle duality
intermediate isotropisation, 1226
invariance, 328, 333, 337, 1331, 1343
invariant means and states, 740, 1108
involution, 42
Isham, C., 209, 452, 462, 522–525,

1212, 1254, 1257, 1294, 1313,
1318, 1324

isotropic universe, 1225, 1226, see
Copernican Principle

isotropy group, 65, 66, 68, 120, 128

Jacobson, T., 1293, 1303
Jaynes, E., 569, 932, 943, 977, 993,

1003, 1010, 1090
Jozsa, R., 557, 569, 580, 585, 588,

590, 616, 618, 621, 627, 630–
632

Kaluza–Klein theory, 28, 29
Kent, A., 517, 522, 527, 602, 608
Kepler, J., 1305
Kepler problem, 5, 15, 174–175, 483,

484
key distribution and storage, 556, 594,

595–596, 599
public, 617
secure, 602, 650

Killing fields, 165, 199, 215, 252–256,
1421

kinematic independence, 633, 635, 636,
639, see microcausality

kinematics on Lie groups, 75
kinetic theory of gases, 927, 941–952

Klein, F.
and group theory, 1338–1342
and his Erlangen Program, 1339–

1340
Klein, M., 649, 930, 931, 957, 962,

965, 974, 990
Klein, O., 1290
Klein-Gordon equation, 154, 192, 207,

208, 1394, 1396, 1416, 1422
KMS (Kubo–Martin–Schwinger) states,

1114–1154
extremal KMS states and pure

phases, 499, 1144–1154
in BCS theory, Bose gas and Heisen-

berg model, 1122–1128
in QFT, 1142–1144
stability conditions, 1128–1142
Tomita–Takesaki theory, 1119–

1122
toy-model, 1115–1119

Kochen-Specker theorem, 359–362, 387,
1405

Kolmogorov axioms, 644, 1089
Kosso, P., 1350
Kraus operator, 570, 756
Kretschmann, E., 206, 1353
Kuhn, T., 423

Lagrange, J. L., 1337, 1345
Lagrangian approach to mechanics and

field theory, 143–146, 154–
164, 179, 192

Lagrangian submanifold, 485
Landau, L., 417
Landsman’s theorem, 320
Lanford’s theorem, 1031–1033
Laplace’s demon, 1388, 1392
Laplace, P.-S., 942–943, 1388
large scale of the universe, 1220
Last Scattering Surface, see LSS
lattice of propositions, 309–312, 403–

405, 641
laws of creation of the universe, 1218
laws of nature
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empiricist conception, 1371
local algebras, 745–750, see global ob-

servables
Lebowitz, J., 596
left action, 56
left translation, 45
left-invariant function, 123
Leggett’s argument against decoher-

ence, 516
Leibniz, G., 1313
Lewis, D., 155, 1371
Lie algebra, 35, 1341
Lie algebra of a Lie group, 45, 46
Lie bracket, 37
Lie derivative, 33
Lie group, see groups and group the-

ory, Lie algebra
Lie groupoids, 462
Lie subgroup, 50
Lie, S., 15

and group theory, 1338–1342
Lie–Poisson bracket, 88, 124, 125
Lie–Poisson reduction theorem, 19,

77, 82, 88
limit �→ 0, see classical limit
limit N →∞, see classical limit
limit to size of structure, 1205
Linden, N., 631
Lipschitz condition, 1383, 1387
Lo, H.-K., 594, 601
locality, 308, 351, 381, 391, 396
localizability of particles, 481
Lorentz theory, 649, 651
Lorentz, H., 417
Lorentz-invariance, 383, 388, 396
LSS (Last Scattering Surface), 1192,

1202, 1206, 1214, 1230
Lüder’s rule, 284, 289, see collapse

postulate

Mackey’s theorem, 331–334, 447–452,
461–462, see system of im-
primitivity

Mackey, G., 447

macroscopic average, 494
macroscopic observables, 493–496, 504–

506, 512, see global observ-
able

magnetic monopoles, 718
magnitude-redshift relation, 1214
Malmquist bias, 1199
many universes, 1219, 1259–1266
many-somethings interpretation of

quantum mechanics, 370, 646,
1407–1408

Marsden–Weinstein reduction, 467
Marsden–Weinstein–Meyer theorem,

127
matrix mechanics, 277, 417, 427, 428,

641
matrix representation of quantum states,

282, 298, 364
Maudlin, T., 183, 184, 191, 209
Maxwell, J., 944–952, 1300
Maxwell’s equations, 188–190, 1395,

1416
Mayers, D., 594, 601, 608
measurement, 321–325, 327, 328, 334–

337, 345, 352, 355–359, 362,
569

first kind, 324
generalized, 569, 573, 579
impulsive, 323, 326, 338, 376
non-selective measurement, 394,

575
operator, 323, 570–572, 579
projective, 570, 571

and entropy, 579
repeated, 311, 325
second kind, 324
selective, 575
weak, 324–327

measurement problem, 275, 355–368,
376–381, 431–433, 512, 518,
526, 1163–1168, see Schrödinger’s
problem

microcausality, 739, 741–743, 746, 749–
753, 766, 771, 772, 807, 839,
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see kinematic independence
microlocal analysis, 419, 476, 482
microscopic quantum observables, 506
Milne model, 1189
minimum apparent size, 1198
Minkowski spacetime, 256–263
Minkowski, H., 1363
misconceptions about cosmology, 1214
Misner, C., 1291
mixed state, 284, 289, 290, 316, 356,

364, 430–433, 439, 473, 479,
494, 501, 502, 565, 568–571,
574, 576–578, 588–592, 636,
639, 643, 749, see ignorance
interpretation

improper, 289, 366
maximally mixed, 749
proper, 289, 366, 605

mixture, see mixed state
modal interpretations of quantum the-

ory, 375, 646, 761–766, 1406–
1407

model selection, 1229
module, 876
momentum(or non-relativistic quan-

tum mechanics), 287, 329,
335, 340, 349–352

momentum function, 114
momentum map, 6, 106, 464
momentum map on cotangent bun-

dle, 114
monic, 874
monoid, 876

absorbing, 902, 913
module, 876
quotient, 878

n-Body problem, 175–177, see New-
tonian n-body problem

Naimark’s dilation theorem, 453
naive realism, 359
natural transformation, 864

monoidal, 866

Navier–Stokes equations, 1383–1384,
1396

Neumann, J. von, 430, 432
Newton, I., 1312, 1314
Newton’s equations of motion, 1385
Newton–Wigner position operator, 451
Newtonian n-body problem, 139–146,

1385
Newtonian gravitation theory, 245, 263–

270, 1385
Nieuwenhuizen, P. van, 1292
‘no go’ theorems, 383, 645
no-signaling theorem, 391
Noether’s theorems, 4, 6, 11, 108, 161,

253, 1355–1359, 1378, 1411
noisy channel, 562, 564
non-baryonic matter, see dark matter
non-contextuality, 360, 387
non-locality, 308, 381–397

in quantum field theory, 750–756
non-localizability of particles, see lo-

calizability of particles
non-singular start of universe, 1211
Norton, J., 197
NP-complete, 615
nucleosynthesis, 1192, 1199, 1214, 1222,

1232
null cone observation, 1194
number count dipole, 1230
number counts, 1198, 1199, 1214, 1224,

1227

object
conjugate, 869
irreducible, 870
projective, 875

observable, 277, 282, 283, 289, 312,
328, 337, 359, see POVM,
PVM

positive-operator-valued measure-
ment, 277, 569–575

observable universe, 1183, 1198, 1206,
1222, 1230

observational cosmology theorem, 1222
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observational completeness, 1232
observed isotropy, 1223
Ohanian, H., 1343
one-time pad, 594
operators introduced, 277f., 401–403

at a point in quantum field the-
ory, 766–777

origin of the light elements, 1193
origin of the universe, 1212, see big

bang
outcome independence, 390, 395

Painlevé’s conjecture, 1385
parameter independence, 390 395
partial observable, 1308, 1317
particles in quantum field theory, 756–

761, see Unruh effect
passage to the quotients, 63, 76
past distinguishing, see causal prop-

erties of relativistic space-
times

Pauli, W., 443, 555, 1290
Pearle, P., 379, 381, 645, 1403
Penrose, R., 1419
Peres, A., 590, 608, 1293
perfect (anti-)correlation, 288, 323,

349, 365, 381, 383
permutation-invariant state, 500
Perron–Frobenius theorem, 1048, 1050
phase gate, 616, 632
phase space quantization, 452, 456
phenomenon for Bohr, 434, 442
Phoenix universe, 1213
physical proposition, 310, 311–312, 316–

317
physics horizon, 1232, 1233
π/8 gate, 616, 632
Piron’s theorem, 312
Planck scale, 1287, 1289
Planck, M., 423, 1075–1079, 1370
pocket universe, 1210, see inflation-

ary model, chaotic
Podolsky, B., 349

Poincaré’s recurrence theorem, 983–
984

pointer state, 323, 519
Poisson antimorphism, 104, 105, 108,

115
Poisson bracket, 84, 307, 318, 319
Poisson equation, 1379
Poisson manifold, 6, 14, 24, 79, 84,

317, 458
quotient of, 101

Poisson map, 93
Poisson reduction theorem, 101
Poisson space, 506
Poisson submanifold, 95
Poisson structure, 91
polarization spectrum, 1203
Polyakov, V., 1300
Popov, V., 1292
position in non-relativistic quantum

mechanics, 330–333, 335–338,
340, 349–352, 375, 382, 451

POVM (positive operator valued mea-
sure), 277–283, 321, 327, 453,
569–575

pre- and post-selected states, 326, 596
predictability, 1388, see domain of pre-

diction
and chaos, 1388–1389
and determinism, 1386–1390
in general relativistic physics, 1419
in quantum mechanics, 1402–1403
in special relativistic physics, 1396–

1398
preferred basis, 372
prequantization, 463

line bundle, 464
presymplectic manifold, 151, 172, 179–

180, 189
primary states, 498
Primas, H., 444
Primas–Zurek cut, 518
prime factorization, 557
principle vs. constructive theories,

647–652

Index I-13



probabilities in the Copenhagen in-
terpretation, 440

probability, 279, 282, 283, 298, 300,
318, 929, 941–943

problem of time, 133, 136, 137, 196–
221, 1316

projective representation, 301
projector morphism, 869
proper map, 64
protective measurement, see measure-

ment, weak
public-key cryptography, 617
pure state in quantum mechanics, 284,

285, 289, 293, 296, 301, 302,
312, 314–317, 320–322, 358

purification, 568, 569, 574
PVM (projection-valued measure), 278,

279, 281, 331, 571

quantization, 153, 154, 177, 195, 220–
221, 304, 446, 467, 669, see
geometric quantization and
system of imprimitivity and
Weyl quantization

quantum information and computa-
tion, see key distribution, bit
commitment, information

algorithms, 617
communication, 556, 590, 592
computation, 295, 556, 614
computer, 556

circuit model, 616
cluster state, 616
one-way, 616

cryptography, 556, 594, 595
dense coding, 593
information, 565, 576, 577, see

information
operation, 574
parallelism, 631
qubit, 577
teleportation, 556, 590, 591

quantum cosmology, 1183, 1212, 1294
quantum ergodic theory, 1092–1094

for time, 1102–1106
for space, 1106–1114

quantum gravity, 1211, 1212, 1214,
1287

quantum logic, 309, 369
quantum object in Primas’ sense, 444
quantum postulate, 438
quantum probability theory, 283, 1089
quantum theory of infinite systems,

492, 496, 738–750, 1094–1102
quantum world, 434, 526
quasi-equivalent representations, 498,

732, 745, 843, see represen-
tation

quasilocal observables, 496
quintessence, 1200
quotient space, 6, 62, 63

Raggio’s theorem, 445
randomized algorithm, 629
Raussendorff, R., 616
Raychaudhuri equation, 1186, 1188,

1190, 1211
Redhead, M., 191
redshift-distance relation, 1184, 1196–

1198
reduced density operator, 288, 366,

367, 375, 568
reduced phase space, 14, 21, 24, 128,

152, 183, 189, 202
reduced state, see reduced density op-

erator
reduction of dynamics, 102, 126, 129
Reeh–Schlieder theorem, 742–743
reference frame, 329, 335, 337, 339,

347
Regge calculus, 1296
relationism, 17–18, 1312
relative configuration space, 18, 21
relative phase space, 21
relative states, 370, 568
relativistic spacetime structure

causal structure, see causal prop-
erties of relativistic space-
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times
conformal structure, 232–233, 270–

271
projective structure, 232–233

reliable distance measurement, 1221
remote steering, 590, 591, 637, see

biorthogonal decomposition
renormalization, 683, 705–711, 714
representation, 57, 409

inequivalent representations, 778f.
right action, 56
right translation, 45
right-invariant function, 123
right-invariant vector field, 47
rigid body, 15, 61, 80, 90
Rimini, A., 645
Roberts, J., 800, 801, 815, 837, 840,

845, 855, 886
Robertson-Walker cosmological mod-

els, 1186–1188, 1207, 1215,
1223–1227, 1231

robust state, 518
Rosen, N. 349
Rosenfeld, L., 1290
rotation in relativity theory, 249–252
rotation group, 44, 52, 60, 72, 74, 90,

98
RSA, 617
Ruetsche, L., 221
Ruffini, R., 1343
Rynasiewicz, R., 206

Sagnotti, A., 1292
Saunders, S., 646
scars, 490
Schmidt decomposition, see biorthog-

onal decomposition
Schrödinger, E., 418, 428, 556, 569,

590, 591, 637, 639
Schrödinger coherent states, 455, 473,

480
Schrödinger equation, 305, 323, 355,

373, 474, 1399–1400

Schrödinger picture, 306, see Heisen-
berg picture

Schrödinger’s cat, 355, 364, 418–422,
514, 527, 640, see measure-
ment problem

Schrödinger’s problem, 641–644, 651,
see measurement problem

Schumacher, B. 585
Schumacher’s quantum source coding

theorem (noiseless channel
coding theorem), 578, 586,
589

Schwarz, J., 1298
selection criterion for representations,

502, 781f.
self-adjointness, 403, 1400–1402, 1421–

1423
semiclassical analysis, 476
semiclassical regime, 471
semidirect product Poisson structure,

461
Shannon, C., 557, 558
Shannon entropy, 557, 558, 562, 564,

576, 577
Shannon’s noisy channel coding the-

orem, 562, 564
Shannon’s source coding theorem (noise-

less channel coding theorem),
557, 560, 562, 577

Shor, P., 557, 617
Shor’s algorithm, 617, 626
signaling, 373, 391, 392, 582, see re-

mote steering
Simon, D., 617, 623
Simon’s algorithm, 617, 623
simultaneity in relativity theory, 237,

248, 256–263
singlet state, 349, 381, 384
singularity theorems, 1190, 1207
size of the visible universe, 1220
small universe, 1203, 1206, 1230, 1231
Smolin, J., 575
Smolin, L., 1293
Soler’s theorem, 312
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Sorkin, R., 1296
source evolution, 1221
space, public and private in relativity

theory, 249–252
space of states, see state space
spacetime

classical, 263–270
full Newtonian, 1387
Leibnizian, 1376
Maxwellian, 1377
neo-Newtonian, 263–270, 1377

relativistic, 230–249, see Friedmann-
Robertson-Walker model and
causal properties of

Gödel spacetime, 1407–1409
Malament-Hogarth spacetimes,

1420–1421
Minkowski spacetime, 256–263,

1394, 1396–1398
Misner spacetime, 1417
negative mass, 1422
Reissner-Nordström, 1421

relativistic, see causal properties
of

Schwarzschild spacetime, 1422
Taub-NUT spacetime, 1417

spatial coordinates contrasted with body
coordinates, 54, 76

spatial homogeneity of universe, 1185,
1209, 1218, 1223–1226

spatial isotropy of universe, 1185, 1195,
1223

special initial conditions, see fine tun-
ing

specific heat of solids, 1080
spectral action, 1296
spectral family, 278, see PVM
spectral modal interpretations, 375,

see modal interpretations of
quantum theory

spectral theorem, 278, see PVM
spectral triple, 1296
spectrum of the area, 1301
spherically symmetric universe mod-

els, 1223
spin, 291–298, 320, 336, 375, 450, 462
spin- 1

2 , 290, 402
spin-network, 1301
‘square root of NOT’ gate, 616
semiclassical analysis, 472
STC∗ (symmetric tensor category),

817, 853, 870, 872, 881–888,
896–900, 905–907, 910–913,
919, 920

STR (special theory of relativity), 154,
164, 188, 256–263, 397, 1347,
1393–1399

stable causality, 1370, see causal prop-
erties of relativistic space-
times

standard candles, 1200, 1221
standard model of particle physics,

683–723, 1287
standard models of cosmology, 1188,

1223
start of the universe, see big bang
state space in quantum mechanics,

280–282, 284, 289, 300, 308,
313–322, see mixed state, KMS
states, state space

Steane, A., 630, 631, 650
Stein, H., 258, 259
Stern–Gerlach device, 291, 385
Stinespring’s theorem, 456
stochastic dynamics, 1037–1062

approach to equilibrium and ob-
jections, 1046–1056

ergodic theorem for Markov pro-
cesses, 1049

interventionism, 1037, 1054–1057
Markov processes and irreversibil-

ity, 1038–1039, 1057–1062
Markov processes defined, 1039–

1043
Stone’s theorem, 301, 304
Stone-von Neumann theorem, 342, 447,

450, 1423
stress-energy tensor, 1394, 1410, see
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